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Abstract
General Relativity has shown an outstanding observational success in the scales where it
has been directly tested. However, modifications have been intensively explored in the
regimes where it seems either incomplete or signals its own limit of validity. In particular,
the breakdown of unitarity near the Planck scale strongly suggests that General Relativity
needs to be modified at high energies and quantum gravity effects are expected to be
important. This is related to the existence of spacetime singularities when the solutions
of General Relativity are extrapolated to regimes where curvatures are large. In this
sense, Born-Infeld inspired modifications of gravity have shown an extraordinary ability
to regularise the gravitational dynamics, leading to non-singular cosmologies and regular
black hole spacetimes in a very robust manner and without resorting to quantum gravity
effects. This has boosted the interest in these theories in applications to stellar structure,
compact objects, inflationary scenarios, cosmological singularities, and black hole and
wormhole physics, among others. We review the motivations, various formulations, and
main results achieved within these theories, including their observational viability, and
provide an overview of current open problems and future research opportunities.
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1. Preamble
1.1. Motivations and introduction
General Relativity (GR) is nowadays firmly established as the standard theory to de-
scribe the gravitational interaction with the same mathematical framework and physical
principles as those used by Einstein more than one hundred years ago. After all this
time, it still stands out as the most successful theory able to explain all the gravitational
phenomena in a wide range of scales. Direct tests comprise from sub-milimeter to Solar
System scales, where the Parameterised Post-Newtonian formalism has allowed to con-
strain deviations from GR in the weak field limit at the level of ∼ 10−5 [364]. Moreover,
the amazing direct observation of gravitational waves by the LIGO collaboration is also
compatible with the prediction of GR for the merging of two black holes, where strong
field effects are relevant [2, 1]. On the other hand, we have witnessed how the accurate
measurements of the CMB anisotropies and galaxy surveys have established ΛCDM as
the standard model of cosmology, which is based on a homogeneous and isotropic Uni-
verse governed by GR as the theoretical framework for gravity. This picture requires an
unobserved cold dark matter source plus a tiny cosmological constant to account for the
current accelerated expansion of the Universe. Furthermore, the ΛCDM model needs to
be supplemented with the inflationary paradigm so that the primordial perturbations are
generated during a short period of accelerated expansion at very early times. For a re-
view on the current status of the ΛCDM model, its challenges and possible alternatives,
see Bull et al. [89]. Further observational tests, for instance via the Euclid satellite [16],
will hopefully shed light on all the additional elements above and their contributions to
fundamental physics.
Despite its observational success, there are strong arguments supporting and/or mo-
tivating to seek for theories beyond GR. These arguments are of two kinds. On the
theoretical side, GR itself predicts the unavoidable existence of spacetime singularities,
i.e., events where our ability to make predictions comes to an end [326]. Such singularities
are unavoidably developed during the gravitational collapse of a fuel-exhausted star to
form a black hole [223], as well as during the cosmological evolution in the early Universe.
In this sense, the requirement that “nothing should cease to exist suddenly” and that
“nothing should emerge out of nowhere” should be seen as basic consistency conditions
for any physical theory, including GR. The existence of singularities in GR unavoidably
leads to the breakdown of these conditions, and gives clear indications that we have pushed
the theory beyond its regime of validity. According to the standard lore [90], GR is a good
effective field theory up to a scale somewhere near the Planck mass and, therefore, those
singular behaviours are regarded as manifestations that the higher order operators should
be included. For this reason, quantum gravity is usually expected to regularise such sin-
gularities, although it is possible that high energy modifications of GR might allow to
classically regularise some of those singularities before reaching the cut-off of the theory
without invoking any quantum gravity effects.
On the phenomenological side, the unprecedented experimental precision reached by
observational cosmology requires the aforementioned ad hoc extra ingredients in order to
account for the observations. While the cosmological constant is fundamental part of the
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theory and its difficulty resides in its aesthetic value that poses naturalness problem, dark
matter and inflation require the introduction of new physics and, as a consequence, a large
degeneracy among all the proposed models. This degeneracy is more prominent owing to
the lack of experimental signatures from laboratory experiments and particle accelerators,
despite the existence of different ongoing galactic [342, 5], cosmic rays [23], CMB [7],
collider [100] and underground laboratory [9] searches.
In view of the above situation, one may wonder if the difficulties and lack of naturalness
faced in GR indicates that a new framework to describe gravity is needed, which would
yield different astrophysical and cosmological observational signatures from the ΛCDM
model [224]. From a conservative perspective, one may stick to the point of view that
gravitation is a manifestation of the curvature of spacetime, but one that is not suffi-
ciently well described by GR. As a matter of fact, the common factor to all the issues
discussed above is the extrapolation of GR to regions where it has not been directly well
tested and this may introduce significant bias in the interpretation of astrophysical and
cosmological observations. The consideration of additional curvature contributions to the
Einstein-Hilbert action, usually under the form of curvature invariants, has been used in
the literature as a way to enlarge the phenomenology of gravity. This typically involves a
number of problems such as higher-order field equations, which usually entail the presence
of ghost-like instabilities [341, 340, 266, 107], or the difficulty to make these models com-
patible with solar system tests due to the existence of new degrees of freedom [270, 108]1.
The arbitrariness in the choice of curvature invariants also implies a strong lack of natu-
ralness in these models. The main references regarding such models and their applications
are provided by de Felice and Tsujikawa [130], Capozziello and de Laurentis [95], and
Nojiri and Odintsov [261] (see also Faraoni and Sotiriou [338]).
The difficulties with ghost-like instabilities in higher curvature modifications of gravity
can be avoided by formulating those theories in the so-called Palatini or metric-affine
formalism [272]. Though this approach is sometimes viewed as a shortcut to obtain the
field equations of GR (and rightly so for some specific Lagrangians), it actually represents
an inequivalent formulation of gravity in which metric and affine structures are regarded as
independent geometrical entities. The fact that, when formulated a` la Palatini [163], metric
and connection are compatible in the case of GR has spread the view that such condition
should always hold regardless of the form of the gravity Lagrangian. However, this is not
true in general. In the metric-affine approach, the specific relation between metric and
connection is determined by the field equations, not imposed a priori by mathematical
conventions. In fact, whether the affine connection is determined by the metric degrees
of freedom or not is as fundamental a question as the number of spacetime dimensions or
the existence of supersymmetry.
The metric-affine or Palatini approach, therefore, avoids the problems with ghosts
that affect extensions of GR in the usual metric formulation. In vacuum configurations,
the field equations of these theories boil down to Einstein’s equations with an effective
cosmological constant [164] which, apparently, supports their compatibility with orbital
1Those models avoiding these shortcomings and, at the same time, being able to provide a consistent
cosmological expansion which is coherent with the GR limit are usually termed as viable, see e.g. [15, 121,
131].
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motion tests (see [269, 271] for a discussion). Though this mathematical framework cannot
solve on its own the arbitrariness in the choice of gravity Lagrangian, a novel class of
extensions of GR with a solid motivation for a high-energy completion of gravity has
been proposed and explored with much interest in the last few years. These models
are motivated by the Born-Infeld approach to electrodynamics, where a modification of
Maxwell’s Lagrangian is introduced to set an upper bound on the electromagnetic field
intensity [? ], with the result that the divergence of the self-energy of a point-like charge
is regularised. This type of high-energy modification is analogous to the transformation
that leads from a free particle in Newtonian mechanics to a free relativistic particle,
whose maximum speed is bounded by the speed of light. The same Lagrangian structure
describes the electromagnetic fields of p-branes in string theories [180, 86, 94]. It is natural
to wonder whether such an approach, now fully defined in terms of geometrical objects,
could play a similar role in order to avoid divergences and spacetime singularities in the
high-energy/curvature regime and, accordingly, different proposals have been considered
in the literature. Indeed, a major reason for the investigation of such models is the fact
that, using standard matter sources satisfying the energy conditions, they naturally lead
to non-singular cosmologies, inflationary scenarios without the need for scalar fields, and
black hole spacetimes without singularities, among other appealing results. Moreover, the
physics of these gravity theories has been studied in numerous astrophysical, black hole
and cosmological scenarios where high-energy physics is relevant.
In this work we shall refer to this kind of models, which are close to the original spirit
of Born-Infeld electrodynamics, as Born-Infeld inspired modifications of gravity. They are
defined by the following basic principles:
• Square-root form: Some geometric object(s) appears under a square-root with a de-
terminantal structure in the action which defines the gravitational theory, alongside
with some new mass/length scale.
• Consistency : No obvious pathologies are present, among which the absence of ghost-
like instabilities is of utmost importance. In turn, this almost unavoidably enforces
the use of a metric-affine formulation.
• High-energy modification: The modifications of GR mostly occur in the ultraviolet
regime, i.e., in regions of large mass/curvature or short scales. This implies that GR
is recovered in the low-energy limit.
Nonetheless, as there are available proposals in the literature for these theories that
run away from one (or both) of the two last requirements, for completeness of this work
we shall also discuss such proposals. A more precise description and classification of such
theories will be presented in section 2, alongside a criticism of each of them.
This review is intended to fill a gap in the recent literature of Born-Infeld inspired
modifications of gravity by providing a comprehensible account of the many different sce-
narios on which these classes of theories have been considered, including the astrophysics
and internal structure of compact objects, solar physics constraints, modifications on black
hole structure, non-singular black holes and wormholes, early universe and bouncing so-
lutions, inflation, and dark energy, among others. Its aim is to summarise, classify and
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unify the different theoretical approaches, to clarify the assumptions on which the different
approaches to build the theory are formulated, to discuss the numerous theoretical and
phenomenological results, to highlight the experimental constraints these theories are sub-
jected to, to clarify some existing misunderstandings, and to provide an overview of the
future research opportunities. It is designed to be useful both for pure theorists and for
astrophysicists/cosmologists working on alternatives to the ΛCDM (plus inflation) model.
For a review on modified gravity in cosmology mainly focused on infrarred modifica-
tions of gravity in connection with late-time solutions (but with little contact with Born-
Infeld-inspired theories or the Palatini formalism), see instead Clifton et al. [120]. For
additional astrophysical and cosmological observational constraints over different modified
theories of gravity deviating from GR predictions, see Berti et al. [67].
1.2. Outline
The main content of this review is split in four sections, according to the context on
which Born-Infeld-inspired theories of gravity have been investigated.
In section 2 we will briefly review the original Born-Infeld electrodynamics theory from
which the motivation for analogue constructions within gravity emerges. After explaining
the early attempts that resulted in pathological theories, we will introduce what represents
the most extensively studied theory of gravity with the Born-Infeld structure. The slightly
different formulations of such a theory will be discussed as well as the main equations.
Along the way, we will spend some time discussing the two frames existing in these theories
and clarify the physical meaning of the different geometrical objects arising in them. We
will end this section with a survey on the different Born-Infeld inspired theories of gravity
existing in the literature and we will provide a general mathematical framework for these
theories. The general developments introduced in this section will serve as starting points
for the practical applications discussed in the subsequent sections.
In section 3 some attempts to place observational constraints on the Born-Infeld theory
using stellar models are reviewed. We will make special emphasis on the central role played
by the energy density in the modified dynamics of this theory, which affects in a nontrivial
way the mass-radius relation and maximum mass limit of compact objects, the energy
transport mechanisms and oscillation frequencies of stars, the intensity of neutrino fluxes
from the Sun, . . . providing numerous tests to confront the theory with observations. The
need for a careful description of the outermost layers of compact objects is also discussed
in detail, considering for this purpose some relevant examples in which the peculiarities
of metric-affine theories demand additional modeling beyond the canonical approaches of
GR.
In section 4 we will review the counterparts of the Schwarzschild and Reissner-Nordstro¨m
black hole solutions of GR, where a coupling to a Maxwell field is considered. We will
spend some time explaining the procedure for derivation of the corresponding solutions,
so as to highlight some important subtleties. Then we will explain the main differences of
such solutions as compared to the GR ones, in particular, regarding the modifications on
the horizon structure, which bear some resemblance to that of black holes supported by
Born-Infeld electrodynamics in GR. On the other hand, we will study how these black holes
may affect the description of strong gravitational lensing as well as the physics regard-
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ing mass inflation. An important issue will be the existence of non-singular geometries
in these theories, whose nature and properties is tested using different well-established
criteria. We also review some wormhole solutions constructed out of anisotropic fluids.
Finally, different extensions to higher and lower dimensions, as well as to magnetically
charged solutions will be discussed.
The section 5 will be devoted to the effects of Born-Infeld inspired theories of gravity
in cosmological scenarios. We will discuss the existence of homogeneous and isotropic
solutions free from Big Bang singularities with standard matter sources as well as cou-
plings of these theories to other types of fields. Anisotropic models and inhomogeneous
perturbations will also be discussed. Since the Born-Infeld inspired theories are designed
to modify gravity in the high curvatures regime, their natural domain of applicability is
the early universe. However, there have also been studies where Born-Infeld theories are
considered for late time cosmology and we will revisit them.
We will end in section 6 by giving a summary of all the material presented in the core
of this review. We will discuss the most outstanding achievements and will make special
emphasis on the open questions that remain as well as the prospects for future research
within the field.
1.3. Preliminaries
In this section we will review some basic ingredients of differential geometry that we
will use throughout the different parts of this review. We will assume that the reader is
familiarized with the concepts presented here and the main purpose of this section will be to
fix the notation and the conventions for the different choices of signs and numerical factors
in the definitions of relevant geometrical objects. It does not intend to be an exhaustive
and rigorous exposition, but rather it should be regarded as a brief compendium of useful
concepts and formulae. For a more detailed treatment we urge the reader to consult her/his
favourite book on differential geometry or General Relativity or, in the lack thereof, see
e.g. [325, 251, 359]. One reference particularly useful and with numerous applications in
gravitation and gauge theories is [148].
Connection, curvature and torsion conventions
The theories that will be considered throughout the present review will be formulated
either in (pseudo-)Riemannian or non-Riemannian geometries. In order to construct the
necessary geometrical framework, we first introduce a 4-dimensional manifoldM that will
eventually constitute our spacetime. In that spacetime we introduce a general connection
Γ that defines the covariant derivative of a 1-form Aµ as
∇µAν = ∂µAν − ΓλµνAλ. (1.1)
This definition results in the following covariant derivative for a vector field Aµ:
∇µAν = ∂µAν + ΓνµλAλ. (1.2)
These expressions can then be easily generalised to arbitrary tensors T µ1···µpν1···νq so that
∇αT µ1···µpν1···νq = ∂αT µ1···µpν1···νq − Γλαν1T µ1···µpλν2···νq − · · · − ΓλανqT µ1···µpν1···νq−1λ
+ Γµ1αλT
λµ2···µp
ν1···νq + · · ·+ ΓµpαλT µ1···µp−1λν1···νq . (1.3)
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In addition to objects with tensorial transformation properties under changes of co-
ordinates, we will also find objects with other transformation properties throughout this
review. In particular, we will encounter vector densities, which pick up some power of
the Jacobian under a change of coordinates. If Aµ is a vector density of weight w, it
transforms as2
A˜µ =
(
det
∂x˜α
∂xβ
)w ∂x˜µ
∂xν
Aν . (1.4)
This modified transformation property makes necessary to add a piece to the definition of
the covariant derivative to maintain its tensorial character, that reads
∇µAν = ∂µAν + ΓνµλAλ + wΓλµλAν . (1.5)
Again, this formula can be generalized for an arbitrary tensorial density T µ1···µpν1···νq by
adding a term wΓλαλT µ1···µpν1···νq in (1.3).
After introducing the connection, we can start computing geometrical objects from
the commutator of covariant derivatives acting on different tensorial fields. The first
commutator we can compute is that of two covariant derivatives acting on a scalar field,
which reads [∇µ,∇ν]φ = −T λµν∂λφ (1.6)
with
T λµν ≡ Γλµν − Γλνµ (1.7)
the torsion tensor. Let us notice that it has tensorial transformation properties because it
can be seen as the difference of two connections. The next geometrical important object
is obtained by computing the commutator of two covariant derivatives acting on a vector
field, which can be written as[∇µ,∇ν]Aα = RαβµνAβ − T λµν∇λAα (1.8)
where we have introduced the curvature Riemann tensor, defined as
Rαβµν ≡ ∂µΓανβ − ∂νΓαµβ + ΓαµλΓλνβ − ΓανλΓλµβ (1.9)
Out of this general Riemann tensor, we can build two independent traces, namely the Ricci
tensor defined as usual Rµν = Rαµαν and the homothetic tensor given by Qµν = Rααµν .
While the Ricci tensor does not have any symmetry (even for a torsion-free connection),
the homothetic tensor is antisymmetric. A quantity that we will need to compute field
equations is the variation of the Ricci tensor under an infinitesimal displacement of the
connection Γ→ Γ¯ + δΓ, which reads
δRµν = ∇¯λδΓλνµ − ∇¯νδΓλλµ + T¯ λρνδΓρλµ (1.10)
where the bars denote quantities corresponding to the background connection Γ¯. This
relation reduces to the usual Ricci identity for torsion-free connections.
2This is true for true tensorial densities. For pseudo-tensorial densities the transformation also picks
up a sign for parity odd transformations.
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Metric convention
After setting-up the notation and convention for the objects directly related to the
connection, we will turn to the conventions for the metric tensor gµν . This object is
assumed to be non-degenerate and its inverse is denoted with upper indices gµν so that
gµαgαν = δ
µ
ν and so on. Furthermore, this object is used to raise and lower indices
of arbitrary tensors (i.e. it establishes an isomorphism between the tangent and the co-
tangent spaces). We will use the mostly plus signature for the metric so that the Minkowski
metric is ηµν = diag(−,+,+,+). The covariant derivative of the metric defines the non-
metricity tensor Qαµν as
∇αgµν = Qαµν . (1.11)
Notice that the non-metricity is symmetric in the last two indices. This expression can be
solved in the usual way to write the connection as
Γαµν =
1
2
gαλ
(
∂νgµλ + ∂µgλν − ∂λgµν
)
+ Lαµν(Q) +K
α
µν(T ) (1.12)
where the first term is the standard Levi-Civita piece, the second term depends on the
non-metricity and the last term (usually called contorsion) is determined by the torsion.
If the non-metricity vanishes and the connection is symmetric (i.e. vanishing torsion), the
connection reduces to the Levi-Civita connection given by the Christoffel symbols. With
a metric at hand, there is yet a third rank-2 tensor we can construct from the Riemann
tensor of the full connection, known as co-Ricci tensor and defined as Pαµ ≡ gβνRαβµν .
Of course, for the Levi-Civita connection all three objects coincide up to a sign so the
only independent trace of the Riemann is the Ricci tensor Rµν . Throughout this review
we will denote with calligraphic letters Rµν , ... the objects corresponding to an arbitrary
connection, while the curvature objects associated to the Levi-Civita connection will be
denoted with normal characters Rµν , ...
The determinant of the metric det gµν ≡ g is a tensorial density of weight −2 so that√−g is a tensorial density of weight −1 whose covariant derivative is given by
∇µ
√−g = ∂µ
√−g − Γλµλ
√−g. (1.13)
We can thus use
√−g to tensorialize tensorial densities. For instance, if Aµ is a tensorial
density of weight w, then Aµ ≡ (√−g)wAµ has weight zero. Another important use of this
object is to construct invariant volume elements. Since dV generates a Jacobian under
a change of coordinates, we can compensate for that by adding a factor of
√−g so that√−gdV will be invariant. Let us notice that this is a choice and actually we could use
ϕdV with ϕ being whatever scalar density of weight −1. For instance, √det aµν with aµν
being an arbitrary rank 2 tensor will do the job.
The totally antisymmetric tensor is defined as
εµνρσ =
√−g[µνρσ] (1.14)
with
[
µνρσ
]
the totally antisymmetric Levi-Civita symbol with [0123] = 1. The con-
travariant version of it is
εµ1µ2µ3µ4 = gµ1ν1gµ2ν2gµ3ν3gµ4ν4εν1ν2ν3ν4 = −
1√−g
[
µ1µ2µ3µ4
]
. (1.15)
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The Levi-Civita tensor allows to introduce the Hodge dual that establishes an isomor-
phism between3 p-forms and (D − p)-forms. If Fµ1···µp is a p-form, its dual is defined as
F˜µ1···µD−p =
1
p!
ǫµ1···µD−pν1···νpFν1···νp . (1.16)
As a specific example that we will use throughout the review, the dual of a 2-form Fµν in
four dimensions is given by
F˜µν =
1
2
ǫµναβFαβ . (1.17)
For an antisymmetric rank 2 tensor we can introduce the so-called electric Eµ and magnetic
Bµ components relative to an observer with 4-velocity u
µ as
Eµ = Fµνu
ν and Bµ = F˜µνu
ν . (1.18)
For an observer with uµ = (1,~0) these definitions reduce to the usual expressions F0i = Ei
and Fij =
1
2ǫijkB
k.
Tetrads formulation
An alternative language to describe the geometrical framework of gravity theories is
provided by the formalism of frames. We start by introducing a set of vectors defined on
the tangent space ea = ea
µ∂µ with a Lorentz index a so that they satisfy the following
orthonormality condition
ea
µeb
νgµν = ηab. (1.19)
with respect to the Minkowski metric ηab. These objects receive several aliases in the liter-
ature: tetrads, vierbein or frames. The corresponding dual objects ea = eaµdx
µ belonging
to the cotangent space are defined in the usual way eaµeb
µ = δab . This relation in turns
also implies eaµea
ν = δνµ. They are sometimes interpreted as the square root of the metric
because gµν can be expressed as
eaµe
b
νηab = gµν . (1.20)
The vierbein can be used to transform tangent space indices into spacetime indices for
arbitrary tensors. All the geometrical objects introduced above thus have their corre-
sponding object in the tetrads formulation. If we introduce the so-called spin connection
given by the set of 1-forms ωaµ b, the associated curvature 2-form is given by
Rab = dωab + ωam ∧ ωmb (1.21)
where d is the exterior derivative and ∧ stands for the exterior product. The existence of
the tetrad allows to define the torsion 2-form as
T a = dea + ωab ∧ eb. (1.22)
3Let us remember that a form is nothing but a completely antisymmetric tensor.
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Applying the exterior derivative on this expression we obtain a consistency condition
dT a + ωab ∧ T b = Rab ∧ eb (1.23)
that relates all the relevant objects, namely, the tetrads, the spin connection, the torsion
and the curvature. Taking a second exterior derivative of this expression will yield the
usual Bianchi identities, which we do not need to display here. Instead, let us focus on
two special connections that will be of relevance for this review. The first one is defined by
the condition of being torsion-free, so it is defined by dea+ωab ∧ eb = Rab ∧ eb = 0 and it
is the relevant one for the usual formulation of General Relativity. The second connection
is curvature-free so we have dωab + ω
a
m ∧ ωmb = dT a + ωab ∧ T b = 0 and defines the
so-called Weitzenbo¨ck space. This is the natural place for the Teleparallel formulation of
GR.
Energy conditions
A perfect fluid can be defined as one in which the energy-momentum tensor is locally
seen as isotropic and it is fully determined by its density ρ and its pressure p. According
to this definition, the energy-momentum tensor of a perfect fluid as seen by an observer
with 4-velocity uµ (u2 = −1) is given by.
Tµν = (ρ+ p)uµuν + pgµν (1.24)
where it is immediate to see that ρ = Tµνu
µuν and p = 13(g
µν +uµuν)Tµν . For a comoving
observer with uµ ∝ ∂t we have that T 00 = −ρ and T ij = pδij.
For a general energy-momentum tensor, there is a set of conditions known as energy
conditions that play an important role in theories of gravity in relation with singularity
theorems, instabilities, superluminal propagation or entropy bounds. In the following we
list them for future reference:
• Weak Energy Condition (WEC). This condition states that Tµνvµvν ≥ 0 for every
time-like vector vµ (v2 < 0). For a perfect fluid, it implies the positivity of the
energy density ρ ≥ 0 as measured by any observer and ρ+ p ≥ 0.
• Dominant Energy Condition (DEC). This condition is satisfied if Tµνwµwν ≥ 0 for
every causal vector wµ (w2 ≤ 0) and −T µνwν is a future-oriented causal vector. For
a perfect fluid, this condition translates into ρ ≥ |p|.
• Strong Energy Condition (SEC). The SEC is satisfied if Tµνvµvν ≥ −12T for every
time-like vector vµ (v2 < 0). A perfect fluid satisfies this conditions if ρ+ p ≥ 0 and
ρ+ 3p ≥ 0.
• Null Energy Condition (NEC). The NEC is satisfied if for any null vector nµ (n2 =
0) the condition Tµνn
µnν ≥ 0 holds. For a perfect fluid this implies ρ + p ≥ 0.
This condition is satisfied for all known types of matter and it is saturated by a
cosmological constant.
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Matrix notation
Given a rank-2 tensor, we will often use a hat to denote the corresponding matrix.
Thus, the metric tensor gµν will also appear as gˆ and its inverse g
µν will be denoted by
gˆ−1 and similarly for other objects. The determinant of a matrix Mˆ will be explicitly
spelled out as det(Mˆ ) or will be alternatively denoted as |Mˆ | where no confusion with
absolute value should occur. In the special case of a metric gµν , we will alternatively use
the broadly used notation g for its determinant. Analogously, for the trace of a matrix
we will use either the explicit notation Tr(Mˆ) or the more compact notation [Mˆ ] where,
again, the context should clarify when the square brackets stand for the trace or simply
play the role of actual brackets.
A recurrent matrix formula that we will use throughout this review is the expansion
valid for an arbitrary n× n matrix Mˆ given by
det
(
1+ Mˆ
)
=
n∑
i=0
ei(Mˆ ) (1.25)
where 1 is the n×n identity and ei the elementary symmetric polynomials which, for the
case of interest here of n = 4, read:
e0(Mˆ) = 1,
e1(Mˆ) = [Mˆ ],
e2(Mˆ) =
1
2!
(
[Mˆ ]2 − [Mˆ2]
)
,
e3(Mˆ) =
1
3!
(
[Mˆ ]3 − 3[Mˆ ][Mˆ2] + 2[Mˆ3]
)
,
e4(Mˆ) =
1
4!
(
[Mˆ ]4 − 6[Mˆ ]2[Mˆ2] + 8[Mˆ ][Mˆ3] + 3[Mˆ2]2 − 6[Mˆ4]
)
. (1.26)
It is useful to notice that the last elementary symmetric polynomial coincides with the
determinant of Mˆ . Moreover, if Mˆ is antisymmetric its trace is identically zero and, thus,
e1 and e3 vanish.
Units and constants
Unless otherwise stated, we will use units with ~ = c = 1. We will mostly use the
reduced Planck mass, related to Newton’s constant as M−2Pl = 8πGN. We will also make
use of the Einstein’s constant κ2 = 8πGN.
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2. Born-Infeld theories
The class of theories that generally go under the name of Born-Infeld all share the same
basic feature of being defined in terms of some square root structure aimed at regularising
the presence of divergences. The inception of these theories originated from the pioneering
works by Born and Infeld in the 1930’s [72, 73, 74, 75] where they assumed a principle
of finiteness, according to which physical quantities are always bounded and can never
become infinite. The self-energy of the electron, or a general point-like charged particle,
is infinite in the classical Maxwell’s theory so they searched for a non-linear modification
capable of regularising this divergence as to comply with the principle of finiteness, i.e.,
a non-linear theory where point-like charges had finite self-energy4. Motivated by the
existence of an upper bound for the velocities of particles in relativistic mechanics, in the
summer of 1933 Born proposed to introduce the same square root structure for electro-
magnetism in order to have an upper bound for the electric fields [72, 73]. A few months
later Infeld joined Born and together worked on a better version of this construction be-
cause they wanted a theoretically better motivated argument for such a theory and, then,
they argued that the square root structure should come in from symmetry arguments.
In analogy with mechanics where going from Newtonian to relativistic mechanics means
upgrading Galilean transformations to the fully relativistic Lorentz group, Born and Infeld
assumed that the Lorentz symmetry of Maxwell’s theory should be enlarged in the new
theory. They considered the new symmetry to be the full group of coordinate transfor-
mations which, after imposing the recovery of Maxwell’s theory in the appropriate limit,
led to the non-linear theory now known as Born-Infeld electromagnetism, expressed as the
square root of a certain determinant [74, 75]. It is no surprise that the use of symmetries as
a guiding principle gave rise to a remarkable theory of non-linear electromagnetism which,
not only classically regularises the self-energy of point like charges, but it also shares some
interesting features with Maxwell’s theory and found a natural arena in the realm of other
theoretically appealing theories, like e.g. string theory [307, 308, 374].
Given the success of Born-Infeld theory to classically regularise divergences in elec-
tromagnetism, it is perhaps surprising that the same ideas were applied to resolve the
singularities of General Relativity (GR) only in the late 1990’s5. The first attempt in this
direction came about in a work by Deser and Gibbons [140], where they finally took over
the idea and tried to apply it to the case of gravity. However, as usual with gravity, things
can very quickly go wrong when one tries to modify the Einstein-Hilbert action. The
most straightforward application of the Born-Infeld philosophy by introducing a square
root structure of a determinant involving the Ricci tensor gives rise to the presence of
4We should perhaps remark here that, at the time when Born and Infeld developed their theory for
electromagnetism, the full machinery of quantum electrodynamics and the renormalization techniques were
not available. Today we know that quantum electrodynamics is a renormalizable quantum field theory
where physical quantities are finite and, in particular, the charge of a particle acquires radiative corrections
at high energies owed to virtual processes.
5A possible reason for this was the relative lack of interest in these topics until the seminal works by
Hawking and Penrose [299, 300, 197] concerning the singularity theorems in GR. On the other hand, the
extraordinary success of quantum field theory perhaps motivated to invoke quantum gravity effects as the
most likely mechanism that should regularise gravity in the high curvatures regime.
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ghosts owing to the Ostrogradski instability associated to higher order equations of mo-
tion [366, 367]. In order to resolve the ghost problem, they proposed to add an additional
term to remove the ghost order by order so that, when expanding the full action in the
curvature, only the corresponding Lovelock term remains. This avoids the problem of the
ghost, but the large freedom remaining in the choice of the additional piece and the lack of
any guiding principle, makes the construction less appealing than the case of Born-Infeld
electromagnetism. An obvious way to get around the ghost problem is to only use the
Ricci scalar and apply the Born-Infeld construction to this quantity. This would lie within
the class of f(R) theories that contain one extra degree of freedom with respect to GR and,
thus, it would deviate from the original Born-Infeld spirit where the theory is modified in
some high energy regime by changing the structure of the theory in that regime instead
of adding additional modes.
Some years later, Vollick re-considered Born-Infeld type of actions for gravity from
a different perspective [356]. Similarly to Deser and Gibbons, Vollick also resorted to
a straightforward translation of the Born-Infed action to the case of gravity. However,
instead of adopting the metric formalism, he considered the action within a metric-affine
approach so that the connection is left arbitrary and promoted to an independent field.
Within that formalism, the problem of the ghosts encountered in the metric formalism are
avoided and, thus, no additional terms to remove undesired interactions are needed. This
approach can actually be seen as a combination of the Born-Infeld ideas together with the
original purely affine theory of gravity proposed by Eddington. Later on, Ban˜ados and
Ferreira took on Vollick’s approach with a slight modification of the original action, that
now goes under the name of Eddington-inspired Born-Infeld gravity (EiBI), and showed the
existence of non-singular cosmological and black hole solutions. This particular realisation
of Born-Infeld gravity theories has since then received a considerable attention and has
been extensively explored in different contexts with promising results.
The proposal by Vollick and its relative by Ban˜ados and Ferreira finally succeeded to
implement the ideas of Born-Infeld electrodynamics to the case of gravity. However, it is
fair to say that this initial proposal merely consisted in obtaining a gravitational action
a` la Born-Infeld, but it lacked any underlying guiding principle, based on symmetries like
in Born-Infeld electrodynamics or any other equally valid motivation. In fact, it is very
simple to come up with more general actions that could also be catalogued as Born-Infeld
theories and could be considered on the same footing as EiBI. It does not come as a
surprise then that very soon, modifications, extensions or alternative implementations of
the Born-Infeld ideas to gravity appeared in the literature.
In this section we will review in detail the developments discussed above that led to
the formulation of Born-Infeld gravity theories. We will start by reviewing Born-Infeld
electrodynamics as a good starting point to motivate the search for analogous theories
within gravitational contexts. We will show how the first attempts formulated in the
metric formalism did not succeed due to the presence of ghosts. After that, we will turn
to the formulation of Born-Infeld actions for gravity within a metric-affine approach and
explain how the ghost issue is avoided. The general properties of these theories will be
discussed in detail and, in particular, we will explain the existence of two frames. We will
end this section by performing a classification of the different Born-Infeld inspired theories
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of gravities considered in the literature so far and briefly discuss them.
2.1. Born-Infeld electromagnetism in a nutshell
The underlying idea used by Born and Infeld to develop a modification of the Maxwell
action as a potential mechanism to regularise some divergences associated to point-like
charges was motivated by the appearance of an upper bound for the speed of particles when
upgrading Newtonian mechanisms to relativistic mechanics. In that case, the Newtonian
Lagrangian for a massive particle of mass m is simply L = 12m
2v2, where v is its velocity
and can take any value. When including the principles of relativistic mechanics, the
Lagrangian for the massive particle becomes L = −m2c2
√
1− (v/c)2, where the speed
of light c makes its appearance as an upper bound for the velocities due to the square
root. Taking inspiration from this, Born came up with the idea of modifying Maxwell’s
Lagrangian in such a way that the divergences of the Coulomb potential are automatically
regularised due to the existence of a natural upper bound in the theory. In [72, 73],
he followed the most straightforward application of this idea and proposed the following
replacement of Maxwell’s Lagrangian:
L = −1
4
FµνF
µν → L = b2
[√
1− 1
2b2
FµνFµν − 1
]
, (2.1)
with b representing the desired upper limit of possible electric fields. Although this simple
replacement could do the job of regularising the infinities associated to point-like charges,
it is not completely satisfactory from a theoretical point of view since there is no guiding
principle for it other than the principle of finiteness. That is the reason that motivated
Born, this time in collaboration with Infeld, to look for a more theoretically appealing
modification of Maxwell electromagnetism. They noted that, when going from classical
mechanics to relativistic mechanics, the symmetry group is enlarged from the Galileo
to the Lorentz group and it is precisely this group structure that nicely introduces the
desired square root. Born and Infeld embraced this line of reasoning and looked for
a non-linear theory of electromagnetism enlarging the group of special relativity as the
relevant one. The idea is then that, very much like Newtonian mechanics is the limit
of special relativity for small velocities and the Lorentz group reduces to the Galilean
transformations, Maxwell electromagnetism should be the limit of some theory with a
larger group of symmetries which, in some suitable limit, should reduce to the usual
relativistic Lorentz transformations. Motivated by recent developments in gravity where
the relevant group was shown by Einstein to be general coordinate transformations, they
opted by enlarging the symmetry group of electromagnetism from the Lorentz group to the
full group of general coordinate transformations6. Then, to have general covariance, the
6Incidentally, they were aware and noticed similarities with earlier attempts by Einstein, Weyl and
Eddington, among others, in the same direction as a way to unify gravity and electromagnetism in a
geometrical theory. However, Born and Infeld motivation was completely different and, as themselves
claimed, their approach had nothing to do with those theories, except for some formal analogies, specially
with Eddington’s developments in [147]. Remarkably, Eddington’s theory eventually served as guidance
to develop gravity theories a` la Born-Infeld, as we will see in the section 2.4.
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action should be constructed as S = ∫ d4x√det aµν , with aµν some rank-2 covariant tensor
whose symmetric part can be identified with the metric tensor and its antisymmetric part
is identified with the electromagnetic field strength Fµν . After imposing that Maxwell’s
theory should be recovered for small electromagnetic fields and neglecting some boundary
terms, they arrived at the celebrated Born-Infeld action
SBI = −b2
[∫
d4x
√
− det
(
ηµν +
1
b
Fµν
)
− 1
]
. (2.2)
This action has the properties they were after, namely, it introduces the square root
structure by means of enlarging the symmetry group of Maxwell’s theory. The constant b
is the only free parameter of the theory and it precisely gives the maximum allowed value
for electric fields. Born and Infeld assumed the value of b to be such that the corrections
arise at the electron radius, although that value is now experimentally ruled out (see [171]
for a recent review on experimental bounds for non-linear electromagnetism). In order to
see the appearance of a maximum value for the electric field, let us notice that the action
can be written in several useful ways by expanding the determinant in (2.2) to obtain
SBI =− b2
∫
d4x
[√
1 +
1
2b2
FµνFµν − 1
16b4
(Fµν F˜µν)2 − 1
]
(2.3)
=− b2
∫
d4x


√
1−
~E2 − ~B2
b2
− (
~E · ~B)2
b4
− 1

 ,
with F˜µν ≡ 12εµναβFαβ the dual of the field strength, ~E and ~B the corresponding electric
and magnetic parts and we have used the matrix identity
det
(
δµν +
1
b
Fµν
)
= 1 +
1
2b2
FµνF
µν − 1
16b4
(
Fµν F˜
µν
)2
. (2.4)
Notice that this implies a Z2 symmetry Fµν → −Fµν owed to the property of the deter-
minant det(1+ Mˆ) = det(1− Mˆ) for an arbitrary matrix Mˆ . From the above expression
it is straightforward to see that Maxwell’s electromagnetism is recovered for electromag-
netic fields much smaller than b and that, for configurations without magnetic field, we
also recover the first Lagrangian (2.1) considered by Born. Furthermore, written in this
way, we can easily understand why the self-energy of point-like charged particles is regu-
larised. Since a particle at rest (or in its own rest frame) only generates electric field, the
Lagrangian reduces to
LBI = −b2
√
1−
~E2
b2
(2.5)
and we clearly see that the electric field is bounded by b. Given the gauge character of
the theory, we still have the constraint equation generating the gauge symmetry (or the
equivalent of Gauss’ law) given by
~∇ · ~Π = ρ with ~Π = ∂LBI
∂ ~E
=
~E√
1− ~E2
b2
(2.6)
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and ρ is the density of electric charge. As usual, for a point-like particle of charge Q we
can integrate the equation over a sphere to obtain∮
~∇ · ~Π d3x = Q ⇒ |~Π| = Q
4πr2
, (2.7)
where Q is the total charge enclosed by the sphere Q =
∮
ρd3x. By inverting the relation
(2.6) between ~Π and ~E we can obtain the solution for the electric field generated by the
particle
~E =
~Π√
1 +
~Π2
b2
. (2.8)
As promised, for |~Π| ≪ b we have |~Π| ≃ | ~E| ∝ 1/r2 which is the usual result in Maxwell’s
electromagnetism, while in the opposite regime with ~Π≫ b the electric field saturates to
the value | ~E| = b. This saturation is in turn the responsible for the regularization of the
self-energy of the particle, that is given by
U =
∫
d3xH = b2
∫
d3x


√
1 +
~Π2
b2
− 1

 = 4πb2 ∫ ∞
0
r2dr


√
1 +
(
Q
4πbr2
)2
− 1

 ,
(2.9)
where we have used the expression for the Hamiltonian density7 H = ~Π · ~E − L and
the corresponding solution (2.7). The integral diverges in the case of Maxwell electro-
magnetism due to the unbounded contributions from the small scales where one has
HMaxwell ∼ ~E2 ∝ r−4. In the Born-Infeld case however, the small scales region is modified
and we have HBI ∼ ~Π ∝ r−2 which makes the integral convergent (see Fig. 2.1). The
integral can be exactly computed in terms of the gamma function Γ(x) and the total finite
result is
U = Γ
2(1/4)
12π
√
bQ3. (2.10)
Let us return to the solution for the electric field given in (2.11) and express it directly
in terms of the generating charge as8
| ~E| = 1√
1 +
(
Q
4πbr2
)2 Q4πr2 . (2.11)
7For the more careful reader, let us clarify that the Hamiltonian density including the interaction
between the electric potential and the charge is H = ~Π · ~˙A−LBI+A0ρ. However, we can use the definition
of the electric field ~E = ~˙A− ~∇A0 to express the Hamiltonian density, up to total derivatives giving rise to
boundary terms, as H = ~Π · ~E −LBI +A0(ρ− ~∇ · ~Π). The term depending on A0 will then be responsible
for the gauge constraint giving Gauss’ law that vanishes on-shell, so that it will not modify the self-energy
of the particle.
8For the amusement of the reader familiarised with screening mechanisms in modified gravity, let us
notice that this solution realises a screening mechanism for the electromagnetic interaction resembling the
so called K-mouflage or Kinetic screening of scalar fields.
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Figure 1: In this plot we show the regularisation occurring in Born-Infeld electromagnetism (solid lines)
as compared to the case of Maxwell’s theory (dotted lines). In the left panel we show the profile (as a
function of x ≡
√
4πb/Qr) for the electric field generated by a point-like charge. We can clearly see the
change from the usual 1/r2 behaviour at large distances to the saturation for the electric field due to the
Born-Infeld corrections on small scales. In the right panel we show how this modified behaviour at small
scales also regularises the energy density of the particle.
This expression allows for an alternative interpretation of Born-Infeld electromagnetism.
Instead of having modified Maxwell equations in the sector of the electromagnetic field,
we can equivalently interpret Born-Infeld electromagnetism as a modification in the source
term, i.e., the way in which charges generate electric fields is modified on small scales. In
other words, we can interpret it as an effective scale-dependent charge, showing a certain
formal resemblance with the renormalisation of the charge when radiative corrections
are included in standard QED, but here from a purely classical standpoint without any
quantum effect. This re-interpretation of Born-Infeld electromagnetism will be useful for
the case of gravity where the Born-Infeld inspired modified gravity theories will also admit
an interpretation as a modification of the way in which matter gravitates at high energies.
We will conclude by stressing that the resulting theory turned out to have a series
of remarkable features that make the Born-Infeld action be very special among all pos-
sible non-linear extensions of electrodynamics. Such properties are related to its special
structure, giving additional motivation and support to the idea of implementing the prin-
ciple of finiteness by enlarging the symmetry group of Maxwell theory. This is nothing
but another example of the power of using symmetries as guiding principles to formulate
physical theories. In order to avoid further delays in entering into the main topic of this
review, namely Born-Infeld inspired theories of gravity, we will abstain our desire of going
through all the fascinating features of Born-Infeld electromagnetism and we will content
ourselves with briefly enumerating some of its more remarkable properties. For more de-
tailed information we refer to [303, 181, 228] or standard textbooks on string theory where
the Born-Infeld Lagrangian naturally appears, as e.g. [307, 308, 374]:
• The Born-Infeld action arises in string theory from T -duality invariance when de-
scribing an open string in an electromagnetic field, i.e., the Born-Infeld action is the
appropriate one to couple strings to electromagnetic (or more general gauge) fields.
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• Born-Infeld electromagnetism shares with its Maxwellian relative (and other non-
linear theories of electromagnetism) the so-called electric-magnetic self-duality [69,
182]. This is a highly non-trivial invariance of the theory corresponding to a dual
transformation of the electric and magnetic fields. See [27] for a review on many
interesting aspects of duality rotations and theories with duality symmetry.
• Despite the highly non-linear character of the Born-Infeld action, the corresponding
equations of motion give rise to causal propagation and avoid the presence of shock
waves and birrefringence phenomena.
• The equations of Born-Infeld electromagnetism admit solitonic solutions with finite
energy, known as BIons [94, 180].
As we can see, the Born-Infeld theory for electromagnetism not only conforms to the
task it was devised for, namely the regularisation of divergences associated to point-like
charges, but it is kind enough as to also provide a number of additional gifts that were not
required a priori. In the remaining of this section we will overview the attempts to apply
similar ideas to the case of gravity. In general, we could say that, by the time of writing,
there is not a gravitational analogue of Born-Infeld electromagnetism exhibiting all the
successes and remarkable properties discussed above, but the search for it has nevertheless
yielded very interesting gravitational theories a` la Born-Infeld, both from a theoretical and
a phenomenological points of view. We will start our tour however by reviewing the first
attempts in this direction that led to pathological theories.
2.2. The Deser-Gibbons proposal: The ghost problem of the metric formalism
The original idea by Born and Infeld to regularise divergences in electromagnetism
was taken over by Deser and Gibbons [140] as a potential mechanism to regularise the
singularities that commonly appear in General Relativity, like e.g. the divergences at the
center of black holes or the original Big Bang singularity. Following the same scheme, they
considered an action for the gravitational interaction including the same determinantal and
square root structures that appear in Born-Infeld electromagnetism. A straightforward
translation of the Born-Infeld action for electromagnetism to the case of gravity would be
the naive replacement of field strength Fµν by the Ricci tensor Rµν so that the first naive
tentative action for a gravitational version of Born-Infeld electromagnetism would be
S =
∫
d4x
√
− det
(
agµν + bRµν
)
, (2.12)
where a and b some parameters, gµν the spacetime metric and Rµν the Ricci tensor of the
corresponding Levi-Civita connection. However, this naive procedure leads to a theory
plagued by ghost-like instabilities. The reason is clear from the well-known fact that
an arbitrary action containing a non-linear function of the Ricci tensor will give rise to
higher order gravitational field equations and, thus, it will be prone to the Ostrogradski
instability [366]. In order to avoid the presence of ghosts in the theory, Deser and Gibbons
considered instead the action
SDG =
∫
d4x
√
− det
(
agµν + bRµν + cXµν
)
, (2.13)
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where the fudge tensor Xµν must be tuned in order to get rid of the ghost. The form Xµν
can be obtained perturbatively to remove the ghost at a given order and its effects are
then pushed to higher orders. We can use the identity√
det
(
1+ Mˆ
)
=
√
1 + [Mˆ ] +
1
2
(
[Mˆ ]2 − [Mˆ2]
)
+O(Mˆ3)
= 1 +
1
2
[Mˆ ] +
1
8
[Mˆ ]2 − 1
4
[Mˆ2] +O(Mˆ3) , (2.14)
valid for an arbitrary matrix Mˆ , to expand the action in powers of the curvature as
SDG =
∫
d4x
√
− det(agµν)

1 +
(
bR+ cX
)
2a
+
(
bR+ cX
)2
8a2
−
(
bRµν + cXµν
)2
4a2
+ · · ·


(2.15)
where R = gµνRµν is the Ricci scalar and X = X
α
α. In this expression we can see
that, omitting Xµν for a moment, we have a cosmological constant at zeroth order, while
at first order we recover the usual Einstein-Hilbert term. At higher orders however the
appearance of the quadratic terms RµνR
µν will lead to higher order equations of motion,
thus rendering the theory unstable due to the presence of ghosts. Since we know that, at
quadratic order, only the Gauss-Bonnet prevents the appearance of such ghosts, we must
use the leading order contribution from Xµν in order to remove the undesired terms. We
can then assume an expansion in curvatures starting at quadratic order9 for the fudge
tensor of the form Xµν = X
(2)
µν + · · · and choose X(2)µν to satisfy
cX(2)µµ +
b2
4a
(
R2 − 2RµνRµν
)
= α
(
RµνρσR
µνρσ − 4RµνRµν +R2
)
, (2.16)
with α some constant. The above choice thus only leaves the Gauss-Bonnet contribution
at second order. By iterating this procedure one could remove the ghosts at any desired
order. However, we already see at quadratic order that only the trace of Xµν is determined
and, therefore, a large variety of fudge tensors can do the job (see [188, 187] for explicit
constructions). In fact, except for some singular actions, one can presumably write almost
any gravitational action in the form of (2.13) by means of an appropriate choice of Xµν .
We can exemplify this by taking the Born-Infeld gravity theory developed by Nieto in
[260]. Motivated by the MacDowell-Mansouri formalism, Nieto considered a spacetime
manifold endowed with a connection giving rise to a total curvature Raµ that can be split
as Raµ = Raµ+λeaµ, where Raµ is the usual curvature of the Levi-Civita connection, eaµ
is the vielbein field and λ a constant parameter. For this connection, he then considers a
Lagrangian in D dimensions given by
L = detRaµ. (2.17)
9We could also add lower order terms for the fudge tensor as, e.g. X
(1)
µν = Rgµν , but that will not
introduce the discussion other than adding some more terms in the equations.
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If we use the previous splitting, we can write the Lagrangian as
L = λD edet
(
δµν +
1
λ
Rµν
)
= λDe
D∑
n=0
L(n)(R) , (2.18)
where e = det eaµ and we have used the matrix identity det(1 + Mˆ) =
∑D
n=0 en(Mˆ),
with en(Mˆ) denoting the n-th elementary symmetric polynomial of the matrix Mˆ (see
(1.25)). In the present case, the matrix is the Ricci tensor and its elementary symmetric
polynomials are precisely the Lovelock invariants, that we denote by L(n)(R), so that the
considered action is nothing but a combination of all the Lovelock terms and, thus, the
theory is ghost-free. One can then rewrite this Lagrangian in the Deser-Gibbons form by
simply defining a matrix Gˆ given by Gˆ = −Rˆ2 so that the Lagrangian can be alternatively
written as
L ∝
√
− det
(
gµν +
2
λ
Rµν +
1
λ2
RµαRµα
)
, (2.19)
where we have used the commutativity of the determinant and the square root (whenever
it exists). This is the form found by Nieto and which he then related to Born-Infeld gravity.
However, as we have seen, it is nothing but Lovelock gravity written in an obscure way.
Furthermore, no additional work is necessary to know that the theory does not contain
any ghosts. This example perfectly illustrates the necessity of a better defined strategy to
construct theories of gravity a` la Born-Infeld in order not to be deluded with well-known
healthy theories in mysterious disguises.
2.3. Other proposals in the metric formalism
In the procedure presented in the precedent section, we have been careful to impose
that only the Lovelock invariants should remain at a given order in the expansion. This is a
crucial requirement for the consistency of the theory, as the presence of ghosts invalidates
any background classical solution. The approach followed by Deser and Gibbons can
be seen as a way to make sense of the theory by pushing the scale at which the ghost
becomes relevant at higher scales, but the lack of any other guiding principle obstructs
the construction of an appealing and well-defined full theory.
One might however take a less demanding approach and impose instead a weaker
condition without compromising the stability of the theory due to the presence of ghosts,
but at the expense of partially abandoning the original Born-Infeld spirit. For instance,
instead of using the fudge tensor to only leave Lovelock invariants at each order, one
could allow for some arbitrary functions of them. Thus, at quadratic order we could have
allowed for terms involving some linear combination of the squares of the Ricci scalar and
the Gauss-Bonnet term. This would find motivation in the fact that arbitrary functions
of these two scalar quantities are known to be particular cases where the Ostrogradski
instability is bypassed. In the end, this would be nothing but a complicated way of
rewriting the class of theories described by an arbitrary function f(R,G), with R and G
the Ricci scalar and the Gauss-Bonnet term respectively. Although perfectly legitimate,
these theories introduce additional scalar degrees of freedom and, thus, they can hardly be
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considered as genuine Born-Infeld modifications of gravity. Of course, this does not mean
that those alternatives are uninteresting, but rather they should be regarded as belonging
to another class of theories.
In case one is interested in obtaining gravitational theories with an upper bound for
the curvature, then one can simply write a specific model of an f(R) theory where the
function f presents a branch cut at some high but finite curvature R0. The square root
function typical from Born-Infeld would achieve this, but other functions involving e.g.
logarithms could serve as well. Feigenbaum et al.[158] explored this route in two dimen-
sions where the curvature is fully determined by the Ricci scalar and they studied some
black holes solutions. In a subsequent work [157], Feigenbaum extended the analysis to
four dimensions where he considered an action of the following type:
L = R+ β
√
1− k1RµνρσRµνρσ − k2RµνRµν − k3R2 , (2.20)
with ki and β some constants. Again he studied black hole solutions that we will briefly
review in section 4.1. However, the problem of ghosts arising from the explicit dependence
on the full Riemann and the Ricci tensors is not discussed. In fact, from the own equations
of motion given in [157], one can see that they are fourth order and, thus, it would be
expected to have ghosts. This pathology renders the black hole solutions of limited physical
interest, as the perturbations around them are likely to be unstable. The same problem
applies to the theories considered by Comelli and Dolgov in [123] constructed in terms of
the Lagrangian
L = det
√
A(R)gµν +B(R)Rµν , (2.21)
with A and B some given functions of the Ricci scalar. This Lagrangian combines the
Deser and Gibbons proposal with f(R)-type of theories, but without taming the pres-
ence of ghosts so that the obtained cosmological solutions are again of limited realistic
applicability.
A more interesting proposal that is also closer to the Born-Infeld spirit was given by
Wohlfarth in [365]. The theory is based on a symmetric object defined as
RAB ≡ R[a1a2][b1b2] , (2.22)
where the indices A ≡ [a1a2], B ≡ [b1b2] should be regarded as ordered pairs of indices.
He then introduces the new metric and Kronecker delta
gAB ≡ ga1b1ga2b2 − ga2b1ga1b2 (2.23)
δAB ≡ δa1b1 δ
a2
b2
− δa2b1 δ
a1
b2
(2.24)
that are then used in the usual way to manipulate capital indices. Moreover, one has the
identity det gAB = (det gab)
d−1 valid in d dimensions. The proposed Lagrangian within
this formalism is
L = √−g
[
det
(
δAB + λR
A
B
)]ζ
, (2.25)
with λ some constant and ζ a parameter with the only restriction to be a fractional
number in order to allow for a regularization of curvature divergences. This represents
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an extension of Deser and Gibbons construction since more general curvature invariants
appear in the Lagrangian. However, it shares the same problematic of containing ghosts
(typically appearing at the scale determined by λ) which is then resolved in a similar
fashion, i.e., the Lagrangian is corrected as
L = √−g
[
det
(
δAB + λM
A
B + λ
2NAB
)]ζ
, (2.26)
where MAB and N
A
B are general expressions containing linear and quadratic curvature
terms, respectively. The relative parameters among all the terms must be tuned to remove
the ghosts at quadratic order, although one would expect to find again the ghost at higher
orders. Thus, similarly to the Deser and Gibbons construction, additional requirements
are necessary to find a satisfactory Born-Infeld theory of gravity within this formalism.
Another approach that has been taken in the literature consists in choosing the fudge
tensor Xµν such that some specific gravity theories are recovered in the low curvatures
regime. In [185], the authors followed this path to construct a Born-Infeld extension of
the so-called New Massive Gravity theory [66], whose action is given by
SNMG = 1
κ2
∫
d3x
√−g
[
−R+ 1
m2
(
RµνR
µν − 3
8
R2
)]
(2.27)
and describes a massive graviton in 3 dimensions10. One can then see that this action is
recovered at quadratic order from (2.13) in 3 dimensions by choosing Xµν proportional to
Rgµν and appropriately tuning the parameters (with the possible addition of a cosmological
constant). Interestingly, the resulting action that they consider recovers at cubic order the
extension of New Massive Gravity found in [332] by imposing the existence of a c−theorem.
The same authors pursued a similar approach in [186] to construct theories that recover
Horava’s gravity [210, 211] in 3 dimensions at quadratic order.
2.4. Eddington-Born-Infeld gravity
In the previous sections we have seen that a straightforward implementation of the
Born-Infeld idea to the case of gravity is not an obvious task. It is not difficult to convince
oneself that the main difficulty is the avoidance of ghosts and this is hardwired in the
use of the metric formalism in the action. One can however seek for Born-Infeld inspired
modifications of gravity within the realm of affine theories of gravity where the connec-
tion is regarded as an independent object. Within this framework, it is very natural to
remember the purely affine theory of gravity introduced by Eddington and described by
the following action11 [147]:
SE =
∫
d4x
√
|detR(µν)(Γ)| , (2.28)
10Since the graviton propagator trivialises in 3 dimensions, the problem of the potential ghosts discussed
above are less virulent.
11Deser and Gibbons already made reference to this approach in [140], but they did not consider it any
further in favour of a metric formalism.
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where R(µν)(Γ) is the symmetric part of the Ricci tensor of an arbitrary connection Γαµν .
In vacuum, this theory is equivalent to GR12. This is easy to understand, since this theory
can be seen as GR after integrating out the metric tensor. If we start with GR in the
presence of a cosmological constant and in the Palatini formalism, we have
S = 1
2
M2Pl
∫
d4x
√−g
(
R(Γ) + 2Λ
)
(2.29)
that gives the Einstein equations
R(µν) −
1
2
Rgµν = Λgµν . (2.30)
We can now take the trace to obtain R = −4Λ, which allows to rewrite the equations as
R(µν) = −Λgµν . This relation can be used in the action to remove the dependence on the
metric tensor and we then recover the Eddington action. This procedure of integrating
out the metric tensor is also valid when including matter fields as long as they couple
minimally, i.e., the metric tensor will only enter algebraically. In that case, the resulting
action will be more involved, but it allows to write a fully affine theory of gravity, as it
was Eddington’s original idea.
An important consequence of using the connection as a fundamental geometrical object
in Eddington’s theory is the avoidance of introducing ghosts associated to higher order
equations of motion for the metric tensor. This is not a specific feature of Eddington’s
theory, but it is a general result for theories formulated a` la Palatini. In view of these
results, Eddington’s action seems to be a better suited starting point to implement the
Born-Infeld construction for theories of gravity. This approach was taken by Vollick [356],
who considered the action13
SEBI =M2BIM2Pl
∫
d4x
[√
− det
(
gµν +
1
M2BI
Rµν(Γ)
)
−
√
− det gµν
]
, (2.31)
whereMBI is a mass scale determining when high curvature corrections are important. The
second term is introduced to remove a cosmological constant, thus allowing for Minkowski
solutions in vacuum. The above action for a theory of gravity combines the ideas of
Eddington’s theory with the Born-Infeld construction, resulting in a theory of gravity for-
mulated in a metric-affine approach and incorporating the square root and determinantal
structures characteristic of Born-Infeld electrodynamics.
12The recovery of the GR equations in vacuum is not specific of Eddington’s theory and, in fact, it is a
general result for any theory of gravity. The generality of this result actually boils down to the covariance
of the field equations which imposes that, in vacuum, the Ricci tensor must be proportional to the metric.
In theories of gravity with additional degrees of freedom, the extra fields should be regarded as matter fields
and the recovery of GR in vacuum also applies. Another complementary way of understanding this general
result is provided by the fact that GR is the only Lorentz invariant and unitary theory for a self-interacting
massless spin-2 field in 4 dimensions, usually called graviton. Thus, if by gravity we understand a theory
for such a particle, we will inevitably find GR in vacuum. Differences can however show up when including
matter fields, as we will discuss later.
13Here we use the dimension 1 parameter MBI as the Born-Infeld scale instead of the constant b used in
[356]. The relation between both is b =M−2BI .
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Before entering into further developments, let us check that GR is indeed recovered
when the curvature is much smaller than the scale M2BI. When taking that limit, the
leading order correction is
SEBI(|Rµν | ≪M2BI) ≃
1
2
M2Pl
∫
d4x
√−ggµνRµν(Γ) (2.32)
thus reproducing the Einstein-Hilbert action in the first order formalism, which is known
to coincide with GR on-shell and provided the matter fields couple minimally14 (see for
instance [201, 288]). Let us pause here for a moment and seize the opportunity to clarify
some subtleties concerning this point which are well-known in the community but are
still source of a little confusion in some works (see for instance the discussion at this
respect in section 2.3.1 of [120]). When considering the Einstein-Hilbert action in the
Palatini formalism in the presence of minimally coupled fields, the field equations of the
connection can be recast as a metric compatibility condition for the metric tensor15 and,
thus, a solution of the equations is the Levi-Civita connection of the spacetime metric. An
important point to note however is that such a solution represents a solution, but the most
general solution for the connection field equations involves an arbitrary 1-form, which can
be taken to be the trace of the non-metricity or the trace of the torsion tensor. This
is of course nothing but a reflection of the fact that the metric compatibility condition
obtained from the connection field equations does not fully determine the connection and
the Levi-Civita connection is only obtained after imposing a symmetric condition. It is
sometimes stated that such a condition must be supplemented for the Einstein-Hilbert
action to give GR in the Palatini formalism. However, one must also notice that the
Einstein-Hilbert action has a projective invariance16 Γλµν → Γλµν+ξµδλν which also involves
an arbitrary 1-form ξµ, and this is precisely the undetermined mode obtained when solving
the connection equation. The gauge character of the projective invariance is discussed in
great detail in [225, 128].
In the case of the action (2.31), the projective invariance is only obtained as a low
curvature accidental symmetry, but it is generally broken by higher order interactions,
unless the initial theory is defined only in terms of the symmetric part of the Ricci tensor,
in which case the projective invariance is a symmetry of the full theory. Considering only
the symmetric part of the Ricci tensor is a widely adopted (and very convenient) option
in the literature and, in addition, it would be closer to Eddington’s original theory. This
14The equivalence between the metric and the Palatini approaches has also been considered for more
general actions in, e.g. [156, 76, 127]. A particularly interesting result is that the equivalence of both
formulations extends to the whole series of Lovelock invariants, among which the Einstein-Hilbert action
represents nothing but the lowest order term.
15See for instance [288] for details. We will also show more details on how this is achieved in section
2.7.1 within the context of more general theories.
16In section 2.5 we will show that this symmetry is shared by all theories defined in terms of the symmetric
part of the Ricci tensor and we will compute the associated conserved current.
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is the option adopted by Ban˜ados and Ferreira in [45]17, where they considered the action
SEiBI =M2BIM2Pl
∫
d4x
[√
− det
(
gµν +
1
M2BI
R(µν)(Γ)
)
− λ
√
− det gµν
]
(2.33)
that has now become the standard version of the so-called Eddington-inspired-Born-Infeld
gravity (EiBI). In this version, it is customary to let a cosmological constant term be
encoded in the parameter λ as Λ = (λ− 1)M2BI. An important notational convention that
might lead to some misinterpretations but is very common in the community is to use Rµν
to denote the symmetric part of the Ricci tensor without the explicit symmetrisation. To
avoid any confusion, we will always make explicit the corresponding symmetrisation.
2.5. Field equations
In the literature there is a number of subtle points in the derivation of the field equa-
tions that are sometimes overlooked or omitted, so we will provide a detailed derivation
here. The main differences that one can encounter eventually boil down to whether only
the symmetric part or the full Ricci tensor is considered and if the connection is assumed
to be symmetric a priori or not. The former condition is related to the presence of a
projective invariance, while the latter has to do with the presence of torsion. In many
practical applications, these differences do not make a huge impact in the results, but one
should nevertheless be careful to obtain the correct field equations. Let us then consider
the action
S =M2BIM2Pl
∫
d4x
[√
− det
(
gµν +
1
M2BI
Rµν(Γ)
)
− λ
√
− det gµν
]
+ SM[Ψ, gµν ,Γ]
(2.34)
where no assumptions are made a priori on the connection and the full Ricci tensor Rµν
with both its symmetric and its antisymmetric parts. Let us stress again that Vollick [356]
used the full Ricci tensor but constrained the connection to be symmetric, while Ban˜ados
and Ferreira left the connection fully undetermined but considered only the symmetric
part of the Ricci. We have also added general matter fields Ψ that can, in principle,
couple to both the metric and the connection. Then, we will detail where the differences
arise when making the different assumptions. For later convenience and to comply with
standard notation in the literature, let us introduce the notation
qµν ≡ gµν + 1
M2BI
Rµν . (2.35)
17Here we prefer to restore all the dimensionful constants as opposed to [45], where the authors set
8πG = 1. Furthermore, we correct a typo in form of a factor of 2 appearing there, which has propagated
in the literature.
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Then, the variation of the action (2.34) can be expressed as18
δS = M
2
BIM
2
Pl
2
∫
d4x
[√−q(qˆ−1)νµ(δgµν + 1
M2BI
δRµν
)
− λ√−ggµνδgµν
]
+δSM[Ψ, gµν ,Γ]
(2.36)
where q = det qˆ and we have used the formula
δ
√
− det Mˆ = 1
2
√
− det Mˆ Tr
[
Mˆ−1δMˆ
]
(2.37)
valid for an arbitrary matrix Mˆ . The field equations for the metric tensor are then
immediately seen to be
√−q(qˆ−1)(µν) = √−g(λgµν − 1
M2PlM
2
BI
T µν
)
(2.38)
with the energy-momentum tensor of the matter fields defined as
T µν ≡ 2√−g
δSM
δgµν
∣∣∣
Γ
. (2.39)
Notice that this energy-momentum tensor is defined at constant connection. For minimally-
coupled bosonic fields this is not relevant and the energy-momentum tensor will have the
standard form. However, when considering fermionic and non-minimally coupled bosonic
fields, the expression for the energy-momentum tensor will be in general different from
the one that would be obtained in a purely metric formalism. It is important to note the
symmetrisation of the object qˆ−1 in the field equations as a consequence of the symmetry
of the metric tensor. Had we considered only the symmetric part of the Ricci tensor in
the starting action, this symmetrisation would be innocuous. Furthermore, as said before,
in most practical applications in cosmological contexts or spherically symmetric solutions,
the matrix qˆ is symmetric and then one could omit the symmetrisation, but in the general
case it is important to properly include it. We will come back to this point in section 2.7.1
for more general Lagrangians.
The derivation of the connection field equations requires a bit more of work. In order
to obtain them, we need the variation of the Ricci tensor:
δRµν = ∇λδΓλνµ −∇νδΓλλµ + T λρνδΓρλµ, (2.40)
where T λρν = Γλρν −Γλνρ is the torsion tensor. Equipped with this relation, we can now pro-
ceed to compute the variation with respect to the connection. Leaving aside the variation
18In the literature of Born-Infeld theories it is customary to denote the inverse of the matrix qµν simply
as qµν , in accordance with the usual convention of denoting the inverse of a metric with upper indices.
Since we will have two metrics, we prefer to explicitly keep the inverse for the moment in order to avoid
any confusion to the unfamiliar reader in these first steps into the formalism of Born-Infeld theories, since
qµν could very well be confused with gµαgµβqαβ . We will eventually drop the explicit mention for the
inverse of qˆ to alleviate the notation and whenever there is no risk of confusion.
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of the matter sector for a moment, we have
δSΓ =M
2
Pl
2
∫
d4x
√−q(qˆ−1)νµδRµν
=
M2Pl
2
∫
d4x
√−q(qˆ−1)νµ(∇λδΓλνµ −∇νδΓλλµ + T λρνδΓρλµ)
=− M
2
Pl
2
∫
d4x
{
∇λ
[√−q(qˆ−1)νµ]δΓλνµ −∇ν[√−q(qˆ−1)νµ]δΓλλµ −√−q(qˆ−1)νµT λρνδΓρλµ}
+
M2Pl
2
∫
d4x
{
∇λ
[√−q(qˆ−1)νµδΓλνµ]−∇ν[√−q(qˆ−1)νµδΓλλµ]} . (2.41)
Let us take a moment here to elaborate on the terms in the last line. Usually in (pseudo-
)Riemannian geometries without torsion, these terms correspond to total derivatives that
can be simply dropped and do not contribute to the equations of motion. However, the
divergence of a vector density Aµ of weight w = −1 for a general connection is given by
(see equation (1.5))
∇µAµ = ∂µAµ + T λλµAµ. (2.42)
Since
√−q is indeed a scalar density of weight w = −1, we then see that the usual
boundary terms generated when integrating by parts, actually contribute non-trivially to
the field equations whenever torsion is present. Let us stress that the crucial element here
is the torsion, i.e., even if there is non-metricity, the boundary terms would not contribute
to the equations in the absence of torsion. This is in fact one of the important differences
arising from considering a torsion-free connection from the beginning. After taking into
account these considerations in the variation (2.41) we obtain
δΓS =− M
2
Pl
2
∫
d4x
{
∇λ
[√−q(qˆ−1)νµ]δΓλνµ −∇ν[√−q(qˆ−1)νµ]δΓλλµ −√−q(qˆ−1)νµT λρνδΓρλµ}
+
M2Pl
2
∫
d4x
{√−q(qˆ−1)νµδΓβνµ −√−q(qˆ−1)βµδΓλλµ} T ααβ. (2.43)
After an appropriate re-shuffling of the indices, the connection field equations can finally
be expressed as
∇λ
[√−q(qˆ−1)µν]− δµλ∇ρ[√−q(qˆ−1)ρν]
= ∆µνλ +
√−q
[
T µλα(qˆ−1
)αν
+ T ααλ(qˆ−1
)µν − δµλT ααβ(qˆ−1)βν] (2.44)
where, for completeness, we have added the hypermomentum of the matter fields
∆µνλ ≡
2
M2Pl
δSm
δΓλµν
∣∣∣
gµν
. (2.45)
Analogously to the energy-momentum tensor, the hypermomentum must be computed at
constant metric. In most of the cases, we deal with minimally coupled bosonic fields in
which case we have ∆µνλ = 0. However, the standard way of coupling fermionic fields to
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gravity is by resorting to the vierbeins formalism that allows to generalise the definition of
the gamma matrices to curved spacetime. In that formalism, the fermions couple directly
to the spin connection and, thus, contributions to the hypermomentum typically arise. We
will leave this case aside and will assume vanishing hypermomentum. For this simplified
case, we have the full set of equations for the Born-Infeld gravity that we display grouped
together here for future reference
√−q(qˆ−1)(µν) = √−g(λgµν − 1
M2PlM
2
BI
T µν
)
, (2.46)
∇λ
[√−q(qˆ−1)µν]− δµλ∇ρ[√−q(qˆ−1)ρν] = √−q[T µλα(qˆ−1)αν + T ααλ(qˆ−1)µν − δµλT ααβ(qˆ−1)βν]
(2.47)
where
qµν ≡ gµν + 1
M2BI
Rµν . (2.48)
These will be the fundamental set of equations that need to be solved in Born-Infeld
gravity. In most practical situations, the equations are greatly simplified and the general
case is rarely required. Thus, instead of tackling the full set of equations directly, let
us first first consider a simplified case where most of the results will be sufficient for the
astrophysical and cosmological applications discussed in the subsequent sections.
2.5.1. Simplified case: Vanishing torsion and projectively invariant case
We will start by considering the simplest possible case with vanishing torsion a pos-
teriori and where the action is constructed out of the symmetric part of the Ricci tensor
solely, and we will postpone the general case for later. The busy reader rushing to explore
the different applications of the theory will be able to grasp the essential details in this
section, since this simplified scenario is the most extensively considered case in spherically
symmetric and cosmological solutions. The thorough reader will hopefully be satisfied with
the more detailed discussion provided in section 2.7.1 for more general theories (where in
fact we will see that getting rid of the torsion does not represent any limitation for a class
of theories among which we find EiBI). Let us notice that the assumption on Rµν refers
to the own definition of the theory while the torsion-free condition restricts the considered
class of solutions within the theory.
The fact that we only consider the symmetric part of the Ricci tensor in the action has
two important consequences. On one hand, the object qµν will inherit the symmetry of the
Ricci tensor (along with that of the metric gµν). On the other hand, we are enlarging the
symmetries of the theory by introducing a projective invariance and, thus, this condition
can be naturally introduced by imposing such a symmetry in the gravitational sector. The
projective invariance corresponds to a shift in the connection of the form
Γλµν → Γλµν + ξµδλν (2.49)
for an arbitrary 1-form ξµ. That this is in fact a symmetry of the theory containing only the
symmetric part of the Ricci tensor can be easily seen from (2.40) by taking δξΓ
λ
µν = ξµδ
λ
ν
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to obtain that, under a projective transformation, the full Ricci tensor transforms as
δξRµν = ∇µξν −∇νξµ + T λµνξλ. (2.50)
We can clearly see from here that the variation of the Ricci tensor under a projective trans-
formation of the connection is antisymmetric and, thus, its symmetric part is invariant
δξR(µν) = 0. A consequence of this symmetry is that one of the traces of the connec-
tion field equations vanishes identically, i.e., the constraint associated to the projective
symmetry is
δλν
δS
δΓλµν
= 0. (2.51)
Let us stress here that the projective symmetry will not be broken by the presence of
minimally coupled fields. Bosonic fields with minimal couplings will only couple to the
metric, so the projective invariance is obvious. On the other hand, minimally coupled
fermions do couple to the connection, but such a coupling still respects the projective
symmetry (see for instance [202]). Finally, it is also interesting to note that the projective
invariance is so-called because it is in fact a symmetry of the geodesics equations, since
its effect can be re-absorbed into a re-definition of the affine parameter. For minimally
coupled fields this is irrelevant because they are only sensitive to the Levi-Civita part of
the full connection.
The field equations under the conditions at hand now reduce to
√−q(qˆ−1)µν = √−g(λgµν − 1
M2PlM
2
BI
T µν
)
(2.52)
∇λ
[√−q(qˆ−1)µν]− δµλ∇ρ[√−q(qˆ−1)ρν] = 0 (2.53)
where we have set T λµν = 0 and dropped the explicit symmetrization for
(
qˆ−1
)µν
since it is
automatically symmetric. We can check that the trace of the connection equations with
respect to λ and ν vanishes identically, as a consequence of the projective symmetry, while
the trace with respect to λ and µ gives
∇λ
[√−q(qˆ−1)λν] = 0. (2.54)
This constraint can then be plugged back into the connection equations to finally obtain
∇λ
[√−q(qˆ−1)µν] = 0. (2.55)
Since the action only depends on the symmetric part of the Ricci, the object qµν is sym-
metric and the above equation tells us that the connection must be compatible with the
auxiliary metric qµν , i.e., the connection is given by the Levi-Civita connection of the met-
ric qµν . It is important to notice that the metric compatibility condition only determines
the symmetric part of the connection and, in general, leaves a vector component of the an-
tisymmetric part undetermined. However, the assumption of a symmetric condition fixes
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this undetermined part. At this point, one could fairly object that we have not solved the
connection yet, as the auxiliary metric qµν is defined in terms of the Ricci tensor, which
depends on the connection itself. The resolution to this comes about by going back to
the metric field equations (2.52). From there, we can see that the auxiliary metric can
be fully expressed in terms of the spacetime metric gµν and the matter content through
its energy-momentum tensor19 T µν , so that the solution for the connection has actually
been achieved. An important feature of this procedure that should not go unnoticed is
that the connection has been obtained by solving algebraic equations and, therefore, no
degrees of freedom are actually associated to it. In other words, there are no additional
boundary conditions that we need to provide to solve for the connection, which means
that it is nothing but an auxiliary field. This is the reason why the Born-Infeld theory
modifies gravity without introducing new degrees of freedom. We will come back to this
point later for more general cases.
Now that we have the solution for the connection, we can proceed to complete the
resolution of the problem. This is not a very difficult task, since the field equations
determining the auxiliary metric (that then gives the connection) are simply
Rµν(qˆ) =M
2
BI
(
qµν − gµν
)
(2.56)
where we need to remember that qˆ = qˆ(gˆ,Ψ) is obtained from the metric field equations.
However, instead of using these equations directly in this form, it is convenient to work
them out a little bit to recast them into a more suitable form for direct applications. Let
us begin by introducing some additional notation that is commonly used in the literature
and which will allow to make contact with more general theories. We will denote by Ωˆ
the deformation matrix relating the auxiliary and the spacetime metrics as
qµν = gµαΩ
α
ν (2.57)
or, in matrix notation, qˆ = gˆΩˆ. In the present case, this matrix is simply Ωˆ = 1+ 1
M2BI
gˆ−1Rˆ,
obtained from the definition of qˆ. However, the advantage of introducing this notation is
that we can very easily solve the metric field equations (2.52) for Ωˆ. When plugging (2.57)
into (2.52), we obtain the relation
Ωˆ−1 =
1√
det Ωˆ
(
λ1− 1
M2PlM
2
BI
Tˆ gˆ
)
. (2.58)
Now, we can multiply (2.56) by qˆ−1 and use (2.57) to obtain
qˆ−1Rˆ(q) =
1
M2Pl
√
det Ωˆ
[
M2PlM
2
BI
(√
det Ωˆ− λ
)
1+ Tˆ gˆ
]
. (2.59)
This will be the starting point for many of the discussions in the subsequent sections
devoted to astrophysical, black holes and cosmological applications. Let us stress that the
19Again, remember that we are considering minimally coupled fields, so the energy-momentum tensor
does not depend on the connection, but only on the matter fields and, perhaps, the spacetime metric gµν .
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components of Ωˆ will be obtained as solutions of the metric field equations now expressed
as (2.58). Thus, the solution of the problems is achieved in two steps. One first solves
the set of algebraic equations (2.58) to obtain Ωˆ = Ωˆ(Tˆ gˆ), i.e., in terms of the metric and
the matter content through the combination Tˆ gˆ. For some important material contents,
this combination does not depend on the metric but only on the energy density ρ and
the pressure p. This is the case for instance for a perfect fluid or an electromagnetic
field (see sections 4.3, 4.4 and 5.2). In that case, solving (2.58) will yield Ωˆ = Ωˆ(ρ, p).
After obtaining these expressions, one can then complete the resolution of the problem by
solving the differential equations (2.59).
To end this section, let us notice that the equations (2.59) admit yet another formu-
lation in terms of the Born-Infeld gravitational Lagrangian defined by means of SBI =∫
d4x
√−gLBI . If we restore the components notation, we have
Rµν(q) =
1
M2Pl
√
det Ωˆ
(
LBIδµν + T µν
)
, (2.60)
where we have used the metric qµν to raise the first index of the Ricci tensor, i.e., R
µ
ν(q) ≡
qµαRαν . The interest of writing the equations in this form is twofold. Firstly, as we will
see in section 2.7.1, this form of the field equations is valid not only for the Born-Infeld
gravity theory considered here, but also for a large variety of theories formulated in the
Palatini formalism. Thus, given a certain specific theory, we can immediately obtain the
corresponding field equations by using (2.60) directly. Secondly, this will be the starting
point for many of the developments for practical applications that will be discussed in the
subsequent sections of this review.
Another important feature of (2.60) is that we can directly compare it with the usual
Einstein equations of GR written as
Rµν =
1
M2Pl
(
T µν − 1
2
Tδµν
)
. (2.61)
We can then see that the equations for Born-Infeld gravity written as (2.60) can be in-
terpreted as the usual Einstein equations for the auxiliary metric but with a modified
source term, i.e., matter fields gravitate in a non-standard way. This closely resembles the
analogous interpretation for Born-Infeld electromagnetism given from (2.11). A perhaps
more apparent way of showing this is by re-writing (2.60) in a more familiar form. If we
take the trace, we obtain the relation
R(q) =
1
M2Pl
√
det Ωˆ
(
4LBI + T
)
(2.62)
so the Einstein tensor associated to the auxiliary metric Gµν(q) = R
µ
ν(q)− 12R(q)δµν can
be expressed as
Gµν(q) =
1
M2Pl
√
det Ωˆ
[
T µν − 1
2
(
T + 2LBI
)
δµν
]
. (2.63)
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These equations show even more clearly how the Born-Infeld theory can be seen as usual
gravity for the auxiliary metric with a modified source term (let us remember once again
that Ω is algebraically related to the matter content through (2.58)). Furthermore, from
here we can also easily understand a very distinguishing property of the theory. If we
now use the relation between the two metrics qˆ = gˆΩˆ to expand the Einstein tensor
in (2.63) in terms of gˆ-related objects we can immediately see that, since the Einstein
tensor contains up to second derivatives of the metric, we will end up with up to second
derivatives of the deformation matrix Ωˆ. This deformation matrix depends on the energy
momentum tensor through (2.58)) so that the evolution equations for the spacetime metric
gµν will contain derivatives of the energy-momentum tensor components
20. This is a very
distinctive feature of these theories that gives rise to new effects and, among others, a
dependence of the gravitational potential on the local density and not only on an integrated
density as in the usual case (see (3.6)). In fact, this effect has been claimed to lead to very
serious drawbacks. We will give a careful discussion about this issue in section 3.1. Finally,
this feature will also be the responsible for a dependence of the background cosmology
evolution on the sound speed and not only on the equations of state parameter as in
ordinary gravitational theories. We will see in section 2.7 that these properties are in fact
shared by a large class of theories. This non-standard interplay between the gravitational
sector and the matter fields has been noticed and extensively used in the literature. See
for instance [138] for a devoted discussion on this point and [297] where it is shown that
gravity theories with generic auxiliary fields exhibit these properties.
In the next subsection we will re-obtain this result in a slightly different and comple-
mentary way that will allow to clarify the role played by both metrics. Already here we
can sense that the auxiliary metric carries physical relevance and it is not simply a math-
ematical object. We will postpone a thorough discussion about this point for the next
subsection. Let us notice now that, very much like for the electromagnetic case, when
we take curvatures much smaller than M2BI (or, equivalently, densities much smaller than
M2BIM
2
Pl), the deformation matrix is approximately the identity Ωˆ = 1+O(R/M2BI) so that
qµν and gµν coincide up to corrections O(R/M2BI). In that case, we also have LBI ≃ 12M2PlR
and (2.63) reduces to the usual Einstein equations, confirming that the modifications only
appear when the curvatures become order one as compared to the Born-Infeld scale MBI.
Equivalently, the Born-Infeld modifications will appear when |T µν | ∼M2PlM2BI.
To end this section, we will give some good news that will appease the less thorough
reader. Despite having neglected the torsion, all the results obtained here are completely
valid for the general case with torsion provided the projective symmetry is imposed. We
will show this explicitly in section 2.7.1
20One could object that second derivatives of Tµν will give rise to higher than second order derivatives
of the matter fields because the energy-momentum tensor typically contains first derivatives and, thus, the
system might be prone to the very same Ostrogradski instabilities we claimed to be avoided. However, one
should keep in mind that the matter fields will have their own second order field equations so they will in
any case propagate the correct number of degrees of freedom.
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2.6. The two frames of Born-Infeld gravity and the physical relevance of the auxiliary
metric
We have seen that Born-Infeld gravity naturally leads to the appearance of two metric
tensors, namely the spacetime metric gµν and the auxiliary metric qµν . The former plays
the role of the metric to which matter fields couple, while the latter has been introduced
as an auxiliary object to solve the equations so that the connection is the one compatible
with it. So far, we have not provided this object with any physical meaning and it simply
appeared as a mathematical trick to facilitate the resolution of the field equations or,
equivalently, it appears as a result of integrating out the connection. The aim of this
section will be to clarify the role of this object and unveil its physical significance.
The bi-metric character of the theory can be better appreciated by rewriting the EiBI
action in the equivalent form21
SEiBI = 1
2
M2PlM
2
BI
∫
d4x
√−q
[(
qˆ−1
)µν (
gµν +
1
M2BI
R(µν)(Γ)
)
− 2
]
+ SM[Ψ, gµν ] (2.64)
where we have introduced an auxiliary field that we have suspiciously called qµν . To see
that this is in fact equivalent to the EiBI action we can compute the field equations for
this auxiliary field
−1
2
[(
qˆ−1
)µν (
gµν +
1
M2BI
R(µν)
)
− 2
]
qαβ + gαβ +
1
M2BI
R(αβ) = 0. (2.65)
If we contract this equation with
(
qˆ−1
)αβ
we obtain the relation
(
qˆ−1
)µν (
gµν +
1
M2BI
R(µν)
)
= 4 (2.66)
which can be plugged into the field equation to obtain the solution qµν = gµν +
1
M2BI
Rµν ,
that justifies our original name for this auxiliary field, since it turns out to be nothing
but the auxiliary metric defined above. If we insert the solution into (2.64) we see that
we recover the original determinantal form of the EiBI action after integrating out the
auxiliary field qµν , proving the equivalence of both representations. The bimetric repre-
sentation however provides a more orderly arrangement of the two metrics that allows
to unveil their role in the theory. The role of the metric tensor is already clear from
the beginning as the metric seen by matter fields and, therefore, determining their causal
structure. In particular, point-like particles will follow the geodesics of the Levi-Civita
connection corresponding to gµν . There is nothing special here as this is a consequence
of considering minimally coupled fields, the only difference with respect to the usual case
being that the solution for the metric tensor will be different. In order to properly identify
the physical role of the auxiliary metric, let us notice two important features in (2.64).
The first one is that the spacetime metric gµν only enters the action algebraically, i.e.,
21Here we consider the λ−term as part of the matter sector, where it will contribute as a cosmological
constant.
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without any derivatives. This means that gµν is an auxiliary field that can be integrated
out. In fact, its equation of motion is given by
√−q(qˆ−1)µν = − 1
M2PlM
2
BI
√−gT µν (2.67)
which allows to obtain gµν algebraically in terms of the matter fields and the auxiliary
metric qµν . For some types of matter fields this step might not be possible and, thus, the
following discussion would not apply. Barring these singular cases, we can integrate out
the spacetime metric and we will end up with an action of the form
SEiBI = 1
2
M2Pl
∫
d4x
√−q(qˆ−1)µνR(µν)(Γ) + S˜M[Ψ, qµν ] (2.68)
where S˜M represents the new form of the matter sector after replacing the solution for gµν
obtained from (2.67). We thus arrive at an equivalent action with the Einstein-Hilbert
term in the Palatini formalism to describe the dynamics of the auxiliary metric qµν , but
now the coupling of this auxiliary metric to the matter fields will have a complicated
form. As discussed above, the Einstein-Hilbert sector will state that the connection Γ
must correspond to the Levi-Civita connection of the auxiliary metric qµν , which is again
the result obtained when working with the determinantal form of the action. This version
of the action reveals a more profound role for the auxiliary metric since now we can see
that the gravitational waves can be straightforwardly interpreted as the tensor part of
the perturbations of the auxiliary metric. To further clarify this point, let us assume
that we have a background configuration for both metrics given by g¯µν and q¯µν . In
this background geometry, the matter fields will propagate in the metric g¯µν that will
determine the corresponding causal structure. In particular, the light cone for photons
will be determined by this metric. Furthermore, massive objects will be coupled in the
standard way to the gravitational potentials and will follow the geodesics of g¯µν . On the
other hand, gravitational waves will propagate on the background metric q¯µν and it is this
auxiliary metric that determines the causal structure for them so that gravitons will follow
the geodesics of the auxiliary metric q¯µν . Since matter fields couple in a non-standard way
to this metric, the interaction of the gravitational potentials encoded in the perturbations
of qµν with the matter fields will differ from the usual case. We can then summarise this
discussion by saying that the spacetime metric determines the propagation of matter fields
and the auxiliary metric determines the propagation of gravitons.
The result obtained here and that boils down to the equivalent action (2.68) for EiBI
gravity is equivalent to the finding presented at the end of 2.5.1 where the field equations
were eventually written as (2.63) in the form of Einstein equations for the metric qµν
with a modified source term. This is exactly what the action (2.68) is telling us, since
the corresponding field equations will consist of the Einstein tensor obtained from varying
the gravitational sector which will then be sourced by the energy-momentum tensor of
the matter sector as computed with respect to the metric qµν . In other words, the field
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equations are22
Gµν =
1
M2Pl
T˜µν (2.69)
where T˜µν is the effective energy-momentum tensor defined as
T˜ µν ≡ 2√−q
δS˜M
δqµν
∣∣∣
Γ
. (2.70)
We thus recover the field equations for Born-Infeld gravity written in an Einsteinian form
as in (2.63) where we need to identify the non-standard source term in the right hand
side with the effective energy-momentum tensor T˜µν , which is non-trivially related to
Tµν . It is important to notice that both energy-momentum tensors will satisfy their
corresponding conservation equations, namely: ∇˜µT˜ µν = ∇µT µν = 0 with ∇˜ and ∇ the
covariant derivatives associated to qµν and gµν respectively. The result found here will help
explaining why singular solutions like the Big Bang and/or black holes can be regularised
without violating the null energy condition, because the object that will need to violate an
effective null energy condition is not the standard energy-momentum tensor of the matter
fields (see also sections 4.3, 4.4 and 5.2).
A certain familiarity with modified gravity allows to appreciate a close analogy between
the above discussion and the existence of two frames in scalar-tensor theories. In the
Jordan frame matter fields are minimally coupled to the metric, but gravity is described
by a scalar-tensor theory. In the Einstein frame however gravity is described by the
Einstein-Hilbert term, but matter fields couple to a conformal metric whose conformal
factor depends on the scalar field. In the case of Born-Infeld, the situation is alike, but
with the crucial difference that there are no additional propagating degrees of freedom. In
the original description of the theory, that we will call the Born-Infeld frame, matter fields
couple in the standard way to the metric but the gravitational action is non-standard.
In this frame, we have that gravity reacts differently to the presence of matter when the
densities are very high and particles follow the geodesics of the metric just as in standard
gravity. In the alternative description exposed in this section, that we will call Einstein
frame for obvious reasons, gravity has the standard Einstein-Hilbert action, but now the
couplings of the matter fields to gravity are not the usual ones, i.e., we cannot simply
follow the usual minimal coupling rule from flat spacetime and replace the Minkowski
metric by the curved one appearing in the Einstein-Hilbert term.
The existence of the Einstein frame also helps understanding the Born-Infeld inspired
gravity theories from a particle physics perspective. The common wisdom says that GR
is the only consistent23 theory for a massless spin 2 field in 4 dimensions and this is
usually used to state that modifications of gravity either introduce additional degrees of
22Of course, we need to integrate out the connection. Since for the Einstein-Hilbert term at hand we
know that the connection is given by the Levit-Civita connection of the metric qµν , we omit this step here
and assume that this operation has already been carried out.
23By consistent one usually means unitary and Lorentz invariant, although locality is a frequent implicit
condition. See for instance [71] for consistent theories including non-localities. See also [207, 208] for other
constructions based on higher but finite derivatives.
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freedom or they reduce to GR. As we have seen, the Born-Infeld theories modify gravity
without introducing additional degrees of freedom so we seem to face an apparent paradox.
However, the more precise statement about GR being the unique theory for a massless spin
2 field concerns the IR regime and, thus, it is modifying gravity in the IR what requires
the introduction of additional degrees of freedom. This is what usually happens in models
of dark energy based on IR modifications of gravity. On the other hand, the high energy
regime is not locked by the consistent requirements and, as we understand now from the
Einstein frame, the Born-Infeld theories precisely modify this regime of gravity.
The Einstein frame also permits a more clear interpretation of the different regimes
that we encounter in Born-Infeld inspired theories of gravity. As we have seen, these
theories are characterised by two different scales, namely the Planck mass MPl and the
Born-Infeld scale MBI. These two scales are assumed to satisfy MBI ≪ MPl and this
hierarchy introduces yet another relevant scale in the problem given by their geometrical
mean M¯BI =
√
MPlMBI. The introduced hierarchy has the purpose of having Born-Infeld
corrections before hitting the quantum gravity regime, that takes place at some scale
near MPl, so that we can have a range of scales between M¯BI and MPl where gravity
behaves differently but the quantum gravity effects can still be safely neglected. From the
action in the Einstein frame expressed as 2.68, we see that the Born-Infeld scale MBI can
be completely moved to the matter sector and, in combination with MPl through M¯BI,
it controls the scale at which the generated non-linear interactions of the matter fields
become relevant24. Interestingly, even fields that do not interact directly in the Born-
Infeld frame will couple in the Einstein frame and the coupling will again be controlled
by M¯BI. The fact that all fields will be generically coupled in the Einstein frame and the
coupling constant M¯BI is universal can be nicely interpreted as a consequence of dealing
with a gravitational theory, i.e., as a sort of additional Born-Infeld equivalence principle.
In other words, the Born-Infeld inspired theories have the usual equivalence principle,
according to which all matter fields couple to gravity with a universal coupling constant
MPl (fully valid on scales below M¯BI), and what we have called Born-Infeld equivalence
principle, according to which all the generated couplings in the matter sector come in
with another universal coupling constant M¯BI. Since we have not observed any anomalous
interactions beyond those of the standard model at LHC, we can straightforwardly impose
the very conservative constraint M¯BI & 10 TeV, which translates into MBI & 10−1eV so
that the Born-Infeld corrections can only have effects in regions of spacetime where the
curvature is larger than 10−2 eV2.
The couplings generated in the matter sector bring about one important point that
is usually overlooked in the literature and has not been properly addressed yet, namely
whether, or under which conditions, the quantum corrections can remain under control in
24Since the source of gravity in most situations is the energy density ρ, the transition between the usual
GR and the Born-Infeld regimes in the gravitational sector is expected to occur when ρ ∼ M¯4BI, as we will
confirm in the numerous applications studied in the subsequent sections. However, we should point out
that this is only true in the simplest scenarios, but, in general, the Born-Infeld corrections will become
relevant whenever some interactions reach M¯BI. To give an example, one could imagine a situation where
the densities are small as compared to M¯4BI, but some anisotropic stresses or heat fluxes are of order 1 as
compared to the scale M¯BI.
39
the Born-Infeld regime. This is not obvious a priori because the couplings generated in the
matter sector controlled by M¯BI will usually contain non-renormalisable operators and, in
fact, one would naively expect M¯BI to play the role of a strong coupling scale and, thus,
the effects at that scale will require non-perturbative analysis for large background field
configurations. This however does not necessarily mean that the Born-Infeld regime will
inevitably face strong coupling problems. We will give here a taste on a possible situation
where the Born-Infeld regime can be safe, but a more careful analysis should definitely be
performed. If we consider a massless scalar field in the Born-Infeld frame, in the Einstein
frame we will have a K-essence type of theory where the interactions will be controlled
by M¯BI. The strong coupling scale in these theories around a trivial background is M¯BI
and one can apply the standard perturbative analysis because the background value of the
field is smaller than M¯BI. The worry comes when the background field takes values near
M¯BI and non-perturbative effects would be expected to become relevant. However, around
these non-trivial backgrounds the vacuum value of the scalar field re-dresses the strong
coupling scale so that it can be pushed to values higher than M¯BI. This mechanism is at
work for instance in theories featuring a K-mouflage/Kinetic or Vainshtein screening (see
for instance [135, 133, 91, 136, 204, 137, 85]). In these situations the non-linear classical
solutions can be trusted in the Born-Infeld regime. In this case the scalar will also couple
to other matter fields through M¯BI, but again the coupling scale will be re-dressed by the
background value of the scalar field, so that these interactions can also remain small. As
we have emphasised, this is only a potential resolution of the strong coupling problems
that one would expect in these theories, but one should carefully check whether this is the
actual situation.
Let us end this section by noting that the discussion presented here is not particular of
the Born-Infeld gravity, but it is a feature of a general class of gravity theories formulated
a` la Palatini. We will show this explicitly in section 2.7.1
2.7. Classes of Born-Infeld inspired gravity.
The Born-Infeld theory of gravity discussed in the previous sections are naturally for-
mulated on a spacetime manifold endowed with a general affine connection. Thus, given
the richness offered by this geometrical framework, it is of no surprise that the Eddington-
Born-Infeld theory described so far has found extensions in different directions. Unlike
the case of Born-Infeld electrodynamics, the Eddington-Born-Infeld theory has not been
singled out by resorting to symmetries principles or any other guiding criteria, but rather
it originates from a straightforward transcription of the Born-Infeld Lagrangian for elec-
tromagnetism to gravity and taking inspiration from the Eddington affine theory. Thus,
Born-Infeld inspired gravity is more prone to modifications and extensions than its electro-
magnetic relative. However, before proceeding to review the existing models and in view
of the zoology of Born-Infeld inspired gravity theories found in the literature, we find it
convenient to introduce some taxonomic system. We will classify the theories according to
their proximity to the original Born-Infeld spirit, consisting in modifying the high curva-
ture regime of gravity without introducing additional fields or pathologies. Furthermore,
we will take the EiBI theory as the baseline because it is the most extensively studied
model. After these considerations, we have decided to make the following classification:
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• Class 0. We start our classification with a class comprising all those early attempts
of building gravity theories a` la Born-Infeld which did not succeed due to the pres-
ence of pathologies. Subsequent proposals sharing these pathologies will also be
considered to belong to this class.
• Class I. Here we will include the EiBI theory and the modifications that are the
closest to the Born-Infeld spirit and do not introduce additional ingredients, be it
new degrees of freedom or additional geometrical objects.
• Class II. A next step with respect to the Class I is to allow for more general
geometrical objects, but respecting the Born-Infeld philosophy, i.e., only the high
curvature regime is modified and no additional degrees of freedom are present.
• Class III. Under this category we will classify those models where the Born-Infeld
structure remains but additional degrees of freedom are included.
• Class IV. Finally, in this class we will include theories that, although resemble Born-
Infeld theories in some aspect, they could be very well classified within a different
class of theories.
The above classification does not intend to be exhaustive nor having sharp edges. For
instance, sometimes the presence of additional degrees of freedom might depend on some
subtle assumptions on the theory or its solutions so that the same theory can have slightly
different versions belonging to different classes. In those cases, we have opted by classifying
it according to the most extensively used version in practical applications.
A substantial part of the formal developments and equations for many of the Born-
Infeld inspired theories share numerous similarities among them and with the theory dis-
cussed so far. For that reason, prior to discussing specific theories we will present a general
framework applicable to most of them.
2.7.1. General mathematical framework
In this section we will discuss some features that are common to a large class of theories,
that include many of the proposed extensions and which are shared with EiBI gravity. Let
us consider a general theory of the form
S = 1
2
M2PlM
2
BI
∫
d4x
√−gF (gµν ,Rµν(Γ)) (2.71)
where F is a function of the inverse of the metric and the Ricci tensor. Notice that we have
included a factor
√−g in the measure so that F behaves as a true scalar. For simplicity, we
will assume that the function will only depend on the combination Pµν = g
µαRαν/M2BI,
where we have introduced the scaleMBI for dimensional reasons. This is also the usual case
in the literature so it will suffice for us25. An important consequence of the function being a
scalar is that F (Aˆ−1Pˆ Aˆ) = F (Pˆ ) for any non-degenerate transformation Aˆ. Furthermore,
25A treatment of more general theories can be found for instance in [60].
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the independent scalars built out of Pˆ can be expressed as traces of powers of [Pˆn]. By
using the Cayley-Hamilton theorem, we can express any power higher than 4 in terms of
lower powers so that the action could in principle be written as F (X1,X2,X3,X4) with
Xn = [Pˆ
n]. This is useful to show some general properties of this general class of theories.
We will not make extensive use of the advantages introduced by writing the action in this
form and we will instead consider the action written as
S = 1
2
M2PlM
2
BI
∫
d4x
√−gF (Pˆ ). (2.72)
In order to recover GR in the limit |Pµν | ≪ 1 we need to impose
∂F
∂Pµν
∣∣∣
Pˆ=0
= δµ
ν . (2.73)
Notice that this is not really a constraint and any analytic function will satisfy it up to a
constant factor that can be absorbed into M2BI. The Einstein-Hilbert action is recovered
for F (Pˆ ) = Pαα, in which case the above relation is exactly fulfilled for all values of Pˆ and
not only at Pˆ = 0. To be completely precise we should say that the above condition will
guarantee the existence of one branch of solutions that will be continuously connected with
GR at low curvatures. Nevertheless, the non-linearity of the equations can, in general,
present several branches and some of them will give a different behaviour for the low
curvatures regime. We will encounter specific examples where this situation occurs when
studying explicit solutions.
For the general action considered, we can obtain the corresponding field equations by
taking with respect to both the metric and the connection, yielding
δS = 1
2
M2PlM
2
BI
∫
d4x
√−g
[
−1
2
Fgµνδg
µν +
1
M2BI
∂F
∂Pµα
(
δgµνRνα + g
µνδRνα
)]
. (2.74)
For the subsequent developments, it is convenient to write the above variation in matrix
notation
δS = 1
2
M2PlM
2
BI
∫
d4x
√−gTr
[
−1
2
F gˆδgˆ−1 +
1
M2BI
(
∂F
∂Pˆ
RˆT δgˆ−1 + gˆ−1
∂F
∂Pˆ
δRˆT
)]
(2.75)
Now it will be useful to introduce some definitions before proceeding any further. First,
let us define √−qqαν ≡ √−ggνµ ∂F
∂Pµα
(2.76)
or in matrix notation
√−qqˆ−1 ≡ √−g
(
gˆ−1
∂F
∂Pˆ
)T
. (2.77)
This definition is not an innocent choice and we will see later that qµν will actually play
the role of the auxiliary metric determining the connection, as in the EiBI case. We can
take determinants in both sides of (2.77) to obtain the relation
g
q
=
1
det FˆPˆ
(2.78)
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where we have introduced the notation FˆPˆ ≡ ∂F/∂Pˆ . Then, we can re-write the definition
(2.77) as
qˆ−1 =
1√
det FˆPˆ
(
gˆ−1
∂F
∂Pˆ
)T
, (2.79)
or, if we invert both sides, we finally obtain an expression for qµν as follows:
qˆ =
√
det FˆPˆ
[(
∂F
∂Pˆ
)−1
gˆ
]T
. (2.80)
For the Einstein-Hilbert term, the derivative of F gives the identity and qˆ exactly coincides
with the spacetime metric, as expected. If we consider f(R) types of theories for which
Ff(R) = F (Pαα), the derivative gives
∂Ff(R)
∂Pˆ
= F ′f(R)1 (2.81)
so we have that qµν = F
′
f(R)gµν , recovering the known result that in these theories the
two metrics are conformally related. Finally, in the case of the EiBI action (2.34) we have
FEBI = 2
√
det
(
1+ Pˆ
)
so its derivative is
(
∂FEBI
∂Pˆ
)T
=
√
det
(
1+ Pˆ
)(
1+ Pˆ
)−1
. (2.82)
When inserting this expression into the definition (2.77) we obtain
√−qqˆ−1 = √−g
√
det
(
1+ Pˆ
)(
1+ Pˆ
)−1
gˆ−1 =
√
− det
(
gˆ +
1
M2BI
Rˆ
)(
gˆ +
1
M2BI
Rˆ
)−1
(2.83)
and we recover that qµν = gµν +
1
M2BI
Rµν as it should. After this little satisfaction, we
can continue with the computation of the field equations. Another useful relation for the
variation of the action that we can obtain from the definition of qµν is the following:
√−g
M2BI
∂F
∂Pˆ
RˆT =
√−q
(
gˆPˆ qˆ−1gˆ
)T
. (2.84)
With the new jargon, we can re-write the variation (2.75) as
δS = 1
2
∫
d4xTr
[(√−gLGgˆ−1δgˆ −M2PlM2BI√−q(qˆ−1)T Pˆ T) δgˆ +M2Pl√−qqˆ−1δRˆ]
(2.85)
where we have used the ciclic property of the trace and the identity gˆδgˆ−1 = −δgˆgˆ−1.
Furthermore we have re-introduced the Lagrangian LG = 12M2PlM2BIF . From the last term
we can already sense that qµν will be related to the metric generating the connection, since
that piece resembles the variation one would obtain from the Einstein-Hilbert action in
43
the Palatini formalism with a metric qµν . A word of caution is necessary though, since qµν
does not need to be symmetric at this point. Again, if we assume a projective symmetry
so only the symmetric Ricci enters, only the symmetric part of qµν will contribute and,
thus, it will exactly be the auxiliary metric. Prior to the discussion of the connection field
equations, let us first write the metric field equations:
1
2
M2PlM
2
BI
√−q
[
Pˆ qˆ−1 +
(
Pˆ qˆ−1
)T]
−√−gLGgˆ−1 =
√−gTˆ (2.86)
where the symmetrization follows from the symmetry of gµν and we have also added the
energy-momentum tensor of the matter sector. For the sake of completeness, we will also
give the expression of this equation in components
M2PlM
2
BI
√−qqα(µP ν)α −
√−gLGgµν =
√−gT µν . (2.87)
As one of our favourite exercises, let us check that we recover the expected results when
the above equation is particularised to known cases. For the Einstein-Hilbert action,
we have already seen that qµν = gµν and it is immediate to see that (2.86) reduces to
R(µν)− 12Rgµν = 1M2PlTµν . For the Born-Infeld inspired theory with FEBI = 2
√
det
(
1+ Pˆ
)
we have also shown that qˆ reduces to the expected result. In that case, it is easy to see from
gˆ−1qˆ = 1+ Pˆ that Pˆ qˆ−1 = gˆ−1 − qˆ−1. If we insert this relation into (2.86) and use that√−gLG = M2PlM2BI
√−q, we can see that the equations reduce to −M2PlM2BI
√−qq(µν) =√−gT µν , in agreement with (2.38) (taking λ = 0).
Let us pause a bit before moving on to the connection field equations to discuss the
structure of the metric field equations. In general, the symmetry of the metric results
in a set of ten independent equations. The general treatment of theories a` la Palatini
requires the use of these equations to solve for the Ricci tensor (or connection-dependent
objects for more general theories) in terms of the metric and the matter fields. This
step is algebraic and it is crucial for the subsequent resolution of the connection as the
Levi-Civita connection of some auxiliary metric. However, while the Ricci tensor has in
general sixteen components, the metric field equations are limited to ten and, therefore,
the full Ricci cannot be obtained from them. This means that the method to solve the
connection as the Levi-Civita connection will fail. This motivates considering theories
with the projective symmetry for simplicity reasons.
Let us know turn to the computation of the connection field equations. By looking
at the last piece of (2.85) we can see that it reads exactly the same as the corresponding
variation for the Born-Infeld case in (2.41). Hence, the derivation will follow analogously
and we can simply use the equations already obtained in (2.44)
∇λ
[√−q(qˆ−1)µν]− δµλ∇ρ[√−q(qˆ−1)ρν]
= ∆µνλ +
√−q
[
T µλα(qˆ−1
)αν
+ T ααλ(qˆ−1
)µν − δµλT ααβ(qˆ−1)βν] (2.88)
where we only need to remember that now qˆ is defined in (2.76) and we have added the
hypermomentum of the matter fields defined in (2.45). If only the symmetric part of the
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Ricci tensor enters in the action, so that we have a projective symmetry Γαµν → Γαµν+ξµδαν ,
we can see from (2.74) that only the symmetric part of qµν will contribute to the connection
field equations. In that case we can easily see that the trace with respect to ρ and ν
vanishes identically, as a consequence of the projective invariance. Sometimes, this is
regarded as a flaw of these theories because, in case the symmetry is not present in the
matter sector, there is no reason to expect to have ∆µρρ = 0 and this would be the source
of an inconsistency in the equations. However, there is an obvious way to evade this
apparent problem by assuming that matter fields do not couple to the connection directly
so that we actually have that the full hypermomentum vanishes. Again, this is the case
for minimally coupled bosonic fields, but complications might arise due to fermions. In
any case, even if we need to have ∆µρρ = 0, this should be regarded as a constraint in
the matter sector and there is no reason a priori to assume that solutions satisfying that
constraint cannot be found26. For simplicity and to comply with most of the literature we
will take ∆µνρ = 0 in the following.
On the other hand, if there is no projective symmetry in the action, the object qµν
will not have, in general, any defined symmetry. In that case, the equations have a formal
resemblance with non-symmetric gravity theories [255, 129, 350, 58] so one could try to
apply the same techniques to solve the equations. However, the similarities are purely
formal and, in fact, there are profound conceptual differences between the non-symmetric
gravity theories and the ones under study here, mainly the absence of an actual non-
symmetric metric.
We will manipulate the equations to recast them in more useful forms. We can first
take the trace of the equations with respect to µ and λ to obtain that
∇λ
(√−qqλν) = 1
2
T λλα
√−qqαν (2.89)
If we plug this relation back into the equations we obtain
∇λ
(√−qqµν)+√−q(1
3
δµλT ααβqβν − T µλαqαν − T ααλqµν
)
= 0. (2.90)
Now, it is convenient to introduce the shifted connection
Γ˜αµν = Γ
α
µν −
1
3
T λµλδαν (2.91)
that satisfies Γ˜ααµ = Γ˜
α
µα and it is invariant under a projective transformation of the original
connection Γαµν , i.e., we have that Γ˜
α
µν → Γ˜αµν when Γαµν → Γαµν + ξµδαν for an arbitrary
ξµ. This will play a crucial role in the following because it means that the connection Γ˜
26In order to illustrate this point, let us remember the case of a Proca field coupled to conserved
currents whose equations read ∂νF
µν +m2Aµ = Jµ. The gauge invariance of the charged sector implies
the conservation of the current ∂µJ
µ = 0, while the mass term for the vector field breaks the gauge
invariance in the vector field sector. However, this does not introduce any inconsistency in the equations
as, by taking their divergence one obtains the constraint ∂µA
µ = 0 which, not only it does not represent an
inconsistency, but it plays in fact a crucial role to remove additional polarizations for the massive vector.
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will only determine Γ up to a projective transformation and we will see that it is Γ˜ what
is determined by the equations. In terms of the shifted connection, the equations (2.90)
read
1√−q ∂λ
(√−qqµν)+ Γ˜µαλqαν + Γ˜νλαqµα − Γ˜αλαqµν = 0. (2.92)
If we take the two possible traces of these equations and subtract them we find
∂λ
(√−qq[µλ]) = 0 (2.93)
and, thus, the antisymmetric part of qµν satisfies a Maxwell-like equation. Another useful
relation is obtained by multiplying (2.92) by
√−qqµν to obtain
∂λ log
√−q = Γ˜ααλ, (2.94)
which can then be used in (2.92) to finally write the equations as
∂λq
µν + Γ˜µρλq
ρν + Γ˜νλρq
µρ = 0 (2.95)
or, if we multiply by qαµqνβ, in the equivalent way
∂λqαβ − Γ˜µβλqαµ − Γ˜µλαqµβ = 0 . (2.96)
These equations will determine the connection Γ˜ in terms of qµν and, thus, the original
connection Γ up to the aforementioned projective mode. We can do a bit better by
following the usual procedure to compute the connection in terms of the metric, i.e., we
subtract appropriate permutations of indices from (2.96) to write it in the following form:
q(µλ)Γ˜
µ
αβ =
1
2
(
∂αqβλ + ∂βqλα − ∂λqαβ
)
+ q[αµ]Γ˜
µ
βλ + q[µβ]Γ˜
µ
λα . (2.97)
This expression is crucial to understand many features of the theories under consideration
that will in turn determine many of their properties. Let us stress that we have not
considered any simplifying assumption, so our result is completely general. This pays our
debt to the meticulous reader, who was promised a more thorough analysis in section 2.5.1.
The first thing to notice is that, for a symmetric qµν , the solution for the connection Γ˜ is
nothing but the usual Levi-Civita connection of qµν . Of course, the matrix qµν as defined
in (2.76) depends on the Ricci and, thus, on the curvature. As usual, the resolution to
this is that qµν can be algebraically solved from the metric field equations (2.87). The
connection Γ˜ is thus solved as the Christoffel symbols of qµν and this is how qˆ earns its
denomination of auxiliary metric in the general case. All this reasoning is however based
on the assumption that qµν is symmetric, but this is not an outrageous wish to ask and,
in fact, it will be nicely granted by the projective invariance. To see this, we can express
the definition of qµν in terms of derivatives with respect to the Ricci tensor as follows
√−qqαν ≡ √−ggνµ ∂F
∂Pµα
=
√−ggνµ ∂F
∂Rρσ
∂Rρσ
∂Pµα
=M2BI
√−g ∂F
∂Rνα (2.98)
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where we have used the definition of Pˆ to compute its derivative with respect to Rˆ.
From here, we see that the matrix qµν will inherit the symmetries of the Ricci tensor.
In particular, if only the symmetric part of the Ricci enters the action, then qµν will
automatically be symmetric and its Levi-Civita connection will be the solution for Γ˜.
Equivalently, if only the symmetric part of the Ricci appears in the action, only the
symmetric part of qµν will contribute to the connection field equations. On the other
hand, it is also very easy to see that, in that case, the metric field equations permit to
obtain qµν (the number of equations will coincide with the number of components of qˆ)
and, thus, the usual procedure giving the connection as the Levi-Civita of the auxiliary
metric qµν is fully consistent.
This is an appropriate place to make some remarks on these results. The first one is
that the connection has only been obtained up to a projective mode. However, this does
not represent a flaw and, in fact, rather the opposite for theories based on a symmetric
Ricci. For those theories, there is a projective gauge symmetry that will necessary be
responsible for the presence of undetermined modes in the solutions. In other words, the
apparent undetermined projective mode will be innocuous and can be removed by a simple
gauge fixing. This also applies to the case of the Einstein-Hilbert action and it is precisely
the discussion we exposed below (2.32). Hence, for theories with the projective symmetry,
the whole resolution of the field equations is consistent and, at least formally, achievable.
So far we have discussed the case when qµν is symmetric by definition. Things can be
quite different when this condition is abandoned. In that case, we find problems in the two
sets of equations, namely the metric and the connection equations. For the metric equa-
tions, we find the trouble already discussed above that, while the metric field equations
provide ten independent equations, qµν will in general have sixteen independent compo-
nents and, therefore, it cannot be fully expressed in terms of the spacetime metric and the
matter content. Concerning the connection field equations and its polished expression in
(2.97), simply obtaining Γ˜ in terms of the non-symmetric qµν is an arduous task. In fact, in
theories with non-symmetric metrics, the solution is usually obtained only perturbatively
with respect to the antisymmetric part of the metric [255, 129, 350, 58]. This gives further
motivation to consider only theories with the projective symmetry, but theories without it
will definitely present a much richer structure. In particular, they will likely contain addi-
tional degrees of freedom, among which there could be propagating torsion. Additionally,
the results obtained here give support to the simplifying assumption of vanishing torsion
upon which the results of section 2.5.1 were obtained.
For the projectively invariant theories, we can also make contact with the previous
formalism developed in the case of EiBI theories and the definition of the deformation
matrix relating the spacetime and the auxiliary metrics. If we remember the relation
between both metrics defined in (2.57) as qˆ = gˆΩˆ we see that we can re-write (2.79) in a
similar form by defining
Ωˆ−1 =
1√
det FˆPˆ
(
∂F
∂Pˆ
)T
. (2.99)
As one would require, the condition (2.73) imposed to recover GR in the low curvatures
regime implies that Ωˆ ≃ 1 in that limit, so that both metrics coincide when |Pˆ | ≪ 1. An
47
important derived relation is that, in four dimensions, we have det Ωˆ = det FˆPˆ . Let us
also notice that the Lorentzian signature for the auxiliary metric will be guaranteed as
long as the derivative FˆPˆ is positive definite or, equivalently, if the deformation matrix
Ωˆ is positive definitive. In Born-Infeld inspired theories of gravity, this is usually related
to the existence of the square root of a matrix characteristic of those theories, which is
then imposed as a condition on physical solutions. In the general case, we will need to
impose the deformation matrix be positive definite for physical solutions. This will in turn
guarantee that
√
det FˆPˆ is a real quantity. We can now follow the same procedure as we
did with the EiBI theory and obtain an algebraic equation for the deformation matrix by
introducing qˆ−1 = Ωˆ−1gˆ−1 into (2.86) and multiplying by gˆ to obtain
Ωˆ−1Pˆ =
1
M2BIM
2
Pl
√
det Ωˆ
(
LG1+ Tˆ gˆ
)
, (2.100)
where we have used that Pˆ and Ωˆ commute and the property27 g−1(Ωˆ−1Pˆ )T gˆ = Ωˆ−1Pˆ .
This is an algebraic equation for the deformation matrix provided Pˆ can be expressed in
terms of Ωˆ by inverting (2.99). Now, if we use that qˆ−1Rˆ = M2BIqˆ
−1gˆPˆ = M2BIΩˆ
−1Pˆ we
finally obtain the differential equations satisfied by the auxiliary metric
Rµν(q) =
1
M2Pl
√
det Ωˆ
(
LGδµν + T µν
)
(2.101)
in complete analogy with the equations (2.60) obtained for the EiBI case. This proves
our claim that those equations are valid for general theories. Furthermore, the same
conclusions drawn there are automatically valid for this more general case. In particular,
in the low curvatures regime the deformation matrix is the identity and the Lagrangian is
LG ≃ 12M2PlR by construction and, thus, we recover the usual Einstein equations.
To end this section, let us extend the discussion on the existence of two frames shown
for the Born-Infeld case to the more general theories considered here. In view of the
discussions so far about the structure of the theories, it should be clear by now that
assuming a projective symmetry would be a wise decision on the grounds of simplicity.
Very much like we did for EiBI, let us go to a bi-metric representation of the theory by
introducing an auxiliary field Σµν as follows:
S = 1
2
M2PlM
2
BI
∫
d4x
√−g
[
F (gµν ,Σµν) +
∂F
∂Σµν
(
1
M2BI
R(µν) − Σµν
)]
+ SM[Ψ, gµν ]
(2.102)
We can see that Σµν can be integrated out by solving its own equation of motion and
we recover the original action. We have considered the case with projective invariance to
27Both properties can be easily proven by assuming that F is an analytic function so that FˆPˆ and, as a
consequence, Ωˆ are analytic matrix functions of Pˆ . If we have an arbitrary analytic function Fˆ of Pˆ we can
expand it as Fˆ = ∑n cnPˆn from where it is trivial to see that it commutes with Pˆ . Furthermore, we can also
show that gˆFˆ(Pˆ )gˆ−1 = Fˆ(gˆPˆ gˆ−1) = Fˆ(Pˆ T ) = FˆT (Pˆ ), where we have used that gˆPˆ gˆ−1 =M−2BI Rˆgˆ−1 = Pˆ T
which is valid whenever the Ricci tensor Rˆ is symmetric or, as in our case, when only its symmetric part
is considered. From this relation we can obtained the desired property by simply taking Fˆ = Ωˆ−1Pˆ .
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simplify the analysis which in turn implies that Σµν is symmetric. Now we can introduce
a field re-definition as √−qqµν = √−g ∂F
∂Σµν
(2.103)
that can be used to obtain Σµν = Σµν(gˆ, qˆ) so that the action can be expressed as
S = 1
2
M2Pl
∫
d4x
[√−qqµνRµν +√−gM2BIU(gˆ, qˆ)]+ SM[Ψ, gµν ] (2.104)
with
U(gˆ, qˆ) = F − ∂F
∂Σµν
Σµν . (2.105)
In this action, the spacetime metric gµν appears as an auxiliary field (provided the matter
fields are minimally coupled) so it can be integrated out. Its equation is simply
∂U
∂gµν
− 1
2
Ugµν = 1
M2PlM
2
BI
Tµν (2.106)
which allows to solve algebraically for gµν in terms of qµν and the matter fields, similarly
to the case of Born-Infeld. Thus, the original action can be alternatively expressed as
S = 1
2
M2Pl
∫
d4x
√−qqµνRµν(Γ) + S˜M[Ψ, qµν ] (2.107)
and we see again that the theory is equivalent to GR but with modified couplings to
the matter fields. Hence, the same discussion presented in section 2.6 applies to the
more general class of theories considered here. The Born-Infeld frame introduced in that
section naturally extends to a more general affine frame within the framework of the
general class of theories discussed here. This naturally motivates an extension of the Born-
Infeld equivalence principle to a more general affine equivalence principle with the same
theoretical and phenomenological consequences, in particular the constraint MBI & 10−1
eV obtained by imposing the absence of anomalous interactions at LHC also applies here.
Notice however that some exceptions exist where this argument fails, since we are assuming
that (2.105) can be inverted to express Σµν in terms of gµν and qµν and similarly for (2.106)
that allows to integrate out gµν . One important example of theories where this argument
is not applicable is the case of f(R) theories. In that case, only the trace of Σ enters
(2.103) so it is not possible to invert it and obtain Σµν = Σµν(gˆ, qˆ). As it is well-known,
in that case it is a better idea to add a scalar field in the Legendre transformation instead
of Σµν . As we showed above, for these theories qµν and gµν are conformally related.
After the general considerations discussed in this section, let us turn to considering
specific examples of extensions of Born-Infeld gravity corresponding to the classification
introduced above.
2.7.2. Class 0
We will classify under this category those theories aiming at modifying GR in the high
curvature regime with a Born-Infeld type of modification, but which fail in fulfilling some
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crucial consistency requirement, like the presence of unavoidable ghost-like instabilities.
Into this class will go the first attempts towards Born-Infeld gravity explained in the
sections 2.2 and 2.3 that were based on the metric formalism. As extensively discussed
there, the higher order field equations for the metric arising in those theories compromise
their stability due to the presence of ghosts.
As another example of Born-Infeld inspired gravity theories that would belong to this
class we can mention theories consisting of a Born-Infeld sector formulated in the affine
approach (similar to the EiBI Lagrangian) supplemented with another sector formulated
in the metric formalism. This type of action was already considered by Ban˜ados in [44] and
some phenomenological consequences were explored in [319, 47, 46]. In view of the analysis
performed in section 2.7.1, it is clear that these theories are generally plagued by ghost-like
instabilities, similarly to the original attempts made in the pure metric formalism. The
problem with these theories is precisely the presence of the metric sector. We can repeat
the same construction leading to (2.104), but now with the additional sector formulated
in the metric formalism. If we take such a sector to consist of an Einstein-Hilbert term
for the metric28 gµν , as it was the case considered in [44], we end up with the equivalent
action
S = 1
2
M2Pl
∫
d4x
[√−ggµνRµν(g)+√−qqµνRµν+√−gM2BIU(gˆ, qˆ)]+SM[Ψ, gµν ] , (2.108)
so we have a bi-metric theory where both metrics are coupled through U(gˆ, qˆ). If there was
no metric sector explicitly making gµν a propagating field, the spacetime metric could be
integrated out and we would be left with only one propagating metric, as we obtained in
(2.107). However, having an independent Einstein-Hilbert term for the spacetime metric
makes it a propagating field and, thus, the action (2.108) shows that we can no longer
integrate the metric gµν out. The result of this is that we have a bi-metric theory where
the two metrics are dynamical and interact through the potential U(gˆ, qˆ). Unless the
interactions encoded in that potential belong to the class of ghost-free bi-gravity type
[134, 196], the theory will contain the so-called Boulware-Deser ghost [82] and, therefore,
the theory will be unstable. In general, the absence of ghosts will then be guaranteed if
the following condition holds
U(gˆ, qˆ) = F − ∂F
∂Σµν
Σµν =
4∑
n=0
βnen
(√
gˆ−1qˆ
)
, (2.109)
where the terms in the last sum are the massive gravity and bi-gravity potentials written
in terms of the the elementary symmetric polynomials en defined in (1.26). One can easily
check that the EiBI action does not fulfill this condition and, thus, the theory will contain
the undesired ghostly mode. A construction with auxiliary fields that somehow connect
the EiBI Lagrangian with bi-gravity theories as different branches of the same underlying
theory was presented in [324], but our discussion here differs from the one given there.
We should notice that this is in fact a general result for theories mixing sectors formu-
lated in the metric and in the affine formalism that go under the name of hybrid theories
28The same will however apply if we consider more general metric sectors like, e.g., f(R) terms.
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[96]. We see that the hybrid theories containing the Ricci tensor will either be unstable
or equivalent to massive bi-gravity if (2.109) holds. As with simple affine theories, actions
built out of the Ricci scalar alone do not fall within this general result since, as pointed
out below (2.107), in those cases the construction fails. The way to go for those theories
is introducing a scalar auxiliary field that makes the two metrics be conformally related.
That explains why we will not eventually obtain two propagating metrics so that those
particular hybrid theories will avoid the ghost. This was obtained for the perturbative
degrees of freedom around relevant backgrounds in [232] (see also [96]), but we can see
from our analysis here that this also extends fully non-linearly.
We can conclude that the presence of ghost-like instabilities is a generic pathology
of the theories belonging to the class 0 and represents a serious drawback for their phe-
nomenological consequences. In fact, the very existence of such pathologies could be taken
as the defining property of this class.
2.7.3. Class I
We identify this class as the one containing the most extensively studied case in the
literature, i.e., the EiBI reviewed in the precedent subsections, as well as its extensions.
The most immediate class of extensions of the EiBI gravity is to consider some sort of
functional extension. As we have extensively seen above, the fundamental object in EiBI
gravity is the determinant
det
[
gµν +
1
M2BI
Rµν(Γ)
]
(2.110)
in terms of which the action is written. One of the reasons to introduce the determinant is
to guarantee the diffeomorphisms invariance of the volume element because the determi-
nant of a rank-2 covariant tensor transforms as a scalar density of weight w = −2. Thus,
in order to introduce functional extensions of the EiBI theory, it is more convenient to
rewrite the action in the following form:
SEiBI =M2BIM2Pl
∫
d4x
√−g
√
det
(
1+ Pˆ
)
(2.111)
with
Pµν ≡ 1
M2BI
gµαRαν . (2.112)
From here one can straightforwardly perform functional extensions in different directions
that are discussed in the following sections. There can be slightly different versions of the
theory depending on whether the connection is assumed symmetric a priori or if only the
symmetric part of the Ricci tensor is considered, as we have seen above, and this could
also be the origin of differences in the formulation of the theories.
• Arbitrary function of the determinant
It is a common practice in modified gravity to generalise theories by introducing ar-
bitrary functions of the defining quantities as it is done for instance in f(R) or f(R,G)
theories where arbitrary functions of the Ricci scalar and/or the Gauss-Bonnet term are
considered. Thus, probably the first extension one could think of for the EiBI theory is
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taking an arbitrary function of the defining determinant. This was done in [268] where
the following extension of Born-Infeld was considered29
S =M2BIM2Pl
∫
d4x
√−gf(X ) (2.113)
with X = det(1 + Pˆ ). The EiBI theory is recovered for f(X ) = X 1/2. As usual, the
function f should be chosen so that we recover GR at small curvatures. The action in
that limit can be obtained by expanding the function around X = 1 so we have
S ≃M2BIM2Pl
∫
d4x
√−gf ′(1)
(
X − 1
)
, (2.114)
which only differs from the original EiBI theory by the factor f ′(1) so we need to impose
f ′(1) = 1 to have the correct limit at low curvatures. The generality introduced by
considering an arbitrary function of the determinant can be handled in the usual way by
introducing a Legendre transformation with an auxiliary field φ as
S =M2BIM2Pl
∫
d4x
√−g
[
f(φ) + fφ
(
X − φ
)]
, (2.115)
followed by a field redefinition ϕ = fφ so that the action can be written in the equivalent
way
S =M2BIM2Pl
∫
d4x
√−g
[
ϕX − V (ϕ)
]
. (2.116)
The field equation of the scalar field imposes the constraint
X = V,ϕ (2.117)
which can be eventually incorporated in the final form of the equations. The procedure
presented above for general theories can be straightforwardly applied to this case and one
finds that the auxiliary metric reads
qµν = ϕ
√
X
(
gµν +
1
M2BI
R(µν)
)
(2.118)
while the deformation matrix Ωˆ relating the two metrics is given by
Ωˆ = ϕ
√
X
(
1+ Pˆ
)
. (2.119)
After some more manipulations along the lines of the general case depicted in the previous
section, one can finally write the equations as
Rµν(q) =
1
2M2Plϕ
2X 3/2
(
M2PlM
2
BIf(X )δµν + T µν
)
, (2.120)
29We adapt the notation of that reference to be consistent with the notation of this review, so we reserve
qˆ and Ωˆ for the auxiliary metric and the deformation matrix respectively.
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which, as shown above in (2.101), is the standard form for these theories and will permit
the direct applications that will be discussed in detail in the next sections.
• Extension to all the elementary symmetric polynomials
A slightly different way of writing the EiBI action leads to another class of extensions.
By commuting the square root and the determinant in (2.111), we can alternatively write
the action as
SEiBI =M2BIM2Pl
∫
d4x
√−g det Mˆ (2.121)
where the matrix Mˆ has been defined as Mˆ ≡
√
Ωˆ =
√
1+ Pˆ . Now, since the determinant
of a matrix is nothing but the invariant elementary symmetric polynomial of highest
degree, the EiBI action rewritten as (2.121) calls for a natural extension including the full
series of elementary symmetric polynomials of the fundamental matrix Mˆ . This is the
path taken in [59] that led to the family of Born-Infeld inspired theories described by the
following actions
SGBI =M2BIM2Pl
∫
d4x
√−g
4∑
n=0
βnen(Mˆ ). (2.122)
with βn some dimensionless constants and en(Mˆ ) the elementary symmetric polynomials
defined as
e0(Mˆ) = 1,
e1(Mˆ) = [Mˆ ],
e2(Mˆ) =
1
2!
(
[Mˆ ]2 − [Mˆ2]
)
,
e3(Mˆ) =
1
3!
(
[Mˆ ]3 − 3[Mˆ ][Mˆ2] + 2[Mˆ3]
)
,
e4(Mˆ) =
1
4!
(
[Mˆ ]4 − 6[Mˆ ]2[Mˆ2] + 8[Mˆ ][Mˆ3] + 3[Mˆ2]2 − 6[Mˆ4]
)
. (2.123)
As commented above, the fourth symmetric polynomial coincides with the determinant
i.e. e4(Mˆ ) = det Mˆ so that the β4 term contributes the usual EiBI Lagrangian. The low
curvature limit |gµαRαν | ≪M2BI gives
S ≃M2PlM2BI
∫
d4x
√−g
[(
β0 + 4β1 + 6β2 + 4β3 + β4
)
+
1
2M2BI
(
β1 + 3β2 + 3β3 + β4
)
gµνRµν(Γ)
]
(2.124)
which coincides with the Einstein-Hilbert action in the Palatini formalism supplemented
with a cosmological constant term (which can be cancelled by tuning the parameter β0),
provided we impose β1 + 3β2 + 3β3 + β4 = 1. The projective symmetry always appears
here as an accidental symmetry of the low curvature action and it will only be a symmetry
of the full theory if the elementary symmetric polynomials are constructed in terms of the
symmetric Ricci tensor. Let us now consider the high curvature limit where |gµαRαν | ≫
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M2BI. This means that Mˆ ≃
√
Pˆ and, therefore, the action in this regime turns into
a combination of the elementary symmetric polynomials of
√
Pˆ . In the presence of all
the polynomials, this regime will be dominated by the fourth one and we will recover an
Eddington-like action
S ≃ β4M
2
Pl
M2BI
∫
d4x
√
detRµν(Γ). (2.125)
In the general case, the Born-Infeld regime will be determined by the highest degree
polynomial present in the action. The case of e2 admits an amusing interpretation since
its Born-Infeld regime gives
S = m˜2
∫
d4x
√−g
([
gˆ−1Rˆ
]
−
[√
gˆ−1Rˆ
]2)
(2.126)
with m˜ some scale. This theory could even be treated in the metric formalism. Now
if we interpret the operation of tracing as a type of averaging, the above action can
be interpreted as being the variance of
√
gˆ−1Rˆ. Despite its amusing interpretation, its
physical viability is dubious since it likely gives rise to observational conflicts and a lack
of hyperbolicity in the field equations might. However, these issues should be explored
before reaching a definite conclusion.
Again, we can apply the machinery developed above for the general case to this par-
ticular family of theories with the identification
F (Pˆ ) = 2
4∑
n=0
βnen(Mˆ ) (2.127)
where Mˆ =
√
1+ Pˆ . The derivative of this function can be computed as
∂F
∂Pˆ
= 2
4∑
n=1
βn
4∑
k=1
∂en
∂[Mˆk]
∂[Mˆk]
∂Mˆ
∂Mˆ
∂Pˆ
(2.128)
where we have made extensive used of the chain rule and dropped the term with n = 0
because that is just a cosmological constant term. Now, we will introduce the notation
Ekn = ∂en/∂[M
k], whose explicit form is given by
Ekn =


e0 0 0 0
e1 − e02 0 0
e2 − e12 e03 0
e3 − e22 e13 − e04

 , (2.129)
and use that ∂[Mˆk]/∂Mˆ = k
(
Mˆk−1
)T
and ∂Mˆ/∂Pˆ = 12
(
Mˆ−1
)T
to finally obtain the
auxiliary metric as given in (2.77) for the present case:
√−qqˆ−1 = √−g
(
gˆ−1
∂F
∂Pˆ
)T
=
√−g
(
4∑
n=1
βn
4∑
k=1
EknMˆ
k−2
)
gˆ−1. (2.130)
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This is precisely the result found in [59], where the sums in the brackets corresponds to
the matrix Wˆ defined in that reference. Since the sum over k runs from 1 to 4, the right
hand side of (2.130) will contain powers of Mˆ from −1 to 2. This allows to re-write (2.130)
in the more useful form
√−qqˆ−1 = √−g
(
f1Mˆ
−1 + f21+ f3Mˆ + f4Mˆ2
)
gˆ−1 (2.131)
with
f1 = β1e0 + β2e1 + β3e2 + β4e3 (2.132)
f2 = −(β2e0 + β3e1 + β4e2) (2.133)
f3 = β3e0 + β4e1 (2.134)
f4 = −β4e0. (2.135)
From these expressions one can now straightforward adapt the general formalism for this
family of theories and obtain all the relevant equations, which, of course, coincide with
those in [59]. As a particularly simple case, we can take a theory containing only e1 so
that the action reads
SMin =M2BIM2Pl
∫
d4x
√−gTr
[√
1+M−2BI gˆ−1Rˆ − 1
]
. (2.136)
This is the model that was studied in more detail in [59] and subsequently used in [61]
to develop an inflationary scenario. For that case, we have that f2 = f3 = f4 = 0 and
f1 = β1 is a constant, which is set to 1 in order to recover GR at low curvatures. In this
very simple case, we can easily compute the deformation matrix from (2.99), which yields
Ωˆ =
1√
det Mˆ
Mˆ. (2.137)
If we use this relation together with Pˆ = Mˆ2 − 1 obtained from the definition of Mˆ , the
equation for the deformation matrix given in (2.100) can be written in terms of Mˆ as
Mˆ−1 − Mˆ −
[
Tr
(
Mˆ − 1
)]
1 =
1
M2BIM
2
Pl
Tˆ gˆ (2.138)
which exactly coincides with the equation found in [59]. This equation will give the matrix
Mˆ in terms of the matter sector and then one can follow the common procedure to solve
the equations. This will be explicitly done in section 5.3, where the cosmology of this
model will be studied.
2.7.4. Class II
There is a second class of extensions of the EiBI theories that makes use of additional
geometrical objects. Let us remind that the original EiBI theory only utilizes the Ricci
tensor and the metric and its natural arena is a non-Riemannian geometry. The metric
affine formulation of the theory implies the presence of a completely independent connec-
tion and its associated curvature encoded in the Riemann tensor Rαβµν . For this general
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Riemann, we can take three independent traces, namely: the Ricci Rβν = Rαβαν , the
homothetic tensor Qµν = Rααµν and the co-Ricci Pαµ = gβνRαβµν . The traces of these
three objects are all the same and give the Ricci scalar R = gµνRµν . We can see that
the EiBI theory only makes use of the Ricci tensor, but a much larger variety is possible
thanks to the rich geometrical structure at our disposal. For instance, the determinantal
form of EiBI can be extended to include an arbitrary combination of the three different
traces of the Riemann tensor so we could consider actions of the type
S =M2PlM2BI
∫
d4x
√
− det
[
a1gµν +
1
M2BI
(
a2Rµν + a3Qµν + a4Pµν
)]
(2.139)
where ai can be arbitrary scalar functions of curvature invariants. In the simplest case
we could take ai = ai(R), but other scalars like Gauss-Bonnet combinations or RµνRµν
could also be envisaged. Obviously, here we encounter once again a similar obstacle as in
the Deser and Gibbons construction discussed in section 2.2 (although this time avoiding
the ghost problem), namely the lack of a guiding principle. Thus, very much like in that
case, one can foreshow that any gravitational theory (except for some singular cases) can
be recast in the above form by appropriately tuning the free functions ai. The EiBI theory
corresponds to possibly the simplest among the possible theories described by the action
(2.139). Let us stress that we always remain within the Born-Infeld spirit, so we leave
out here well-known theories, like those written in terms of Lovelock invariants, rewritten
in a way that resemble the characteristic square root structure of Born-Infeld theories.
Let us notice that we can consider even more general actions by including generalised
determinants for the Riemann tensor itself.
Faced with the obstruction of lacking some motivation to select extensions of EiBI
within the Class II, people have resorted to the always welcomed principle of simplicity.
In this case, it means that extensions along the lines depicted here have predominantly
resorted to adding new terms only containing the Ricci scalar. This has been considered
in two fashions, either by writing new R-dependent terms outside the EiBI action, as in
the Born-Infeld plus f(R) models introduced in [245], or by modifying the determinantal
structure with only R-dependent terms, as was considered in the appendix of that same
work [245] and in [106] for a specific case.
Another possibility that differs more profoundly from the one sketched so far is to
consider other geometrical frameworks. At this respect, an interesting class of theories
formulated on a Weitzenbo¨ck space was introduced in [166, 167]. It is well-known that GR
admits a formulation in a Weitzenbo¨ck space, where the connection is constrained to have
vanishing curvature and all the gravitational effects are encoded in the torsion tensor T λµν .
This construction goes under the name of Teleparallel Equivalent of General Relativity
(TEGR) and it has been used as the starting point of some modifications of gravity, among
them some Born-Infeld inspired gravity theories that are of interest for us (see section 4.6.4
for applications of this theory on black holes). An extensive and comprehensive review on
TEGR can be found in [12]. Even though TEGR is GR in disguise, this mask shows an
interesting face for GR as a gauge theory of the inhomogeneous part of the Poincare´ group
where the vierbeins are precisely the gauge fields of translations. Thus, TEGR provides a
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very appealing starting point for Born-Infeld modifications of gravity that deserves to be
explored.
After discussing some of the different approaches that can be taken to obtain Born-
Infeld inspired theories of gravity within the Class II, let us briefly review some specific
examples.
• Born-Infeld plus f(R)
A simple extension within this class is to combine the Born-Infeld action with the well-
known f(R) theories in the metric-affine formalism, as considered in [245, 244, 246, 151].
The resulting action adapted to our notation is given by
S =1
2
M2PlM
2
BI
∫
d4x
[
2
√
− det
(
gµν +
α
M2BI
R(µν)
)
+
√−gf(R)
]
=
1
2
M2PlM
2
BI
∫
d4x
√−g
[
2
√
det
(
1+ αPˆ
)
+ f([Pˆ ])
]
(2.140)
with α some dimensionless constant. Since the small curvature limit of the EiBI sector in
the above action already gives the Einstein-Hilbert term, we need to impose α+f[P ](0) = 0
to recover GR at low curvatures. The above action is simply a combination of the EiBI and
the f(R) and, as such, the corresponding solutions are expected to interpolate between
these two cases. The general formulae obtained in 2.7.1 can be straightforwardly applied
to this case. For instance, the definition of the auxiliary metric given in (2.76) yields
√−qqˆ−1 =
√
− det
(
gˆ +
α
M2BI
Rˆ
)(
gˆ +
α
M2BI
Rˆ
)−1
+
√−gf[P ]gˆ−1, (2.141)
which coincides with the result found in the literature.
A second possibility to extend EiBI gravity by including the Ricci scalar is to include
it in the determinantal structure. This was considered in an appendix in [245] where the
authors considered an action of the form
S =M2PlM2BI
∫
d4x
√
− det
[(
1 + f(R)
)
gµν +
α
M2BI
R(µν)
]
(2.142)
as another example of the addition of an f(R) piece to the EiBI action. In this case,
recovering GR at low curvatures requires to have 4M2BIfR(0) + α = 0. In [106] this path
was considered in more detail and the authors explored the cosmology of the following
specific case:
S =M2PlM2BI
∫
d4x
√
− det
[(
1 +
β
M2BI
R
)
gµν +
α
M2BI
R(µν)
]
(2.143)
with α and β some constants satisfying α+ 4β = 0 in order to recover GR in the limit of
small curvatures.
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• Born-Infeld actions in Weitzenbo¨ck spaces.
Another example of extensions that we classify within the Class II, but which take a
different direction, are those based on the teleparallel equivalent of GR. In this description
of GR, one makes a fundamental use of the vierbein language and Weitzenbo¨ck spaces,
characterised by having a curvature-free connection so that the torsion is the only relevant
object. In terms of the vierbein eaµ and its inverse e
µ
a, the connection is given by Γ
λ
µν =
eλa∂νe
a
µ so that the torsion tensor reads T λµν = eλa(∂νeaµ − ∂νeaµ). From the torsion we
can built a useful quantity called the super-potential and that is given by
Sρ
µν =
1
4
(
T νµρ + T νµρ − Tρµν
)
+
1
2
(
δµρ T ανα − δνρT αµα
)
. (2.144)
With this object, we can construct the Weitzenbo¨ck invariant defined as
T = SρµνT ρµν . (2.145)
Then, the so-called Teleparallel Equivalent of General Relativity is described by the action
STEGR = 1
2
M2Pl
∫
d4xeT (2.146)
where e = det eaµ. That this action is equivalent to GR can be seen from the fact that T
for the Weitzenbo¨ck connection differs from the Ricci scalar of GR by a total divergence,
so that both theories give rise to the same equations of motion. The TEGR, however,
serves as an alternative starting point to develop modifications of gravity a` la Born-Infeld.
This was pursued in [166, 167, 170], where the authors considered a general expression of
the form
SBITG =M2PlM2BI
∫
d4x
[√∣∣∣∣gµν + 1M2BI
(
α1SµλρTνλρ + α2SλµρT λνρ + α3gµνT
)∣∣∣∣− λ√−g
]
,
(2.147)
with αi some parameters that must satisfy α1 + α2 + 4α3 = 1 in order to recover (2.146)
in the limit of T ≪ M2BI. Similarly to the case of EiBI gravity, the parameter λ controls
the presence of a cosmological constant. Unlike the proposals discussed so far, this class of
theories must be formulated with the vierbein being the fundamental fields and the general
framework presented in section 2.7.1 cannot be applied to this case. The Born-Infeld
extensions along these lines are substantially less explored than those based on the EiBI
formulation. However, the Born-Infeld theories based on the TEGR also show interesting
features and, furthermore, could be seen to be closer to Born-Infeld electromagnetism,
since TEGR can be seen as a gauge theory where the vierbeins play the role of gauge
fields associated to the translations group. One might be concerned however with the
fact that, similarly to what happens in the models belonging to the class 0 formulated
in the metric formalism, generic theories described by the action (2.147) will introduce
instabilities. In particular, the loss of local Lorentz symmetry when going from TEGR
to the action (2.147) will likely introduce additional degrees of freedom. At the time of
writing this review, it lacks a full analysis of the fields content and their stability around
relevant backgrounds of those theories.
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2.7.5. Class III
In this category we will include theories based on the Born-Infed structure but which
make use of additional fields. The most natural example of these theories would be to
combine EiBI gravity with its electromagnetic predecessor or with a Dirac-Born-Infeld
scalar field φ, resulting in actions of the form
S =M2PlM2BI
∫
d4x
√
− det
[
gµν +
1
M2BI
(
b1Rµν + b2Fµν + b3∂µφ∂µφ
)]
. (2.148)
This type of actions are perhaps the most natural combination of Born-Infeld actions for
gravity, electromagnetism and/or scalar fields. Already Vollick considered a combination
of this type in [357]. A different approach is to simply add the corresponding Lagrangians
and consider actions of the form
S =M2PlM2BI
∫
d4x
[√
− det
(
gµν +
1
M2BI
Rµν
)
+ c1
√
− det
(
gµν +
1
M2BI
Fµν
)
+c2
√
− det
(
gµν +
1
M4BI
∂µφ∂µφ
) ]
. (2.149)
This was considered for instance in [218, 219]. More general actions that belong to this class
can be obtained from the EiBI action formulated in higher dimensions after a dimensional
reduction, for instance by compactifying one extra dimension as done in [159].
2.7.6. Class IV
Besides the extensions or variations around the EiBI theory discussed so far, there
are other alternatives that make use of some of the ideas characteristic of Born-Infeld
theories, but they could be classified as belonging to other classes of theories. Within
this category we could mention some of the early attempts to build a Born-Infeld inspired
gravity theory in the metric formalism already discussed in section 2.3. Among them, we
could cite here specific f(R) models with a square root or some other bounded function
(see also [235, 236]). Although the square root structure introduces some resemblance
with Born-Infeld theories, those models could be classified as belonging to the f(R) class
of theories. The same would apply to theories involving not only the Ricci scalar, but also
the higher order Lovelock invariants, in particular, the Gauss-Bonnet term G which is the
only relevant one in four dimensions besides the Ricci scalar. It is possible to construct
theories of the type f(R,G) that incorporate some square root structure, as it is considered
in30 [122]. These theories would then belong to the general class of f(R,G) theories. The
same would apply to theories based on the teleparallel equivalent of GR as for instance
in [165] that can be classified as belonging to the f(T ) extensions of teleparallel theories
[92]. We will also include in this class theories making use of the determinantal structure
30Actually, in [122], the author considers a family of theories that would generically belong to the Class
0, but a particular model is eventually selected that would belong to the Class IV and is the one we refer
to here.
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characteristic of Born-Infeld theories, but which reduce to other types of theories, either
completely or in its regime of validity. This is for instance the case of [260] that secretly
describes Lovelock gravity, as discussed in section 2.2.
2.8. Final remarks
In this section we have provided the reader with a general framework for the study of
Born-Infeld theories, as well as an overview of the different classes of these theories existing
in the literature. We have started by briefly reviewing Born-Infeld electromagnetism
and surveyed the attempts to adapt the same ideas to the case of gravity as potential
mechanisms to regularise the divergences appearing in GR. The first attempts formulated
in a metric formalism faced serious shortcomings due to the presence of ghosts. In order to
bypass these pathologies, one can introduce higher order corrections to remove the ghosts
at a given order, but the large freedom existing in the choice of the counter-terms renders
the procedure unappealing. It is fair to say that, to date, there is no compelling theory
free from ghosts that comply with the Born-Infeld philosophy in the metric formalism.
A step forward was given when considering Born-Infeld types of actions in the affine
approach. In that case, the ghost is not present from the beginning and the theory can
really be regarded as a proper Born-Infeld theory of gravity, meaning that it modifies the
gravitational interaction at high curvatures where a natural bound appears. We would
like to remark once again that other attempts that resemble Born-Infeld theories actually
contain additional degrees of freedom so that they deviate from what we consider should
be the spirit of Born-Infeld theories. At this respect, we have introduced a classification
of the different Born-Infeld inspired theories of gravity attending to their closeness to the
Born-Infeld realm.
Since the most extensively explored theory within the framework of Born-Infeld ex-
tensions of gravity is the EiBI model, we have devoted a substantial effort to showing in
detail its main properties, although we have later shown that the same features are shared
by a much larger class of theories. We have provided a detailed derivation of the field
equations and highlighted the importance of the projective symmetry in the construction
of the theories. In particular, we have seen that theories with that invariance can be
fully solved in terms of an auxiliary metric and the torsion only enters as an irrelevant
projective mode (under some assumptions on the matter sector). Even though this aux-
iliary metric makes its first appearance as an object allowing to solve the connection, we
have seen that it carries physical relevance. This was apparent when we discussed the two
frames existing in these theories. From there, we clearly saw that, while the spacetime
metric determines the causal structure of matter fields, the auxiliary metric determines
the causal structure of the gravitational waves. This in turn implies that while photons
travel along null geodesics of the spacetime metric, gravitons move along null geodesics of
the auxiliary metric and, thus, even if both particles are massless, their motion will differ
in regions where the curvature is large as compared to the Born-Infeld scale.
An issue that remains within the affine formulation of Born-Infeld gravity is the lack
of clear guiding principles to select a unique family of theories. Born and Infeld followed
a symmetry principle that allowed them to single out their non-linear electrodynamics,
which was later shown to have a number of remarkable features and it was even related to
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string theory. The same is currently lacking for Born-Infeld inspired theories of gravity.
In fact, modifications and extensions of Born-Infeld gravity have flourished in several
directions. By studying some of the proposed extensions, one can convince oneself that
some families of theories seem to lead to much simpler equations than others. While this
simplicity principle can be useful to explore the physical consequences of these families of
theories, a more profound and appealing principle would be desired.
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3. Astrophysics
A generic feature of extended theories of gravity in which the connection is regarded
as independent of the metric (Palatini approach) is the emergence of a dependence of the
metric on the local stress-energy densities. This property was soon noticed in the case of
f(R) theories [272] and its extensions with Ricci-squared RµνR
µν terms [283, 275], and is
also present in Born-Infield inspired theories of gravity and its known generalisations, see
section 2.5. This local dependence on the matter fields may at first appear as something
exotic but is such a basic and fundamental issue in metric-affine theories of gravity that
it must be properly understood in order to handle these theories correctly and properly
define strategies to test their viability.
In this section we will explore situations of astrophysical interest in which the depen-
dence of the metric on the local densities of energy and momentum manifests itself very
clearly. In fact, numerous observables of stellar objects are very sensitive to the physical
processes taking place in their interiors, whose properties strongly depend on the local
density. This is the case, for instance, of the mass-radius relation, the mechanisms of
energy transport, the seismic properties of stars, the type and intensity of neutrino fluxes,
the speed of sound profile of acoustic waves in the sun, the potential existence of phase
transitions in terms of ordered (crystalline) and superfluid phases inside neutron stars, the
deconfinement of quarks or the mechanisms of generation of very large magnetic fields.
For some reviews on these topics see e.g. [203, 184]. This dependence on the local density
can thus be used to efficiently test some aspects of this type of modified theories of gravity
but it may also lead to unexpected subtleties. In particular, we will see that the fluid ap-
proximation and some models regularly used in the context of GR must be handled with
care or conveniently adapted in order to avoid fictitious forces induced by the averaging
procedure employed in the transition from the microscopic description to the continuous
limit. This will be particularly relevant in the discussion of the outer boundaries of some
stelar models both in the relativistic and in the non-relativistic limit.
We will begin this section by considering the weak-field, slow-motion limit of the
Eddington-inspired Born-Infield (EiBI) theory first introduced in section 2.431, and its
implications for non-relativistic stars. This will allow us to visualise in a very simple
way where the subtleties of the fluid approximation may arise, which will help us better
understand the peculiarities of these theories and identify situations in which an improved
description of the matter sector may be necessary in order to construct realistic models.
We will then move to consider relativistic stars, their structure, and their observational
properties.
A word on the notation of this section
For operational convenience and to make contact with existing literature, both in this
section and in the black holes section 4, we shall redefine part of the notation employed
in section 2.4 and redefine Born-Infield mass as MBI = 1/ǫ and reintroduce Einstein’s
constant in the action via MPl = 1/(8πG) = 1/κ
2. This way, by dimensional consistency
31For the purpose of this section, we shall consider just the case of both symmetric connection and Ricci
tensor for this theory, a case discussed in detail in section 2.5.1.
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ǫ has dimensions of length squared, while the Einstein-Hilbert action of GR reads SGR =
1
2κ2
∫
d4x
√−gR.
3.1. Newtonian limit and fluid approximation
3.1.1. The modified Poisson equation
To better visualise the local dependence of the spacetime metric on the stress-energy
densities, it is useful to study the weak field, non-relativistic limit of EiBI theory given by
Eq.(2.33). For this theory one finds that, to leading order in the EiBI parameter ǫ, the
right-hand side of the Ricci tensor on the field equations (2.59) takes the form
Rµν(q) ≈ κ2
(
Tµν − 1
2
gµνT
)
+ ǫκ4
(
Sµν − S
4
gµν
)
, (3.1)
where Sµν = T
α
µTαν − 12TTµν , while T and S are the trace of Tµν and Sµν , respectively.
This equation indicates that the deviation of the auxiliary metric qµν from the Minkowski
metric will be determined by the total amount of energy-momentum appearing on the
right-hand side of this equation. For weak sources, therefore, qµν will be given by the
Minkowski metric plus corrections which depend on integrals of the elements on the right-
hand side. Now, since gµν is related to qµν via the deformation matrix Ωˆ as defined in
Eq.(2.57), which in the low density limit is given by
Ωµν ≈ δµν + ǫκ2
(
T µν − T
2
δµν
)
(3.2)
the relation between the perturbations in qµν ≈ ηµν + tµν and gµν ≈ ηµν + hµν turns out
to be
tµν = hµν + ǫκ
2
(
Tµν − 1
2
ηµνT
)
. (3.3)
The left-hand side of (3.1), once the standard gauge choice ∂λ(h
λ
µ− h2 δλµ) = 0 is made, leads
to Rµν(η + t) ≈ −12tµν , where  is the flat d’Alembertian. For weak sources, therefore,
the above equations lead to
−1
2
tµν = κ2
(
Tµν − 1
2
ηµνT
)
, (3.4)
where only the leading order contributions on the right-hand side have been kept. For
the (weak field and slow-motion) Newtonian limit we just focus on the t00-component
assuming, as usual, a pressureless fluid with Tµν ≈ ρuµuν , where ρ is the energy density
of the fluid. Defining t00 = −2φ¯N and h00 = −2φN , such that φ¯N = φN − ǫκ24 ρ, the above
equation in the non-relativistic limit can be written as
∇2φN = κ
2
2
ρ+
ǫκ2
4
∇2ρ , (3.5)
which admits a general solution of the form
φN (t, ~x) =
κ2
8π
∫
d3~x′
ρ(t, ~x′)
|~x− ~x′| +
ǫκ2
4
ρ(t, ~x) . (3.6)
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The first term in (3.5) represents the standard Newtonian source, while the second one
corresponds to a new source of gravity that involves derivatives of the matter density.
Whenever those gradients become important, significant deviations from Newtonian grav-
ity will arise. To estimate the scale at which such deviations occur and the kind of effects
one may find, it is illuminating to take the Fourier transform of (3.5) [29], which leads to
k2φ˜N (~k) =
κ2
2
(
ǫk2
2
− 1
)
ρ˜(~k) , (3.7)
where φ˜N (~k) and ρ˜(~k) are the momentum space counterparts of φN and ρ. It is clear
from this expression that in the GR limit, ǫ → 0, the right-hand side of (3.7) is always
negative. For any finite (but positive) ǫ, however, one finds a scale kJ =
√
2/ǫ beyond
which the right-hand side of (3.7) flips its sign, thus leading to repulsive rather than
attractive gravity. This allows us to interpret the effective Jeans length λJ = 2π/kJ as
the critical scale below which the collapse of pressureless dust is not possible due to the
dominance of repulsive interactions. One obvious consequence of this is that for ǫ < 0
nothing seems to prevent the possibility of complete gravitational collapse for pressureless
fluids (within this approximation), which is a significant change of behavior as compared
to the case ǫ > 0. Another important consequence that can be derived from the ǫ < 0
case is that the growth of the intensity of the gravitational field at small scales may lead
to equality between electric and gravitational forces at length scales ∼ 10−15 − 10−14 m
unless 8πGǫ < 10−3 m5s−2kg−1 [29]. Our current understanding of nuclear and particle
physics, therefore, requires ǫ < 6× 105 m2 or, equivalently, √ǫ . 800 m.
3.1.2. Non-relativistic fluids
The application of the modified Poisson equation (3.5) to the study of non-relativistic
self-gravitating fluids was first carried out in [294] (see also [295] for more details and some
clarifications). For fluids in hydrostatic equilibrium, one must supplement the modified
Poisson equation (3.5) with the fluid conservation equation ∇µT µν = 0 in the appropriate
limit. For spherically symmetric systems, the conservation equation boils down to dp/dr =
−(ρ + p)Γrtr (where p is the pressure of the fluid), and for weak sources Γrtr ≈ −12∂rhtt
leads to
pr = −κ
2
8π
m(r)ρ
r2
− ǫκ
2
4
ρρr , (3.8)
where pr ≡ dp/dr, ρr ≡ dρ/dr, m(r) = 4π
∫ r
dxρ(x)x2, and an equation of state p = p(ρ)
must be specified.
An immediate solution of this equation corresponds to the case in which p(r) = 0. Un-
like Newtonian gravity, where pressureless solutions cannot be in hydrostatic equilibrium,
the above equation yields a nontrivial solution when ǫ > 0. This case simply requires
solving the equation m(r) = −2πǫr2ρr. Applying on this equation a radial derivative, it
can be cast as the Lane-Emden equation of a polytrope with index n = 1 (recall that poly-
tropes have equation of state p(ρ) = Kρ1+
1
n , where K and n are real positive constants,
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and n is the so-called polytropic index). If the regularity condition ρ(0) = ρc is imposed
at the centre to get rid of the 1/r term, the solution to this equation takes the form
ρ(r) = ρc
sin(kJr)
kJr
. (3.9)
As is standard in the study of polytropes, the authors in [294, 295] restricted the range
of validity of this solution to the interval r ∈ [0, π/kJ ] to avoid the presence of a negative
energy density beyond the first zero at r = π/kJ (see Fig.2). Though this restriction is
natural and harmless in the usual Newtonian theory, the fact is that it forces a discontinuity
in ρr at r = π/kJ , thus causing a divergence on the right-hand side of (3.5).
Figure 2: Density profile (3.9) of the pressureless configurations. Note that the density is not positive
definite beyond kJr > π.
3.1.3. The issue with the matter profiles at a star surface
The example above illustrates an important property of this type of theories of gravity,
namely, that the matter fields must satisfy certain differentiability conditions that are not
necessary in the context of GR. The matter/energy profiles must be continuous and dif-
ferentiable up to some degree. This requirement may certainly be inconvenient, because
it forces us to pay more attention to the modeling of our energy sources in certain ap-
plications, but is not a fundamental problem because matter and radiation are ultimately
described in terms of quantum fields, which are sufficiently smooth to comply with the
differentiability requirements of these theories. Therefore, the solution (3.9) admits two
possible interpretations: 1) that we are dealing with an unconventional fluid or 2) that an
improved description of the matter fields (with a different fluid or even beyond the fluid
approximation) is necessary near the surface at k = π/kJ to avoid undesired or fictitious
unphysical effects.
• Regarding option 1), note that in the transition from the (relativistic) weak-field
approximation (3.4) to (3.5) we (implicitly) assumed that the stress-energy tensor
Tµν of the matter fields could be averaged to yield that of a perfect fluid without
causing any harm to the theory. In this process, the fluid we had in mind was
some distribution of localised particles (or wavepackets) such that when averaged
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over a certain scale should yield a continuum distribution characterisable by the
Tµν of a perfect fluid. In particular we expected a positive definite density function
ρ(x), which turns out to be in conflict with our solution (3.9) beyond r = π/kJ .
Our microscopic interpretation of the fluid, therefore, does not fit well with the
predictions of this theory, which indicates that we are dealing with an unconventional
matter source. Note in this sense that the authors in [294, 295] argued in favor of
this solution representing some kind of dark matter, which might give plausibility
to this result. The effects on the galactic metric of a dark matter density profile of
this kind has been studied in detail in [193].
• Regarding option 2), if the fluid is interpreted as made out of standard particles, an
improved microscopic description of those particles should be considered near the
outer boundary (where the density is close to zero) to get a smooth transition to the
exterior region in the neighborhood of r = π/kJ . Thus, a refinement of the physics
near the surface is necessary to build a complete solution. As mentioned above, this
might be inconvenient but is not a fundamental problem. In fact, as shown in [29],
different averaging procedures in the transit to the continuum fluid approximation
may lead to different (fictitious) acceleration fields associated to the specific weight
functions employed in the averaging. The emergence of negative densities in the
outer regions of these solutions can thus be interpreted as a manifestation of ficti-
tious effects which should be regarded as unphysical and avoidable by an improved
description.
The view that one should go beyond the fluid approximation or consider a suitable
transition thick shell in the description of the surface region is further reinforced by the
analysis presented in [295] regarding the process of dust collapse. Starting with generic
static profiles, it was found that the fate of the system is to reach a universal configuration
which oscillates around the pressureless solution (3.9) with a period that coincides with
the fundamental mode of proper oscillations of the pressureless case. This means that
the configurations provided by (3.9) are not a fine-tuned solution of an exotic matter field
but, rather, they are a universal, regular final state for the collapse of reasonable matter
sources. The role of the EiBI dynamics is, clearly, to stabilise the object against collapse
by generating repulsive gravitational forces at short scales. The problems arising on the
surface can be regarded as artifacts of the particular fluid approximation considered.
3.1.4. Limitations and improvements of the polytropic description
Similar problems affecting the exterior boundary of some polytropic stellar models were
also found in [296]. Due to the divergence of derivatives of the energy density with respect
to the pressure as p → 0 near the surface, quantities such as the Ricci curvature scalar
diverge (this also happens in the Newtonian model above if one imposes a discontinuity
in ρr at the surface). This occurs, in particular, for polytropic indices γ = 1 +
1
n > 3/2,
which include the case of a gas of degenerate non-relativistic electrons (γ = 5/3) or the
case γ = 10/3 used to model the atmosphere of white dwarfs. This result led to claim
that these divergences could not even be cured by abandoning the fluid approximation,
because a microscopic description of the matter sources would increase the differential
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order of the field equations in the matter sector, thus making the curvature even more
sensitive to sharp variations in the matter fields [296].
A number of objections can be presented to the pessimistic view of [296]. Firstly, the
claim that a microscopic description cannot cure these problems was just a conjecture
which has never been explicitly proven. In fact, the accumulated evidence so far goes in
the opposite direction. For instance, self-gravitating solutions of isolated charged particles
in the EiBI theory do not show any pathologies neither at high nor at low curvatures, see
black holes section 4.5. If individual particles are well behaved, it is difficult to conceive
how a collection of them (a fluid) could develop pathologies in the low density regime,
where the interparticle separations are large and the isolated particle description is better
justified. Similar results are found in the case of self-gravitating scalar fields, which possess
a solitonic structure compatible with the idea of isolated neutral particles [? ]. Since the
microscopic constituents are individually well behaved, the curvature divergences on the
surface of polytropes are likely to be a manifestation of fictitious accelerations induced
by the continuum approximation [29]. Secondly, a careful analysis of the validity of the
polytropic equation of state near regions of divergent curvature was carried out in [230].
The idea was not to estimate the corrections due to finite temperature or electromagnetic
repulsion between charged particles, as is necessary in realistic models to properly account
for the opacities in stellar atmospheres, but to explore how the microscopic definition of
pressure could be affected near curvature divergences. By analysing the geodesic devia-
tion equation (4.132), the frequency of the interactions between a particle and a nearby
(fictitious) wall32 was found to increase with respect to the corresponding statistical esti-
mate in flat space-time. This represents an additional pressure which changes the effective
equation of state for the case 3/2 < γ < 2 and avoids the original curvature divergence.
For the case 2 < γ < 3, which is also problematic, it is found that the fluid is repelled from
the surface. It is then argued that such fluids would not be appropriate to describe the
surface and that some other type of matter should be necessary. The conclusion is that
the fluid reacts as the curvature grows on the surface and that an improved description of
the matter there is necessary.
We thus see that the fluid approximation and/or the modeling of certain objects in the
EiBI theory of gravity may require some refinements to avoid unphysical effects that arise
at the outer boundaries of some solutions. This occurs when the derivatives of the matter
density diverge too rapidly as the pressure goes to zero or when the matter profile and
its derivatives are abruptly set to zero at some point in order to match with the external
(idealised) Schwarzschild solution. By smoothing the behavior of the matter profiles,
these problems can, in principle, be overcome. Though this is certainly an inconvenience,
it is not that far from what realistic models require. In fact, in order to qualitatively
and quantitatively understand numerous observational features of neutron stars, such as
their electromagnetic spectra, envelope composition, X-ray bursts, surface temperature
profiles, etc, it is not only necessary, it is essential, to carefully describe the microphysics
of the outer layers. Some of these layers are very thin as compared to the radius of the
star, with a height of ∼ 0.1 − 10 cm and density, ρ ∼ 10−2 − 103 g/cm3 [209] in the
32Note that a particle and a wall are necessary to define the pressure microscopically.
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photosphere, and densities always below 1010g/cm2 on the outer 104 cm of the envelope.
The composition of this region is dominated by a gas of (partially) ionized atoms and
electrons plus radiation, with the electron equation of state transitioning from an ideal
to a degenerate gas as one goes deeper into the star [105, 291], which has a crucial effect
on the efficiency of the different energy transport mechanisms and, thus, dramatically
affects the observable features of the star [310]. We thus see that in these layers, finite
temperature, radiation fields, chemical composition, electromagnetic repulsion, magnetic
fields, etc, induce significant deviations from the basic polytropic equations of state [231],
which are nonetheless very useful to estimate the gross properties of these objects. Though
models with this level of refinement have not been yet constructed in the EiBI gravity
scenario, as we will see below, the evidence so far indicates that there is no fundamental
reason to believe they are not possible.
3.2. Non-relativistic stars
From the discussion in the previous section, it is now clear that the external boundary
of stars should be modeled in such a way that the matter and pressure as well as its first
and second-order derivatives should smoothly vanish to guarantee a correct matching with
the exterior empty solution. This refinement should be done if one is really interested in
understanding observational features of the models such as electromagnetic spectra, but
can be overlooked in situations in which only structural aspects are important. In this
sense, the standard approach in which the stellar surface is identified as the region where
the pressure is sufficiently low can be retained as valid, as long as one accepts that a thin
transition shell should be added to correctly complete the model.
Having understood the peculiarities that the matter profiles should satisfy on the outer
boundaries of stars, we now focus on the information that stellar models can provide to test
the viability of EiBI gravity and constrain its parameters. The results of [295] establish
a limitation for the existence of polytropic solutions with regular boundary condition at
the centre, ρ ≈ ρc + ρ2r2, which requires
ǫκ2 > −4K
(
1 +
1
n
)
ρ
−1+ 1
n
c . (3.10)
The reason for this bound in static configurations is related to the monotonicity of ρ(r),
which requires ρ2 < 0. An expansion of (3.8) around the centre puts forward that if the
bound (3.10) is not satisfied, then ρ2 > 0. Going beyond polytropic models, a non-rotating,
zero temperature white dwarf model with parametric equation of state
p(x) =
πm4ec
5µemP
3h3
[
x(2x2 − 3)
√
1 + x2 + 3 sinh−1 x
]
, (3.11)
ρ(x) =
8πm3ec
3µemP
3h3
x3 , (3.12)
was studied for different values of ǫ [295]. It was found that for ǫ > 0, the mass of these
objects is not limited by the Chandrasekhar bound M ≈ 1.4M⊙. It turns out that the
mass can be arbitrarily large while the radius tends to a minimum value which scales as
68
√
ǫ. In the relativistic version of these objects, however, an upper bound for the mass does
appear, though it can be much larger than in GR (see Fig.3).
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Figure 3: Zero-temperature relativistic white dwarfs in EiBI theory (in this plot, ǫ → κ) in units of the
typical density ρWD = 10
9kg/m3. The horizonal line denotes the Chandrasekhar limit, M = 1.4M⊙. Note
that an upper limit on the mass of these stars arises but can be much larger than in GR. Figure taken
from Ref.[295].
3.2.1. Solar physics constraints
A closer confrontation with observations is certainly possible by considering the effects
of the modified Poisson equation on the properties of the Sun [103]. Since the hydrostatic
equilibrium and energy transport ultimately depend on this equation, any correction would
have an impact on the thermal balance and temperature profile inside the star, which can
leave observable traces. In fact, neutrino fluxes are very sensitive to the temperature
profile inside the Sun [36, 349]. An increase or decrease of the innermost conditions due
to a modified Poisson equation will necessarily leave a trace on the amounts of emitted
neutrinos, which are relatively well understood observationally. Something similar happens
with helioseismic data, which provide very accurate information on the solar acoustic
modes, the sound speed profile, and the depth of the convective envelope, see e.g. [116]
for a review. In order to extract the necessary information to use solar neutrinos and
helioseismic data to test EiBI gravity, the hydrostatic equilibrium equation (3.8) and the
continuity equation, dm/dr = 4πr2ρ(r), must be supplemented with the conservation of
thermal energy equation
dL
dm
= q(r)− rds
dt
, (3.13)
where q(r) represents the rate of heating from nuclear reactions and s is the entropy
per unit mass [119], plus the corresponding equation for the convective energy transport,
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which takes the form
dT
dm
= −
[
Gm(r)
4πr4
+
ǫκ2ρ
4
dρ
dm
]
T
p
τ . (3.14)
Here τ ≡ d log T/d log p is the temperature gradient, which for adiabatic changes becomes
τ = (Γ2 − 1)/Γ2, where Γ2 is one of the adiabatic exponents [362]. In the radiative zone,
the transport energy equation is unmodified
dT
dm
= − 3λR
16σT 3
L
16π2r4
, (3.15)
where λR is the Rosseland mean opacity and σ the Boltzmann constant.
Implementing the above equations in CESAM [290], a numerical code for stellar struc-
ture and evolution, the authors of [103] constructed a number of models able to fit the solar
properties with an accuracy of 10−5 in the interval −0.032GR2⊙ < ǫκ2 < 0.02GR2⊙. For
smaller values of ǫκ2, no equilibrium stars were found, in agreement with the constraint
(3.10) for polytropic models. For ǫκ2 > 0.02GR2⊙, solutions do exist but are unable to
match simultaneously the observed values for age, radius, mass, luminosity and metallicity
of the Sun.
Qualitatively, models with ǫ > 0 show lower central density and temperature than in
GR (ǫ = 0), whereas for ǫ < 0 those magnitudes grow due to the larger attractiveness of
the modified potential. An increment in the central density and temperature imply a raise
in the thermonuclear reactions, which must be followed by a modification in the neutrino
emission. In the inner 10% radius, the pp-III chain produces high-energy neutrinos asso-
ciated to the generation of 8B with an intensity that scales as φ8B ∝ T 18c . This flux is
currently measured with high precision by neutrino telescopes: (5.046± 0.16)× 106 cm−2
s−1. From the numerics one observes a decay in the neutrino flux for ǫ > 0 and a growth
for ǫ < 0, such that with the current data it is possible to conclude that ǫκ2 . −0.024GR2⊙
is ruled out.
The precision with which acoustic modes are currently measured by helioseismic mis-
sions allows to probe the solar interior revealing the sound speed and density profiles down
to 10% of the solar radius [146]. The separation between the frequencies of modes with
different degree l and radial order n, δνn,l = νn,l − νn−1,l+2, is a quantity very sensi-
tive to the temperature gradient. The case of l = 0 is particularly important because it
corresponds to waves that traveled through the entire solar radius, carrying valuable infor-
mation about the density profile. The small uncertainties associated with these quantities
allow to rule out the regions ǫκ2 > 0.016GR2⊙ and ǫκ2 < −0.01GR2⊙. On the other hand,
the agreement between the sound speed profile and the solar standard model reaches an
accuracy better than 1% in most of the solar interior, with larger uncertainties right below
the convective envelope. Comparison with this model and the data, one can safely rule
out the region ǫκ2 > 0.012GR2⊙. Constraints on the depth of the convective envelope
and the helium surface abundance, which also follow from helioseismic data, imply that
−0.016GR2⊙ < ǫκ2 < 0.013GR2⊙ and ǫκ2 > −0.018GR2⊙, respectively. These examples
clearly illustrate the capabilities of solar observations to constrain modifications of gravity
with new couplings in the matter sector.
70
3.3. Relativistic stars
White dwarfs and neutron stars are by far the natural scenarios where the highest
pressures can be achieved, which offers an excellent opportunity to test our theories about
nuclear matter and also the modified dynamics of alternative gravity theories. It is well
known that the masses and radii of neutron stars depend critically on the equation of state
of dense matter [183, 238]. For a given equation of state, a mass-radius relation and a
maximum mass can be derived. The so-called stiffness of the equation of state depends on
how many bosons are present. Since bosons do not contribute to the Fermi pressure, they
tend to soften the equation of state, which leads to low maximum neutron star masses
(∼ 1.5M⊙). GR sets a maximum mass ∼ 3.2M⊙, and it is expected that the maximum
achievable mass in nature is of order ∼ 2.5M⊙, but this depends on the stiffness of the
equation of state [226] and is thus open to observational scrutiny. The density-dependent
modifications induced by the EiBI dynamics can be seen as the effect of a modified source
[138] and, for this reason, must also leave an imprint in the mass/radius relation of these
compact objects. In this section we consider the efforts carried out so far to understand
the impact of the EiBI modified dynamics on the structure and stability of neutron stars
as well as some strategies to distinguish its predictions from those of GR.
3.3.1. Stellar structure
In the EiBI gravity scenario, the equations of stellar structure in the full relativistic
case have been studied in numerous works [295, 329, 192, 333], and for a line element of
the form
ds2 = −eφ(r)dt2 + eλ(r)dr2 + f(r)dΩ2 , (3.16)
can be written as
dm
dr
=
r2
4ǫ
(
2− 3
ab
+
a
b3
)
(3.17)
dp
dr
= −
[
2m
r2
+ r2ǫ
(
1
ab +
a
b3
− 2)][
1− 2mr
] [
2
ρ+p +
ǫ
2
(
3
b2
+ 1
a2c2s
)] (3.18)
with
f(r) =
r2
ab
(3.19)
a ≡
√
1 + ǫκ2ρ (3.20)
b ≡
√
1− ǫκ2p (3.21)
c2s ≡
dp
dρ
. (3.22)
Given a barotropic equation of state p = p(ρ) and appropriate boundary conditions,
concrete models can be studied. The boundary conditions at the centre typically involve
the specification of the central density ρc (or the central pressure pc), and the condition
m(0) = 0. For rough structural considerations, the radius of the star is defined by the
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condition p(R) ≤ p0, where p0 is ideally zero but in practice is represented by a small
positive number. At that point one assumes that the Schwarzschild solution should take
over, provided a sufficiently smooth transition profile is used. This last step is usually
assumed to hold and can be omitted (more details on this will come later).
From the definitions of the functions a and b above, the constraints
ǫκ2pc < 1 , for ǫ > 0 (3.23)
|ǫ|κ2ρc < 1 , for ǫ < 0 (3.24)
appear naturally for stellar models. Assuming that ρc in neutron stars is of the order
ρc ∼ 1018 kg/m3 and pc ∼ 1034 N/m2, we get that |ǫκ2| . 1 m5 kg−1 s−2. Numerically
one verifies that compact objects only exist if p(r) ≈ pc+ p2r2 near the centre has p2 < 0.
This leads to a condition compatible with (3.10).
The case of pressureless relativistic fluids was considered in [295] as an extension of
the Newtonian case, finding that solutions always exist if ǫ > 0. These objects have a
maximum compactness of GM/R ∼ 0.3 and a maximum mass and radius that linearly
grow with ǫ. The fact that the current cosmological model requires a significant component
of cold dark matter particles with p = 0 makes these solutions particularly interesting, since
they indicate that such particles could aggregate in structures with the typical compactness
and mass of most neutron stars.
Models in EiBI gravity with realistic equations of state based on nuclear physics have
been studied in detail in [329] (see also [333] and [295]). These equations of state are usually
presented in tabulated form and require numerical interpolation for their implementation
in the codes. Though this is not a problem in the case of GR, the interpolation method may
introduce numerical noise and artificial effects which should be avoided. In [329] this was
solved by using smooth analytic functions to model the tabulated equations of state (see
Fig.4), while in [295] a piecewise polytropic interpolation was implemented. As a general
feature, it is observed that the mass of the solutions increases with the central density
until a certain maximum value. This maximum mass is larger than the GR prediction if
ǫ > 0 and smaller if ǫ < 0. The maximum appears at a lower central density than in GR
if ǫ > 0. As pointed out in [295], the larger mass predicted by models with ǫ > 0 could
serve to prevent ruling out some softer equations of state for which the observation of a
neutron star with mass M ≈ 1.97M⊙ was a critical test (see also [312] for updated data
on massive pulsars). Different examples were studied in [192], including a model with a
causal stiff fluid for which the speed of sound equals the speed of light, a radiation-type
equation of state, a polytrope of index n = 3 (relativistic neutrons), and the quark matter
equation of state. An exact (and exotic) analytical solution of the relativistic equations
was also found there. More recently, the influence of hyperons in the equation of state
has been explicitly considered in [312] to illustrate that the “hyperon problem” found in
neutron star models within GR may be avoided in the EiBI theory. Their conclusions are
in agreement with the previous literature on this topic. Slowly rotating relativistic stars
were also considered in [295] using the perturbative approach introduced by Hartle [195].
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Figure 4: Analytic fit of the BBB2 and FPS models, taken from Ref.[329]. The crosses and pluses represent
the data points in the EOS tables and the lines are the analytic fit functions.
3.3.2. Stability
A detailed analysis of the stability under radial perturbations of relativistic stars was
carried out in [329] and [334], both focusing on the fluid modes and neglecting the space-
time modes. In [329] a fixed, static physical background was assumed but it was noted
that the auxiliary metric could develop a non-zero contribution in the t− r sector due to
the perturbations in the fluid. The approach of [334] is different, as the author adopts
a crude Cowling approximation forcing both the physical metric perturbation, δgµν , and
the auxiliary metric perturbation, δqµν , to vanish.
Denoting by ξ the radial Lagrangian displacement and ξ˙ its time derivative, the four-
velocity of the fluid is given by uµ = (−eφ/2, e−φ/2ξ˙, 0, 0), which to linear order induces
an off-diagonal perturbation in T µν given by T
r
t = −(ρ¯ + p¯)ξ˙, with the bar denoting
background values. Assuming a time dependence eiωt for all the perturbed quantities, the
relevant eigenvalue equation for the radial oscillation modes can be written as
χ′′ = −W1χ−W2χ′ , (3.25)
where χ ≡ r2Q1(ρ¯ + p¯)ξ, and the functions W1,W2, and Q1 depend on the background
fields and the frequency ω2 (see Appendix A of [329] for the explicit expressions of these
functions). The analogous equation for linear radial perturbations in the non-relativistic
limit was studied in [295] in the context of polytropic fluids finding a more tractable
expression:
−1
ρ¯
[γp¯
r2
(r2ξ)′
]′
+
4
ρ¯r
ξp¯′ +
ǫκ2
4
[
2ξρ¯′
r
− ξ′ρ¯′ −
( ρ¯
r2
(r2ξ)′
)′]
= ω2ξ , (3.26)
where γ defines the adiabatic index of the perturbations. In both cases, the resulting
eigenvalue equation must be solved subject to standard regularity condition at the centre,
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Figure 5: Gravitational mass M and fundamental mode frequency square ω2 plotted against the central
density ρc (denoted as εc in the plots) for two EOS models: (a) APR and (b) BBB2. Three different values
of the Born-Infield parameter ǫ, denoted as κ in the plots (not to be confused with the Einstein constant,
as follows from the notation employed in this section) are considered. The circle on each M -density curve
corresponds to the maximum-mass configuration. Plots taken from [329].
ξ(0) = 0 = ξ′(0), being ξ(R) finite at the surface. An instability corresponds to an
eigenmode with ω2 < 0.
In the relativistic case, the stability of compact stars is investigated using four different
equations of state (APR [10], BBB2 [37], FPS [243], and SLy4 [143]). The results confirm
in a robust manner that ω2 remains positive up to the value of the central density at which
the stellar mass reaches its maximum (see Fig.5). This critical density sets the onset of
a dynamical instability against radial perturbations. At lower densities, the solutions are
linearly stable. This behavior is qualitatively identical to that already observed in GR. The
numerical results in Fig.5 show that in the EiBI gravity theory the mass of the solutions
may attain a local minimum at larger central densities. The location of this extremum
coincides with a zero in the frequency square of the first radial harmonic. While the
frequency of the first and higher harmonics depend on the specific value of ǫ chosen, for a
given mass, the fundamental mode is quite insensitive to ǫ.
For non-relativistic stars, in the presureless case one finds that, for a given ǫ, there is
one fundamental mode, which is numerically determined as ω = αρ
1/2
c , where α ≈ 2.1866
is a factor independent of ǫ [295]. These solutions do not have unstable modes, confirming
that they are linearly stable. For polytropic models, the stability is improved as compared
to the case of GR. In GR, models with adiabatic index γ = 4/3 are marginally stable for
any polytropic index n, whereas in the Born-Infeld theory these models are always stable
if ǫ > 0 and unstable for ǫ < 0.
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3.3.3. Observational discriminations from GR
The exceptional conditions of matter inside neutron stars, with densities that may be
several times above nuclear densities, turn these objects into natural laboratories from
which to extract valuable information on the properties and behavior of nuclear matter.
The study of their structure, rotation, and magnetic fields can thus offer a powerful win-
dow on the microscopic properties of matter, complementing in this way the knowledge
obtained from laboratory experiments. In the context of GR, this could help constrain
the form of the equation of state of nuclear matter, which has led to the study of empiri-
cal relations between the structural properties of neutron stars (mass, radius, moment of
inertia, ...) and their equations of state. Alternatively, the potential existence of relations
weakly dependent on the equation of state could also be used to constrain the gravitational
dynamics.
The possibility of discriminating between the predictions of GR and those of EiBI
gravity using a special kind of neutron stars was raised in [333]. As mentioned above, the
mass-radius relation of neutron stars is intimately linked to the details of the equations of
state and the internal gravitational dynamics. Extracting useful information about these
two inputs of the theory requires not only measuring the radii of neutron stars for a broad
range of masses but also breaking the potential degeneracies that may arise between the
matter and the gravity sectors. In this respect, a normal neutron star with M ∼ 1.4M⊙ is
more sensitive to the high density properties of the equation of state than a low mass star
with M ∼ 0.5M⊙, and the uncertainties in the corresponding equations of state of each
model are very different. The importance of the analysis of [333] lies on the observation
that the radii of neutron stars with M ∼ 0.5M⊙ are strongly correlated with the neutron
skin thickness33 of 208Pb nuclei in a way which is independent of the particular equation
of state [101]. This suggests that laboratory measurements of the neutron skin thickness
of 208Pb combined with the precise observational determination of the radii of neutron
stars with 0.5M⊙ could provide a direct estimate of ǫ.
Quantitatively, [333] finds that the radius of 0.5M⊙ neutron stars, R05 (measured in
km), for different equations of state admits a linear parametrisation of the form (see Fig.6)
R05 = c0 + c1∆R , (3.27)
where ∆R (measured in fm) represents the neutron skin thickness of 208Pb. It should
be noted that the value of ∆R depends on the particular equation of state considered
but is independent of ǫ. The constants c0 and c1 depend on the value of ǫκ
2ρ0, where
κ2ρ0/8π = 1.99×10−4 km−2 follows from taking ρ0 = 2.68×1014 g/cm3 (nuclear saturation
density). The dependence of these parameters on ǫκ2ρ0 is explored in the range −0.02 ≤
ǫκ2ρ0 ≤ 0.04, finding that
33In the determination of the relation between pressure and energy density in nuclear matter equations
of state, the so-called symmetry energy quantifies the change in nuclear energy associated with modifying
the neutron-proton asymmetry. Accurate determination of the thickness of the neutron skin of neutron rich
heavy nuclei would provide crucial experimental constraints on the symmetry energy and, as a consequence,
on the structural properties of neutron stars.
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Figure 6: Radii of neutron stars with 0.5M⊙, R05 in Eq.(3.27), as a function of the neutron skin thickness
of 208Pb for ǫκ2ρ0 = −0.02, 0, and 0.02, using various EOS as shown in [333]. The curves are insensitive
to the EOS but do depend on the Born-Infield parameter ǫ.
c0
km
= 8.21 + 60.3 × (ǫκ2ρ0) (3.28)
c1
km/fm
= 31.0 − 125.8 × (ǫκ2ρ0) . (3.29)
Combining these relations with Eq.(3.27), one finds that
ǫκ2ρ0 =
R05 − 8.21 − 31.0∆R
60.3 − 125.8∆R , (3.30)
where, recall, R05 is measured in km while ∆R in fm. Using this expression, with ob-
servational values of R05 and ∆R one can, in principle, determine the value of ǫ. In this
regard, assuming that R05 and ∆R had ±10% variances, the uncertainties in the determi-
nation of ǫκ2ρ0 would reach ±0.04 for R05 = 12 km and ±0.06 for R05 = 14 km even in
the case of GR. According to the best current data, the situation is even worse because
∆R = 0.33+0.16−0.18fm does not allow to constrain ǫ even if R05 were exactly known. Given
that the measurement of R05 is expected to be more difficult than that of ∆R, because
0.5M⊙ is exceptionally small for a neutron star, the use of this approach to constrain the
theory is really challenging. Nonetheless, there is still hope that the observation of neutron
stars with ∼ 0.7M⊙, for which this qualitative analysis is still valid, could be used in the
future (the lowest mass of neutron stars observed so far is (0.87 ± 0.07)M⊙ [316]).
3.3.4. Phase transitions
Let us now focus our attention on phenomena taking place in the high density family of
neutron stars. The potential existence of phase transitions in the nuclear matter of massive
neutron stars could have more dramatic effects in Born-Infield theories of gravity than in
GR due to the role that matter gradients play in this theory. The relativistic hydrostatic
equilibrium equation (3.18) and the study of stellar pulsations put forward the appearance
in the equations of terms associated with the sound speed and its first derivative, which
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are dependent on the first and second-order derivatives of the pressure with respect to the
matter density. This, in part, motivated the use of interpolating functions to approximate
the tabulated equations of state in order to avoid artificial numerical effects. However,
should first-order (or second-order) phase transitions take place in the interior of neutron
stars, discontinuities in the matter density (sound speed) would occur. The potential
effects of first-order phase transitions have been investigated in [328].
The first thing to note in the case of first-order phase transitions, is that in the limit in
which c2s → 0, Eq.(3.18) behaves as dp/dr ∝ −c2s/ǫ thus implying that dρ/dr = c−2s dp/dr is
finite even when dp/dr vanishes. If ǫ > 0, one finds that in the region of constant pressure
dρ/dr is continuous, constant, and negative, generating in that way a discontinuity in the
function p = p(ρ). This region of constant pressure is self-supported due to the repulsive
gravity generated by the strong density gradient, in much the same way as pressureless
solutions are stabilized. The continuity of ρ(r) in this scenario contrasts with the case of
GR, where a discontinuity in ρ is unavoidable. If ǫ < 0, both dp/dr and dρ/dr are positive
at the c2s ≈ 0 region, yielding a completely different qualitative behavior. The relevant
term in the hydrostatic equilibrium equation is now of the form
dp
dr
∝ −
[
2
ρ+ p
+
κ2ǫ
16π
(
3
b2
+
1
a2c2s
)]−1
. (3.31)
Given that the ρ + p term is positive and that the other one is negative and grows as
c2s → 0, a divergence in dp/dr is unavoidable, which indicates the impossibility of having
equilibrium static solutions when ǫ < 0.
For the ǫ > 0 case, one can verify that the metric functions are smooth and finite
but the Ricci scalar develops a delta-type divergence due to its dependence on the radial
derivative of c2s, which is discontinuous at the phase transition. The physical implications
of this divergence have not been studied in detail (see the section 4.5.2 on black holes for
closely related discussions), though as suggested in [230] they could induce a backreaction
able to avoid them. In fact, as acknowledged in [328], there is no evidence whatsoever that
compact stars in nature exhibit phase transitions in their interiors. As a final comment, we
just note that curvature divergences of this type are common in many physical problems
involving thin shells, in which a certain thick boundary is idealised in the form of a
hypersurface that separates two regions [257, 141, 173]. The delta-like divergences are
expected to disappear on physical grounds once small perturbations are allowed in the
density/pressure profiles.
3.3.5. Universality relations: f -mode and I-Love-Q.
Aside from the mass-radius relation in the low range band of neutron stars, other em-
pirical relations connecting parameters of neutron stars have been proposed. In particular,
a correlation between the scaled moment of inertia I/MR2 and the compactness M/R has
been observed [57, 239]. Also the frequency and damping rate of the quadrupolar f−mode,
associated to internal fluid oscillations, can be related to global properties such as M and
I in a way that depends very weakly on the equation of state [18, 19, 63, 64, 348, 240].
Also, the values of M,R, and the moment of inertia I can be accurately inferred from
the f−mode gravitational wave signals [240]. More recently, a universal relation involving
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QM/J2 and M/R, where Q is the spin-induced quadrupole moment and J the angular
momentum, has been found. Other universal relations between I,Q and the tidal and
rotational Love numbers λtid and λrot have also been discovered [370, 369]. These so-
called I-Love-Q relations are relevant for the understanding of gravitational wave signals
in neutron stars binary mergers.
The f−mode universality relations and the I-Love-Q relations of [370, 369] have been
investigated in the context of Born-Infield gravity in [330]. For this purpose, the authors
wrote the field equations in GR-like form following the approach of [138] and computed
the oscillation frequencies also in that representation. The consistency of this approach
to the problem of stellar perturbations with that provided in [329] was also confirmed,
within numerical accuracy, putting forward the usefulness of this representation of the
field equations.
Let us first focus on the properties of the f -mode. Neutron star oscillations are damped
by the emission of gravitational waves, which implies the existence of a complex part in
the oscillation eigenfrequencies (quasi-normal modes), ω = ωr + iωi, with ωi representing
the damping rate of the oscillation mode. Within the frame of GR, it turns out that ωr
and ωi of the f -modes (fluid oscillations) can be related to global parameters of the star
according to
Mωr = −0.0047 + 0.133η + 0.575η2 (3.32)
I2
M5
ωi = 0.00694 − 0.0256η2 , (3.33)
where the factor η ≡
√
M3/I is dimensionless (in the appropriate units). These relations
are more insensitive to the equation of state than previous relations where the radius R
was chosen as a parameter. The motivation for this choice comes from the fact that R is
sensitive to the low-density part of the equation of state, while the moment of inertia I
measures the mass distribution globally, which is more closely related to the f -mode oscilla-
tions of the star. The approach of [330] consisted on writing the Born-Infield field equations
in GR-like form [138], solving the stellar structure equations for several nuclear matter
equations of state, and then computing perturbations around the different backgrounds
obtained to identify the f -mode frequency using well-established methods developed in
GR [233]. Considering the cases ǫκ2ρ0 = −0.1, 0.0, 0.1, with ρ0 ≡ 1015g/cm3, for which
M can change up to 30%, it was found that the relations Mωr(η) and I
2ωi/M
5(η) are
essentially independent of the chosen equation of state and ǫ, being in excellent agreement
with Eqs. (3.32) and (3.33), respectively.
The moment of inertia of a star is defined by I ≡ J/Ω, where J and Ω are the
angular momentum and the angular velocity of the star, respectively. For a given J , I
determines how fast a star can spin and, for this reason, it is expected to be correlated
with the spin-induced quadrupole moment Q of the star. Interestingly, in [370, 369] it
was found a relation between I and Q which is independent of the equation of state.
Related to this, the (traceless) quadrupole moment induced on a neutron star by a nearby
companion is determined by Qij = −λtidEij, where Eij is the tidal tensor and λtid is
the so-called Love tidal number. Though, in principle, there is no reason to expect an
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equation-of-state-independent relation between the variables I¯ ≡ I/M3, Q¯ ≡ −Q/(M3χ2),
and λ¯tid ≡ λtid/M5, where χ ≡ J/M2, it turns out that they are related by an expression
of the form
ln yi = ai + bi lnxi + ci(lnxi)
2 + di(lnxi)
3 + ei(ln xi)
4 , (3.34)
where the pairs (xi, yi) represent (λ¯tid, I¯), (λ¯tid, Q¯), and (Q¯, I¯) (see Figs.7) and the co-
efficients ai, bi, ci, di, and ei are constant. The numerical analysis puts forward that the
I-Love-Q relations for the EiBI theory of gravity are the same as the GR ones for the
range of parameters explored, |ǫκ2ρ0| ≤ 0.1 and, therefore, they cannot be used to obser-
vationally discriminate between these two theories.
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Figure 7: Universality relations between the moment of inertia, the spin-induced quadrupole moment, and
the tidal Love number as shown in [330]. The curves are insensitive to both the EOS and the Born-Infield
parameter ǫ.
For the sake of completeness, we briefly comment now on the approach of [138] used
to study the above universality relations. Following our notation and manipulations, the
field equations of the theory can be written in Einstein-like form as (recall Eq.(2.63))
Gµν(q) =
κ2
|Ωˆ|1/2
[
T µν −
(
LG + T
2
)
δµν
]
, (3.35)
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where LG represents the gravity Lagrangian, being LG = (|Ωˆ|1/2 − λ)/(κ2ǫ) in the Born-
Infield theory, and |Ωˆ| is the determinant of the deformation matrix that relates qµν and
gµν , as defined by Eq.(2.57). In the case of GR one gets LG = R/(2κ2) = −T/2 leaving
the T µν term alone on the right-hand side of the equations. Note that while the Einstein
tensor on the left-hand side is defined in terms of the auxiliary metric qαβ, the matter
terms on the right-hand side (including LG and |Ωˆ|1/2) depend on the physical metric gµν .
Since the (algebraic) relation between these two metrics depends on T µν , which can have
some dependence on gµν (typically through kinetic terms), the resulting field equations
may become highly nonlinear in the matter variables. The case of a perfect fluid, with
T µν = (ρ + p)u
µuν + pδ
µ
ν , is particularly simple because the metric dependence of T
µ
ν
only appears through the covariant vector uν ≡ gναuα. For this matter source Eq.(3.35)
takes the explicit form
Gµν(q) = κ
2
[
(ρ+ p)
|Ωˆ|1/2 u
µuν +
1
|Ωˆ|1/2
(
ρ− p
2
+ LG
)
δµν
]
, (3.36)
with |Ωˆ|1/2 = (λ + ǫκ2ρ)1/2(λ − ǫκ2p)3/2. This representation suggests a redefinition of
variables such that the right-hand side of (3.36) can be interpreted as an effective perfect
fluid coupled to the geometry defined by qµν . The proposal of [138] thus follows naturally,
defining
pq =
1
|Ωˆ|1/2
(
ρ− p
2
+ LG
)
(3.37)
ρq + pq =
(ρ+ p)
|Ωˆ|1/2 (3.38)
vµvν = u
µuν , (3.39)
where vµ is normalised using the auxiliary metric, qµνv
µvν = −1, and vν ≡ qναvα. Using
Eq.(3.39) and the fact that in this model qαβ = Ω0gαβ +Ω1uαuβ, with
Ω0 =
√
(λ+ ǫκ2ρ)(λ− ǫκ2p) (3.40)
Ω1 = ǫκ
2(ρ+ p)
√
λ− ǫκ2p
λ+ ǫκ2ρ
, (3.41)
the relation between vµ and uν can be readily established. In fact, contracting (3.39) with
vν , one finds vµ = −(v · u)uµ, where v · u ≡ vµuνgµν is the usual scalar product between
vectors. If the contraction is done with uν , one finds instead vν = −uν/(v · u). Using the
definition of qµν above to compute u
αvα = (v ·u)(Ω0−Ω1) and the relation vν = −uν/(v ·u)
to get the alternative expression uαvα = 1/(v · u), one finds that (v · u)2 = 1/(Ω0 − Ω1),
which completely specifies the relation between vµ, vν and u
µ, uν . These new variables
have mapped the EiBI gravity theory into the usual Einstein equations, which can now
be manipulated and solved using standard methods. The spacetime metric follows from
the relation gµν = (qµν − Ω1uµuν)/Ω0. This approach should, in principle, be applicable
to other matter sources as well.
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3.3.6. Magnetic fields
Magnetic fields are thought to play an important role in supernova explosions [368],
gamma-ray bursts [302], soft gamma repeaters and quasi-periodic oscillations, anomalous
X-ray pulsars [345, 234], etc, and are also fundamental to understand basic observational
features of neutron stars. In particular, it is well known that the spectrum of radiation
emergent from a neutron star atmosphere can significantly differ from a blackbody spec-
trum, and its angular distribution be far from isotropic due to the presence of magnetic
fields [372]. In this sense, it is important to note that the radiation properties of neutron
stars are strongly conditioned by their superficial layers [289], which can be in a gaseous
state (atmosphere) or condensed state (liquid or solid) depending on surface temperature,
magnetic field, and chemical composition. A condensed surface, for instance, may arise at
low temperatures and very strong magnetic fields (T . 105K and B = 1013G or T . 106K
and B = 1014G). On the other hand, the strong gravitational field on the surface layers,
which is usually regarded as constant and of order g ∼ 1014−15cm/s2, rapidly sinks the
heaviest elements, leaving the lightest available ones at the surface, which will then be re-
sponsible for the radiative properties of the atmosphere, critically affecting its spectrum.
A thin layer of Hydrogen of just 10−20M⊙, for instance, is sufficient to condition the whole
spectrum. This is so because magnetic fields are able to shift the ionization energy of Hy-
drogen up to 160 eV if B = 1012G (or 310 eV if B = 1013G). The intensity of magnetic
fields on the neutron star outer layers is thus essential to understand the features of their
radiation spectra, polarization, and thermal conductivity. The presence of magnetic fields
above B ∼ 109 − 1010G, therefore, may affect the opacity of the outer layers resulting
in a nonuniform surface temperature distribution, which may lead to pulsations of the
thermal radiation due to rotation. At lower intensities, however, its impact on the opacity
is negligible and can be safely neglected.
The effects of the Born-Infield gravitational dynamics on the magnetic fields of neutron
stars have been investigated in [335] focusing on the axisymmetric dipole configurations,
which are expected to dominate in old neutron stars, and assuming spherically symmetric
configurations. This assumption implies that the magnetic energy in the star is much
smaller than the gravitational binding energy, which allows to neglect any deformation
induced by the magnetic pressure. The stellar structure is thus determined by the fluid,
while the magnetic field is just computed on top of the resulting geometry. The equations
governing the magnetic field follow from Maxwell’s equations
F[µν;α] = 0 (3.42)
∇µFµν = 4πJµ , (3.43)
while the coupling between the fluid and the magnetic field result from the conservation
equation ∇µT µν = 0, which in the ideal magneto-hydrodynamic approximation takes the
form
(ρ+ p)uν∇νuµ + (δνµ + uνuµ)∂νp = FµνJµ . (3.44)
With the appropriate gauge condition, Aµ can be written as Aµ = (0, Ar, 0, Aϕ), and
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expanding Aϕ as Aϕ = al(r) sin θ∂θPl(cos θ), where Pl(cos θ) is the Legendre polynomial
of order l, the equation describing the dipole magnetic field (l = 1) becomes
a′′1 +
(φ′ − λ′)
2
a′1 +
(
ζ2e−φ − 2
f
)
eλa1 = −4πeλj1 , (3.45)
where the line element (3.16) has been used, prime denotes radial derivative, j1 ≡ c0f(r)(ρ+
p), with c0 a constant, and the constant ζ is related to Ar = ζe
(λ−φ)/2alPl. The compo-
nents of the magnetic field, Bµ = ǫµναβu
νFαβ/2 can thus be written as
Br =
2a1e
λ/2
f
cos θ (3.46)
Bθ = −a′1e−λ/2 sin θ (3.47)
Bϕ = −ζa1e−φ/2 sin2 θ , (3.48)
from which it is apparent that ζ controls the strength of the toroidal magnetic field. As-
suming that the exterior geometry is described by the Schwarzschild solution, the external
poloidal magnetic field (ζ = 0) is determined by
a
(ex)
1 = −
3µbr
2
8M3
[
ln
(
1− 2M
r
)
+
2M
r
+
2M2
r2
]
, (3.49)
where µb is the magnetic dipole moment at infinity. This solution sets the external bound-
ary condition for a1 and a
′
1. From (3.45), one finds that at the centre a1(r) ≈ α0r2+O(r4),
with α0 a constant. The constants α0 and c0 (which appear in j1) should be chosen so as
to guarantee the continuity of a1 and a
′
1 at the surface. The magnetic field strength can
thus be written as
B ≡ (BµBνgµν)1/2 = f−1[4a21 cos2 θ + a′21 fe−λ sin2 θ + ζ2a21fe−φ sin2 θ]1/2 . (3.50)
At the stellar centre, one finds that B0 = 2α0
√
1 + ǫκ2ρc
√
1− ǫκ2pc.
The analysis of [335] considered stellar models withM = 1.4M⊙, a range of parameters
|ǫκ2ρs| < 0.05, with ρs = 2.68×1014g/cm3 representing the nuclear saturation density, and
two different realistic equations of state for nuclear matter, FPS [243] and SLy4 [143]. This
choice was necessary in order to compare the effects of the modified dynamics with those
of different equations of state in different regions of the star. The magnetic distributions
observed in the pure poloidal case, ζ = 0, are qualitatively the same as in GR, with
deviations smaller than 10% in some regions and reaching departures of less than 0.5% in
the crust. The mixed case, ζ 6= 0, manifests some peculiar features depending on the value
of ζ, but roughly are also very similar to those of GR. Thus, the differences with respect
to GR in the internal regions are comparable to the uncertainties due to the equation of
state. The magnetic fields on the crust, however, depend very weakly on the coupling
constant ǫ, while properties of this region such as its thickness are very sensitive to the
equation of state. It was suggested in [335] that this could be used to extract information
on the equation of state by exploring physical processes associated to the crust, such as
82
stellar oscillations. However, given that stellar oscillations are also very insensitive to the
Born-Infield parameter due to the universality relations discussed in [330], it seems that
the magnetic field is a poor probe for this type of theories.
3.4. Final remarks
The use of astrophysical objects to constrain the magnitude of the non-linearity pa-
rameter in the EiBI theory of gravity has shown that with current data reasonable bounds
can be placed on the theory. However, several important degeneracies arise which make it
difficult to distinguish the theory from GR or discriminate its effects from those coming
from the matter sector. The exploration of other Born-Infeld inspired theories in these
scenarios could help better understand whether these degeneracies are proper of the EiBI
or are common to a larger family of gravity theories. For all such theories, a realistic
and satisfactory modeling of the transient from the top layers of the star to the external
(idealized) vacuum solution is still missing.
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4. Black Holes
According to General Relativity (GR), a fuel-exhausted star with a mass exceeding
the refined Tolman-Oppenheimer-Volkoff limit, which may raise up to ∼ 2.5M⊙, depend-
ing on the equation of state for dense matter (see section 3.3) may end up its lifetime
collapsing to form a region of spacetime causally disconnected from asymptotic observers,
and which is called a black hole [331]. The three-dimensional null hypersurface marking
the boundary of this region, which acts as a one-way membrane, is the event horizon.
According to the unicity theorems formulated by Israel [215, 214], Carter [102] and Hawk-
ing [198] and others [318] (together with the no-hair conjecture, see [253]), starting from
any initial (non-necessarily symmetric) configuration the final state of the gravitational
collapse corresponds to a stationary and axisymmetric object solely described in terms
of three parameters: mass, charge and angular momentum, leading to the Kerr-Newman
family of solutions [227, 258] (see [222] for a review on gravitational collapse). With the
recent detection of gravitational waves ascribed to black hole merger processes by the
LIGO collaboration [2]34, which is added to the classical observations from compact X-ray
sources (with Cygnus X-1 as the first historical and most influential example [286]), the
astrophysics of compact objects has entered into a golden era, where GR can be tested
with an unprecedent precision in new regimes [3].
Black holes have been and still are a very active area of research as they pose a number
of challenges to our comprehension of gravitational interaction. These problems are of
different kinds. First, it has been convincingly established in the literature that, if one
assumes the validity of the Einstein’s equations all the way down to the innermost region
of a black hole, a spacetime singularity unavoidably develops [299]. Moreover, this result is
not due to an artifact of an excessively simplified modelling, but instead grounded on some
physically reasonable restrictions [326] (spacetime singularities and non-singular black
holes in the context of Born-Infeld inspired modifications of gravity will be extensively
discussed in section 4.5). To avoid the breakdown of predictability and determinism,
Penrose introduced the cosmic censorship conjecture [300], by which it is assumed that
an event horizon covering the singularity is always developed during the gravitational
collapse process, and thus a naked singularity cannot be seen from external observers.
Second, there is a tension between the classical description of gravitational phenomena
provided by GR and the fundamental tenet of quantum mechanics, namely, unitarity, as
given by the apparent disappearance of information inside a black hole, known as the
black hole information loss problem [200, 248]. On the other hand, the very connection
between Hawking’s radiation [199] and standard thermodynamic systems still calls for an
understanding in terms of hypothetical black hole microscopic degrees of freedom, and
the controversy about the potential existence of firewalls at the event horizon still goes on
[14]. Finally there are apparent counterexamples of solutions with hair when adding the
new ingredient of superradiance [205] (see [206] for a recent review), with related intensive
searches for observational discriminations from the Kerr solution [98].
34Indeed, the existence of gravitational waves was already indirectly hinted by the observations of the
Hulse-Taylor binary pulsar [213] and others.
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As black holes allow to test the strong field limit of GR, determining the deviations
of black hole solutions from the Kerr one of GR and comparing them with astrophysical
observations has become a major test on the viability of any modification of gravity35.
Their study could shed new light on the understanding of all the open questions discussed
above. In the context of Born-Infeld inspired theories of gravity we have already seen
that the vacuum solutions, in Palatini approach, yield the same dynamics of GR with a
cosmological constant term. Thus, the class of static, spherically symmetric vacuum black
hole solutions of such theories is represented by the Schwarzschild one, characterized by
mass M . In order to excite the dynamics contained in the new couplings of this theory
one needs to couple it to some matter source. The available literature so far amounts to
two such sources, namely, electrovacuum fields36 and anisotropic fluids. In this section
we shall review in detail the corresponding deviations from the GR solutions and their
contributions to fundamental and observational issues of black hole physics.
4.1. Spherically symmetric solutions with matter in Born-Infeld gravities
Along the years, a number of Born-Infeld inspired actions have been considered in the
literature regarding the search for spherically symmetric solutions. A quick review on
some of the first proposals will prepare us to deal with the Eddington-inpired Born-Infeld
gravity introduced by Ban˜ados and Ferreira [45], for which most of the research on black
hole physics in the literature has been carried out. Note that in the original proposal of
Deser and Gibbons [140] the field equations of Born-Infeld gravity were derived using a
purely metric variation, which results in fourth order equations of motion and presence of
ghosts (see section 2.2), rendering the problem of finding exact solutions to such equations
almost intractable. Nonetheless, Feigenbaum [157] considered the metric formulation of
the four-dimensional, Class-0 action (recall the classification of theories of section 2.7):
S =
∫
d4x
√−g
[
R+ β
(√
1− k1R2 − k2RµνRµν − k3RαβµνRαβµν − 1
)]
(4.1)
where β, k1, k2, k3 are some constants. Despite the unavoidable trouble with ghosts, Feigen-
baum investigated spherically symmetric solutions in the approximation Rµν ≃ 0 and
with the additional simplification of taking k1 = k2 = 0, which imposes the constraint of
RαβµνRα
βµν ≤ 1k upon the Kretschman scalar as long as β 6= 0. Given the limited physical
interest of this scenario due to the ghost problem, let us just mention that Feigenbaum
obtained analytical solutions (perturbatively to lowest order in ǫ) under the form
35See Berti et.al. [67] for an overview on experimental constraints on the many gravitational modifica-
tions of GR proposed in the literature.
36It should be stressed that, though in astrophysically realistic situations the amount of net electric
charge is negligible, its consideration for black holes may yield relevant lessons regarding gravitational
physics beyond GR, in particular, on the spacetime singularities issue.
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ds2 = −f2(r)dt2 + dr
2
h2(r)
+ r2dΩ2 (4.2)
f(r) =
√
1− 2M
r
[
1− 8k
2M3β
r9
(
8r − 11M
r − 2M
)
+O (k3β2M3)] (4.3)
h(r) = 1− 8k
2M3β
r9
(
36r − 67M
r − 2M
)
+O (k3β2M3) . (4.4)
In this expression M is the total mass of spacetime, as seen from a far away observer.
In the limit of negligible β these solutions reduce to the Schwarzschild black hole of GR.
When increasing the constant β the event horizon disappears (the transition value follows
from a non-trivial relation between k, β and M that can only be numerically determined)
and a kind of “bare mass” objects free of curvature divergences arise. We will see later
that the existence of solutions without curvature divergences turns out to be a feature of
other Born-Infeld inspired theories of gravity as well.
The explicit addition of matter, and the corresponding search for spherically symmetric
black hole solutions, was first explored with some detail by Vollick. In [357] he considered
the following action:
S = 1
κβ
∫
d4x
(√
|gµν + βRµν + κβMµν | −
√
|gµν |
)
(4.5)
where β is a constant (whose interpretation shall be clear later), Mµν contains the matter
contribution and the connection is taken to be symmetric.
WhenMµν = 0, the purely metric variation of this action (Class-0) has been considered
by Feigenbaum, Freund and Pigli [158], and Feigenbaum [157]. Working in the Palatini
approach (Class-III theories), Vollick finds electrostatic, spherically symmetric solutions.
In this case, one takes the matter contribution Mµν = αFµν , where α is a constant and
Fµν = ∂µAν − ∂νAµ is the field strength tensor of the vector potential Aµ. In order to
obtain a system of equations that can be solved exactly Vollick assumes sufficiently weak
fields and compute the field equations up to quadratic terms in the fields as
Gµν(g) =
β
8
[
gµνR2 − 4RRµν − 2gµνRαβRαβ + 8RµαRαν
]
−α2κ2β
[
Fµ
αFνα − 1
4
gµνF
αβFαβ
]
.
(4.6)
Since the last term in brackets in this expression corresponds to the energy-momentum
tensor of a Maxwell field, in order to obtain Einstein’s equations to lowest order in β
one must take α2 = 1/(κβ), which implies the positivity of β. Now let us consider
(electrostatic) spherically symmetric solutions using the gauge Aµ = (φ(r), 0, 0, 0), which
implies that the only non-vanishing component of the field strength tensor is Ftr(r) 6= 0.
After a bit of algebra, this restriction allows to cast the field equations (4.6) as
Gµν(g) = κ

 FµαFνα√
1− F 2
2b2
− b2gµν
[
1−
√
1− F
2
2b2
] (4.7)
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where by convenience we have introduced a new constant as b2 = 1/(κβ) and F 2 = FαβFαβ
denotes the electromagnetic field invariant. Note that the contribution on the right-hand-
side of these equations is formally similar to that of the energy-momentum tensor of
Born-Infeld theory of electrodynamics [75] with a reversed sign in front of second term
and inside the square root. The Einstein equations (4.7) have to be compatible with the
equations for the matter, which follow from variation of the action (4.5) with respect to
Aµ as ∇µ
[
|qˆ| (qˆ−1)[µν]] = 0, where the object qµν ≡ gµν + βRµν +√κβFµν . To quadratic
order, and in the notation above, these equations become
∇µ

 Fµν√
1− F 2
2b2

 = 0 (4.8)
which is nothing but the field equations of Born-Infeld electrodynamics with a reversed
sign inside the square root. In Vollick’s solutions, the mass function is given by (by
convenience, we shall absorb here the factor 4π from the integration of the electromagnetic
field equations as Q→ 4πQ)
dm(r)
dr
= b2
[√
r4 −Q2/b2 − r2
]
(4.9)
again with the reversed sign inside the square-root.
The main novelty of Vollick’s reversed sign solution is that it is only defined beyond a
radius r = rc, where r
2
c =
√
|Q|/b. The replacement of the point-like singularity of GR by
a finite-size structure is a feature that will re-appear later when discussing electromagnetic
geons in section 4.4. In the present case, at the radius r = rc one finds that the curvature
scalar behaves as
R = −8b2
[
1− r
4 − r2c
r2
√
r4 − r4c
]
(4.10)
and thus there is a curvature singularity, displaced here from r = 0 to a finite radius. To
find the horizons of these solutions one considers the zeros of the metric component gtt,
which can be found by solving the equation h(r) = r−2M+2b2(|Q|/b)3/2 ∫∞r/rc
[
u2 −√u4 − 1
]
du =
0. A careful analysis of this equation reveals the presence of charged black holes with either
two horizons, a single (degenerate) one or none (and a time-like singularity at r = rc), or
black holes with a single horizon and a time-like, space-like or null singularity, depending
on the parameters of the solutions.
Black holes with a cosmological constant λ can also be implemented within this frame-
work via the Class-III action [358]
S = 1
κβ
∫
d4x
(√
|gµν + βRµν +
√
κβFµν + βλgµν | −
√
|gµν |
)
. (4.11)
Now Vollick consider both electrostatic, E(r) ≡ Ftr, and magnetostic fields, B(r) ≡ Fθϕ,
via the two field invariants, F 2 = FµνF
µν and G2 = Fµν F˜
µν . In analogy with the solutions
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above, now the Lagrangian, L = L(F,G), corresponding to the energy-momentum on the
right-hand-side of the gravitational field equations, is obtained as
LBI = b2
(
1−
√
1− F
2
2b2
− G
2
16b4
)
(4.12)
with the same redefinitions as in the asymptotically flat case above. One can still assume
a spherically symmetric line element given by Eq.(4.16) and follow a similar procedure to
solve the field equations, which yields the expression for the mass function
dm(r)
dr
=
Λ
2
r2 + b2(1 + λ˜)−1
[√
r4 − Z˜2/b2 − r2
]
(4.13)
where Λ = λ
(
2+βλ
1+βλ
)
plays the role of the cosmological constant term, while we have
defined λ˜ = λ/(κb2), Z˜2 = Q˜2 + p˜2, with Q˜ = (1 + λ˜)Q and p˜ = (1 + λ˜)p being the
re-scaled electric and magnetic charges, respectively. From the computation of the Ricci
scalar constructed out of the spacetime metric
R = −4Λ− 8b2(1 + λ˜)−1
[
1− r
4 − r4c/2
r2
√
r4 − r4c
]
(4.14)
it follows that a curvature singularity is still present at the finite radius r = rc =
√
|Z˜|/b.
To close this part, let us briefly mention that spherically symmetric solutions were inves-
tigated in the context of f(R) models with a square root (Class-IV), see [235], but only
mundane (Anti-)de Sitter solutions were found.
4.1.1. Born-Infeld black holes in General Relativity
There is a remarkable parallelism between the modifications on the structure of hori-
zons for some of the solutions above and those of Born-Infeld electrodynamics coupled
to GR. As this parallelism will re-appear later in the literature, it is instructive to con-
sider the spherically symmetric solutions of Born-Infeld electrodynamics. In this sense,
the framework of Einstein’s gravity coupled to non-linear electrostatic fields has been de-
veloped to a great detail in the literature, particularly for Born-Infeld electrodynamics
[321, 139, 132, 87, 162]. The action is written as
S =
∫
d4x
√−g
[
R
2κ2
− L(F 2)
]
(4.15)
where the case of Born-Infeld electrodynamics is given by Eq.(4.12) with G = 0. Due to
the symmetry of the energy-momentum tensor for electrostatic solutions, T tt = T
r
r, one
can write a line element
ds2 = −
(
1− 2m(r)
r
)
dt2 +
(
1− 2m(r)
r
)−1
dr2 + r2dΩ2 (4.16)
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where dΩ2 = dθ2 + sin2(θ)dϕ2 is the solid angle element, and the mass function m(r) is
determined through the resolution of the Einstein’s equations as
dm(r)
dr
= r2T tt(r) = b
2
[√
r4 +Q2/b2 − r2
]
(4.17)
(compare this equation with (4.9)). This can be explicitly integrated (with the constraint
of recovering Schwarzschild black hole as r →∞) as
m(r) =M − 4πb
2r
3
[
r2 −
√
r4 +Q2/b2 +
2Q2
b2r2
2F1
(
1
4
,
1
2
,
5
4
,− Q
2
b2r4
)]
(4.18)
where M is the Schwarzschild mass. Due to the finiteness of the self-energy associated
to a point-like charge in Born-Infeld electrodynamics, see Eq.(2.10), the behaviour of the
metric component gtt at r = 0, with the expressions (4.16) and (4.18), becomes there:
gtt = g
−1
rr ≃
r→0
−
(
1− 8πbQ− 2(M − U˜)
r
+O(r2)
)
(4.19)
where U˜ = 4π3/2U , with U defined in Eq.(2.10) and the factor 4π3/2 comes from the
redefinition Q→ 4πQ above. The zeros of gtt in (4.19) set the location of the horizons. In
the (asymptotically flat) Reissner-Nordstro¨m solution of GR, such horizons are obtained
as r± =M ±
√
M2 −Q2, where the signs ± refer to the outer (event) and inner (Cauchy)
horizons, respectively. For these horizons to exist, the inequality M2 > Q2 has to be
fulfilled (when this bound is saturated, M2 = Q2, one has an extreme black hole with a
degenerated horizon), otherwise one ends up into a naked singularity. In the Born-Infeld
electrodynamics case, due to the finite character of U˜37, it turns out that the behaviour
of the metric at the center determines the existence of three classes of configurations
depending on the hierarchy between M and U . In this sense, if M < U˜ the solutions
resemble the Reissner-Nordstro¨m configurations of GR, in that two, a single (degenerate)
horizon or none can be found, while for M > U˜ a single horizon is always found, with
similar features to those of the Schwarzschild black hole of GR. Finally, when M = U˜ the
metric at the center is finite and equal to −(1 − 8πbQ), which consequently yields either
a single horizon or none. This description is depicted in Fig.10 for a particular choice of
b = Q = 1/2. In all these cases a curvature divergence is always present at r = 0 and this
way Born-Infeld electrodynamics fails to solve the singularity problem within GR. We will
see that quite a similar structure of horizons arises when considering Eddington-inspired
Born-Infeld gravity in section 4.4, while the issue with singularities will be reviewed in
section 4.5.
37Note in passing by that finiteness of the self-energy can be achieved in other non-linear theories of
electrodynamics, which indeed share most of the features regarding the structure of horizons and behaviour
of curvature scalars when coupled to GR [142].
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Figure 8: Born-Infeld black holes in GR for b = Q = 1/2 (U˜ ≃ 3.882). From top to bottom we find:
naked singularities (M = U˜ − 3.5), extreme black holes (M ≃ U˜ − 2.1152), two-horizon black holes
(M = U˜ −0.5), finite-metric solutions with a single horizon (M = U˜), and black holes with a single horizon
(M = U˜+1). Note the transition between Reissner-Nordstro¨m-like configurations (M < U˜ , blue curves) to
Schwarzschild-like black holes (M > U˜ , red) via the critical case M = U˜ (brown). Solutions with M = U˜
and no horizons are also possible. All solutions are asymptotically flat (horizontal dashed green line).
4.2. Eddington-inspired Born-Infeld black hole solutions
We now turn our attention upon to the most widely employed proposal in the literature
for Born-Infeld inspired modifications of gravity, and where the influential electrovacuum
black hole solutions of Ban˜ados and Ferreira were found [45]. This proposal is defined
via the action (2.33), and nowadays is usually known as Eddington-inspired Born-Infeld
gravity (EiBI), which is a Class-I action (see section 2.7 for details on this classification).
By convenience, let us write this action in the notation employed in this section as
SEiBI = 1
κ2ǫ
∫
d4x
[√
− det
(
gµν + ǫR(µν)(Γ)
)
− λ
√
− det gµν
]
+ SM(gµν , ψm) (4.20)
where ψm denote the matter fields. A few remarks are in order: for the purpose of this
section we shall assume hereafter that the (symmetric) connection Γ is not coupled to the
matter sector in the action (4.20), in agreement with Einstein’s equivalent principle, that
dictates that free-falling particles should follow geodesics of the background geometry gµν
(see 4.2.2 for specific details). On the other hand, in vacuum, SM = 0, the equation of
motion for gµν implies gµν =
ǫ
λ−1R(µν) so that an effective cosmological constant term
emerges as Λ = λ−1ǫ (thus asymptotically flat solutions correspond to λ = 1). This is
consistent with the non-relativistic limit described in section 3.1, where post-newtonian
corrections only emerge under variations on the energy density of the matter fields.
90
4.2.1. Geometry and properties
Let us now study spherically symmetric configurations in EiBI gravity sourced by
electrovacuum (Maxwell) fields, as given by the action
SM = −
1
16π
∫
d4x
√−gFµνFµν . (4.21)
The energy-momentum tensor for this source is written as
Tµν =
1
4π
(
FµσF
σ
ν − 1
4
gµνFσρF
σρ
)
. (4.22)
Ban˜ados and Ferreira considered the spherically symmetric line element for the metric gµν
as
ds2g = −ψ(r)2f(r)dt2 +
dr2
f(r)
+ r2dΩ2 (4.23)
and solved the EiBI equations for an asymptotically flat geometry, λ = 1. It is instructive
to consider in detail the obtention of the field equations, which is not provided in [45],
but derived in detail by Wei et. al. in Ref. [360] for arbitrary λ. This will be useful to
understand the different results obtained in similar but slightly different scenarios in EiBI
gravity. In many of such scenarios it is much simpler to solve the field equations for the
auxiliary metric qµν , and then transform the solution back to the spacetime metric gµν
using Eq. (2.57). In the present case one proposes a line element for qµν as
ds2q = −G2(r)F (r)dt2 +
1
F (r)
dr2 +H2(r)dΩ2 . (4.24)
The five metric functions {ψ(r), f(r), G(r), F (r),H(r)} are to be determined via the field
equations (2.60) and the transformations (2.57). The gravitational field equations form
a compatible set with the electromagnetic ones, ∂r(ψ
−1r2E) = 0, which gives the result
E(r) = Qr2ψ(r), where Q arises as an integration constant associated to the electric charge.
Note that there is one redundant equation between the former and the latter, and conse-
quently there are several ways to proceed. Wei et al. [360] choose to replace the expression
for the electromagnetic field into the energy-momentum tensor (4.22), and insert the result
into the field equations for the auxiliary metric (2.60), which yields
4
G′
G
H ′
H
+ 2
F ′
F
H ′
H
+ 3
G′
G
F ′
F
+ 2
G′′
G
+
F ′′
F
=
1
ǫF
(
1
λ− ǫQ2
r4
− 1
)
, (4.25)
4
H ′′
H
+ 2
F ′
F
H ′
H
+ 3
G′
G
F ′
F
+ 2
G′′
G
+
F ′′
F
=
2
ǫF
(
1
λ− ǫQ2
r4
− 1
)
, (4.26)
− 1
H2F
+
F ′
F
H ′
H
+
G′
G
H ′
H
+
H ′2
H2
+
H ′′
H
=
1
ǫF
(
1
λ+ ǫQ
2
r4
− 1
)
, (4.27)
where primes stand for derivatives with respect to the radial coordinate r. On the other
hand, the transformations (2.57) lead to the relations between the metric functions in each
91
line element
G = ψ
(
λ− ǫQ
2
r4
)
; F = f
(
λ− ǫQ
2
r4
)−1
; H = r
√
λ+
ǫQ2
r4
. (4.28)
Now one just needs to solve the field equations (4.25), (4.26) and (4.27) with the relations
(4.28), imposing the asymptotic GR limit:
ψ(r →∞)→ 1 ; f(r →∞)→ 1− 2M
r
+
Q2
r2
− Λr
2
3
(4.29)
which is nothing but the Reissner-Nordstro¨m-Anti-de Sitter solution, corresponding to the
spacetime geometry outside a spherical distribution characterized by mass M , charge Q,
and cosmological constant Λ. Now a bit of algebra yields the following expressions for the
metric components and the electromagnetic field in the EiBI case
ψ(r) =
r2√
r4 + (ǫ/λ)Q2
(4.30)
f(r) =
r
√
ǫQ2 + λr4
λr4 − ǫQ2
[(
3r2 −Q2 − (λ− 1)r4/ǫ)√ǫQ2 + λr4
3r3
+
1
3
√
Q3
π
√
ǫλ
Γ2(1/4)
+
4
3
√
iQ3√
ǫλ
F

iarcsinh


√
i
Q
√
λ
ǫ
r

 ,−1

− 2√λM] (4.31)
E(r) =
Q√
r4 + (ǫ/λ)Q2
(4.32)
where F (Φ,m) =
∫ Φ
0 (1 −m sin2 θ)−1/2dθ (with −π/2 < Φ < π/2) is the elliptic integral
of first kind. These explicit expressions were given in Ref.[360], and refine that of f(r)
appearing under the form of an integral in Ban˜ados and Ferreira paper [45], besides cor-
recting a factor 2 under the square root of the function ψ(r) of the latter. Regarding the
horizon structure, one finds the remarkable result that, for any value of the EiBI parame-
ter ǫ, its mere presence induces a change in the causal structure of these black holes (see
Fig.9), moving from the two-horizons description of the Reissner-Nordstro¨m solution of
GR to a configuration with a single horizon (resembling the Schwarzschild solution of GR)
or none, depending on the combination of parameters [360].
Exploring further EiBI black holes, the expression for the electric field (4.32) bears
a remarkable similarity with that obtained in Born-Infeld electromagnetism [75]. In the
present case, despite the finiteness of the electric field everywhere, the metric functions are
singular at the finite radius r = rc, where r
2
c =
√
ǫQ, which may be hidden or not behind
an event horizon. In Ref.[360] Wei et al. compute, for asymptotically flat solutions, λ = 1,
the following curvature scalars:
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Figure 9: Behaviour of the function f(r) in Eq.(4.31) for EiBI gravity with ǫ > 0 (solid red curves),
compared to the Reissner-Nordstro¨m black holes of GR (dashed blue curves). In these plots we fix ǫ =
Q = 1 and vary the mass. Left plot: a Reissner-Nordstro¨m black hole with two horizons may transform
either into a naked singularity (M = 1.07) or in a Schwarzschild-like black hole with a single horizon
(M = 1.15) in EiBI gravity. Right plot: a naked singularity in Reissner-Nordstro¨m black hole (M = 0.95)
always remains a naked singularity in EiBI gravity. Note that EiBI solutions are only defined beyond a
certain radius r > rc with r
2
c =
√
ǫQ. All solutions are asymptotically flat (horizontal dashed green line).
R(g) ≡ gµνR(µν)(g) ∝
1
(r4 − r4c )3
(4.33)
R(g, q) ≡ qµνgµνR(µν)(q) = gµν(qµν − gµν)/ǫ = 8ǫ (4.34)
R(q) ≡ qµνR(µν)(q) =
8(r4 + r4c/
√
2)(r4 − r4c/
√
2)
(r4 + r4c )(r
4 − r4c)
. (4.35)
It is thus immediately seen that the curvature scalar constructed either out of the metric
gµν or of qµν blows up as the surface of radius r = rc is approached. However, no
interpretation on the nature of such a surface is given, and the presence of divergences on
curvature scalars could be interpreted as signal of the breakdown of the geometry and thus
of the presence of a physical singularity. To overcome this point, Ban˜ados and Ferreira
argue that the geometry (4.23) describes just the exterior of a charged object, so a realistic
model should consider the process of gravitational collapse to explore such a question in
detail. Nonetheless, we shall see later when discussing non-singular solutions in section
(4.5) that EiBI gravity hides some surprises regarding the singularity issue.
4.2.2. Geodesic motion
The new non-trivial gravitational dynamics introduced by EiBI gravity, that modifies
the shape of the geometry, necessarily has its impact upon the geodesic behaviour of both
null (associated to light rays) and timelike (associated to massive particles) geodesics.
As already mentioned, the fact that in EiBI action (2.33) the connection does not couple
directly to the matter sector, implies that Einstein’s equivalence principle holds (see section
2.6). This way, the equations of motion for a geodesic curve γµ = xµ(u), where u is some
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affine parameter, can be derived from the action
S =
∫
duL = 1
2
∫
du
√
gµν
dxµ
du
dxν
du
(4.36)
from which the geodesic equation, in a coordinate system, follows as [359, 104]
d2xµ
du2
+ Γµαβ(g)
dxα
du
dxβ
du
= 0 , (4.37)
where Γµαβ(g) is the affine connection constructed as the Christoffel symbols of the space-
time metric gµν . Eq.(4.37) represents a set of second-order differential equations that
provide a unique solution once initial conditions, {xµ(0), dxµ/du|0}, are given. Now, re-
placing the line element (4.23) for gµν into the Lagrangian density of Eq.(4.36) one gets
the result38
L = −ψ2(r)f(r)t˙2 + f(r)−1r˙2 + r2(θ˙2 + sin2(θ)ϕ˙2) (4.38)
where dots denote derivatives with respect to the affine parameter u. From the Hamilto-
nian description of the system it follows that there are two conserved quantities, namely,
E = ψ(r)f(r)t˙2 and L = r2 sin(θ)ϕ˙. For timelike observers these quantities can be inter-
preted as the energy per unit mass and angular momentum per unit mass, respectively,
while for null geodesics we can identify b = L/M as an apparent impact parameter from
asymptotic infinity. In addition, due to spherical symmetry one can assume the motion to
be confined to a plane, that can be chosen to be θ = π/2 without loss of generality. Now,
the equation of the radial motion of a particle in the background geometry (4.23), can be
deduced from Eq.(4.37) as
ψ2
(
dr
du
)2
= E2 − V 2 . (4.39)
This is just the equation of motion of a one-dimensional particle moving in an effective
potential of the form
V (r) =
√
fψ2
(
k +
L2
r2
)
, (4.40)
where ψ and f are defined in Eqs.(4.30) and (4.31), respectively, while the causal vector
uµ = dxµ/du satisfies uµu
µ = −k, with k = 0(+1) for null (time-like) geodesics. Now, if
one considers the circular motion of a test massive particle (k = +1) around an electrically
charged EiBI black hole, this implies the constraint dr/du = 0 which, via Eq.(4.39), yields
E = V (r). This orbit is realised, indeed, at the minimum of the effective potential V (r).
In [336] Sotami and Miyamoto perform a numerical analysis of such a motion, using fixed
values of Q/M and ǫ/M2 and varying the ratio L/M , depicted in Fig.10 (left). The main
38In general, imposing a symmetry and obtaining the equations of motion do not commute. The con-
ditions under which these two operations do commute are established by the Palais criticality theorem
[293].
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result is that as the ratio L/M decreases, the maximum of the effective potential decreases
as well, while its minimum gets closer to the centre of the EiBI black hole, in such a way
that there is a minimum bound for L/M (depending on ǫ), below which no minimum of
the potential occurs. This bound determines the innermost stable circular orbit (ISCO),
which is the minimum radius below which no stable circular orbit of a test massive particle
can exist around an EiBI black hole. These results are qualitatively similar to those of
GR, though the specific quantitative details depend on the particular value of the EiBI
constant ǫ.
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Figure 10: Effective potential V (r) for time-like geodesics, k = +1 (left) and null geodesics, k = 0 (right)
in Eq.(4.40) for the choice Q/M = 0.5 and ǫ/M2 = 6 (in the notation of this plot, ǫ → κ). Left figure:
four values of the impact parameter b ≡ L/M = 3.3, 3.5, 3.7, 4 (in the notation of this plot, L → l) have
been depicted. On each of such curves the open circle corresponds to the radius of the innermost circular
orbit (ISCO). Right figure: three values of the impact parameter b = 2M, bc, 7M . On the b = 7M curve
the photon is scattered by the black hole at r = r0. Figures taken from Ref.[336] and [337], respectively.
4.2.3. Strong gravitational lensing
Two works [360, 337] have been carried out in the literature to determine the effect of
the parameter ǫ of charged EiBI black holes regarding the lensing in a strong gravitational
field. Gravitational lensing is indeed a powerful test to determine the nature of a compact
object, which may allow to find deviations from GR predictions in the strong field regime
[311]. For a massless particle, k = 0, Eq.(4.39) can be conveniently rewritten as
ψ2
(
dr
du
)2
= 1− b
2fψ2
r2
(4.41)
where we have redefined u → u/E. To characterise the orbits of photons in the effec-
tive potential (4.40) one first establishes the existence of the photon sphere, namely, the
innermost region for a photon in orbit around a black hole, which for static, spherically
symmetric spacetimes coincides with the unstable circular orbit (UCO) radius. According
to the analysis carried out by Virbhadra and Ellis [351, 118, 352], for a line element of the
form (4.23) this radius is simply defined by the equation (ψf2)′r = 2ψ2f . Explicitly, for
the EiBI black hole metric defined by the functions (4.30) and (4.31), the UCO radius,
rUCO, corresponds to the solution of the equation (in units 2M = 1, which is equivalent
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to making dimensionless the black hole parameters as r → r/(2M), Q → Q/(2M) and
κ→ κ/(2M)2):
8ǫ5/4Q2r2
(
r2 −Q2)√ǫQ2 + r4 = (3ǫ2Q4 + 2ǫQ2r4 + 3r8) (4.42)
×
[
− 4
√
iQ3/2rF (iarcsinh(
√
i√
κQ
r),−1)− Q
3/2rΓ
(
1
4
)2
√
π
+ 4
√
ǫ
(
3r − 2
√
ǫQ2 + r4
)]
,
which is consistent with the fact that, when the charge Q = 0, the above equation yields
the result rUCO = 3/2 (restoring units, this is the well known result rUCO = 3M), which
corresponds to that of the Schwarzschild black hole. For non-vanishing Q, however, finding
analytic solutions to (4.42) is highly non-trivial. One may note instead that the integration
of the photon sphere equation above, and comparison with the effective potential (4.41),
tells us that the UCO radius rUCO corresponds to the solution of the equation dV/dr = 0
with d2V/dr2 < 0. This way photons will be swallowed by the black hole if V (rUCO) < 1,
be scattered by it at some radius r = r0 if V (rUCO) > 1, and move indefinitely around it in
absence of perturbation if V (rUCO) = 1. This can be translated into the condition b
2 ⋚ b2c ,
where bc is a critical number that depends non-trivially on the black hole parameters and
the EiBI constant. As a comparison, in the Reissner-Nordstro¨m case of GR, ǫ = 0, one has
rUCO = 3M(1+
√
1− 8Q2/(9M2))/2 and b2c = r4UCO/[(rUCO−r+)(rUCO−r−)]. In Fig.10
(right) the effective potential for the choice ǫ/M2 = 0.6 for EiBI black holes is depicted,
with the presence of the ISCO radius (marked by solid and dashed vertical lines, for EiBI
and GR, respectively) and scattering radius r0. The dependence of the UCO radius rUCO
at fixed charge with the EiBI constant can also be studied numerically, with the result
that it monotonically decreases with increasing ǫ [337, 360], meaning that it is harder to
capture a photon by the EiBI black hole than in the Reissner-Nordstro¨m black hole of
GR.
Let us now consider the scattering process of a photon by the electrically charged EiBI
black hole, which can only take place for b > bc. First, from Eqs.(4.39) and (4.40) we
obtain the equation
dϕ
dr
=
bψ
r
√
r2 − fψ2b2
. (4.43)
We assume a photon that travels from infinity, is scattered at r = r0 and ϕ = 0 (see Fig.10,
right), and returns to infinity. By construction, this turn-around point satisfies dr/dϕ = 0,
which implies b2 = r20/(f(r0)ψ
2(r0)), where the subindex 0 means that functions are being
evaluated at r0. This way, the integration of (4.43) yields the result
φ(r)− φ(r0) =
∫ r
r0
bψ
r
√
r2 − b2ψ2f
dr . (4.44)
With this expression, the deflection angle α(r0) of the photon, which is defined as ∆(ϕ)(r0) =
2φ(∞)− π [353], can be written for the EiBI metric as
∆(ϕ)(r0) = 2b
∫ ∞
r0
ψ
r
√
r2 − b2ψ2f
dr − π . (4.45)
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Despite the presence of a pole in the integrand of (4.45) at r = r0, this can be isolated and
properly handled using the variable z = 1 − r0/r, which finally yields a finite result (see
[337] for details). This way, for the EiBI black hole the deflection angle can be numerically
computed and compared to the GR solution, and the result is plotted in Fig.11. There
it is seen that the deflection angle increases as r0 decreases. As the ratio r0/M decreases
the deflection angle increases until it reaches the value 2π corresponding to the point
where the massless particle completes a loop around the black hole before reaching the
asymptotic observer. By decreasing further the ratio r0/M one gets subsequent values
2πn (n an integer number) of the deflection angle, which means that the photon performs
n loops around the black hole before escaping from it. Indeed, should r0 be able to reach
the UCO radius rUCO, then the deflection angle would diverge, meaning that the photon
would turn indefinitely around the EiBI black hole, again, in absence of any perturbation.
These light rays passing close to the UCO radius give rise to multiple images on both
sides of the optical axis, called relativistic images. The position of such images in this case
depends strongly on the value of the EiBI parameter ǫ/M , i.e., on the gravitational theory.
Thus, this strong gravitational lensing represents a promising scenario to experimentally
test EiBI gravity in the strong field limit.
As already mentioned, when r0 = rUCO the integrand in (4.45) diverges, and it has to
be handled with care via the new variable z = 1− r0/r. In both Refs.[360, 337] this allows
to perform the integration of (4.45) around the region r0 ≃ rUCO, with the (finite) result
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Figure 11: Deflection angle ∆ϕ in Eq.4.45 for fixed charge Q/M = 0.5 (left) and Q/M = 1.0 (right) for
the EiBI black hole as a function of r0/M for different values of ǫ/M
2 (dashed lines) as compared to the
GR case (solid), corresponding to ǫ = 0. Figures taken from Ref.[337].
∆ϕ(b) = −a1 log
(
b
bc
− 1
)
+ a2 +O (b− bc)1/2 (4.46)
(alternatively one can write this expression in terms of rUCO, as it is done by Wei et al.
[360]) where the strong deflection coefficients a1 and a2 depend on the EiBI parameter ǫ in
a non-trivial way (see [337] for details). For fixed charge, it turns out that increasing (and
positive) ǫ implies an increasing of the deflection angle as compared to the Schwarzschild
black hole (see Fig.5 of Ref.[360]), that could be used to obtain information on ǫ using
strong gravitational lensing.
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Next, to investigate the position and magnification of the relativistic images in strong
gravitational lensing, one considers the lens geometry, where it is assumed that the black
hole lens is located between the source and the observer, which are both required to be
far away from the black hole so that the gravitational fields there are weak enough to be
described by a flat metric. Under such constraints the form of the lens equation was found
by Virbhadra and Ellis [351] as
tanω = tan θ − DLS
DOS
[tan(∆(ϕ) − θ) + tan(Θ)] (4.47)
where ω and Θ correspond to the lens/source and the lens/observer angular separation
between, respectively, while DLS and DOS stand from the distance between lens and
source, and observer and source, respectively. In the strong deflection limit source, lens and
observer can be assumed to be highly aligned, i.e., ω ≪ 1 and Θ≪ 1 (and (∆ϕn−Θ)≪ 1,
where ∆ϕn ≡ ∆ − 2πn is the deflection angle when all the loops of photons around the
EiBI black hole are removed [83]), and using also that in the lens geometry b ≃ DOLΘ
one gets the deflection angle
∆ϕ(Θ) = −a1 log
(
DOLΘ
bc
− 1
)
+ a2 . (4.48)
The relativistic images correspond to ∆ϕ(Θ) = 2πn, which yields
Θ0n =
bc
DOL
[
1 + exp
(
a2 − 2nπ
a1
)]
(4.49)
where Θ0n is the angle of the nth relativistic image. Due to the exponential contribution the
first relativistic image, Θ01, is the brightest one, while the other are greatly demagnified. In
Fig.12 the position of such an image is depicted as a function of the EiBI parameter ǫ/M2
for several values of the electric charge (set of curves) with assumed values of DOL = 8.5
kpc and M = 4.4× 106M⊙, corresponding to the supermassive black hole at the centre of
the Milky Way [176]. From this figure it is clear that the deviation from the GR prediction
increases with stronger EiBI coupling ǫ/M2 (in the range ∼ 3%− 5% for Q/M = 0.5 and
|ǫ/M2| = 10), which is consistent with the fact that the location of the scattering radius
r0 decreases as the EiBI parameter increases.
There are, in addition, other quantities that can be constructed to be compared with
astronomical observations. In order to take the simplest situation for observation, one
can assume that the first relativistic image Θ01 can be resolved from the others, that are
collectively packed at Θ0∞ [83]. This way, one finds three observables: the position of the
relativistic images except the first one, Θ0∞, and the two quantities
s ≡ Θ01 −Θ0∞ = Θ0∞ exp
(
a2 − 2π
a1
)
(4.50)
R = exp (2π/a1) (4.51)
corresponding to the angular separation between the first image and all the others, and
to the ratio between the flux of the first image and all the others, respectively. The latter
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Figure 12: First relativistic image in Eq.(4.49) as function of the EiBI parameter ǫ/M2 (in this figure,
ǫ → κ) for different values of the electric charge (set of curves), as compared to GR (solid thick line).
Figure taken from Ref.[337].
defines a more convenient observable, Rm = 2.5 log10R, which is the relative magnification
of the images. This way, given an EiBI parameter ǫ one can numerically compute the strong
deflection coefficients a1 and a2 and thus the three observables above. By comparing them
with astronomical observations one can test the nature of black holes via gravitational
lensing and, in particular, put experimental constraints on the value of the EiBI constant
ǫ. This has been explored, for ǫ > 0, by Wei et al.[360] by assuming that the EiBI black
hole describes the supermassive black hole at the centre of our galaxy, and compare it
to the description provided by Schwarzschild black hole [351]. In table 1 of that paper,
an explicit computation of these three observables for different values of ǫ has been done.
The main result is that these observables fulfill the inequalities ΘEiBI∞ < ΘRN∞ < ΘSch∞ ,
REiBI < RRN < RSch and sSch < sRN < sEiBI (for ǫ < 0 the inequality on s do not
necessarily hold for all values of ǫ [337]). For instance, the difference in the observable
Θ∞ between the charged EiBI black hole and the Schwarzschild black hole is of order
∼ 4 µarcsecs, which seems to be far from the reach of current astronomical instruments
[84]. On the other hand, the relative magnification Rm may significantly deviate from
the GR prediction, for instance, with the choice Q/M = 0.5 one obtains a 5.5% − 12.7%
deviation with respect to GR for the EiBI parameter choice ǫ/M2 = ∓10. This way,
strong gravitational lensing can complement other techniques for testing deviations from
the Kerr solution such as the measurement of the iron Kα line observed in the X-ray
fluorescence spectrum produced by the illumination of a cold accretion disk by a hot
corona of (stellar-mass or supermassive) black hole candidates [220, 221, 39].
4.2.4. Mass inflation
The innermost structure of black holes in the presence of accretion has been studied for
decades, with the striking result first found by Israel and Poisson [305, 306], and further
extended by Ori [284] and others, that over the inner (Cauchy) horizon of a rotating black
hole there occurs an exponential growth of the local Misner-Sharp mass, which in turns
induces un unbounded growth of the curvature, a phenomenon known as mass inflation
(see [189] for a review on the topic). It is triggered by the relativistic counter-streaming
effects between ingoing and outgoing streams, which occurs not only in the context of GR,
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but also in black hole solutions of other theories of gravity. In the case of EiBI gravity, this
question has been investigated by Avelino [31] using electric charge instead of rotation in
order to simplify the problem. The reason for this choice lies on the fact that the interior
structure of a charged black hole closely resembles that of rotating black hole, where the
negative pressure generated by the electric field yields a gravitational repulsion analog to
that produced by the centrifugal force in a rotating black hole.
Since the inner structure of charged EiBI black holes can be drastically affected by
the accretion of mass, one has to employ some simplifying assumptions in order to obtain
analytic solutions. In particular, the homogeneous approximation assumes the ingoing and
outgoing streams to be equal. This implies that all relevant quantities can be written as a
function of a radial (timelike) coordinate, which has been shown to be useful for studying
some of the most important aspects of mass inflation [190, 34, 33]. This allows to write
two spherically symmetric line elements as
ds2q = A(r)dt
2 +B(r)dr2 +H2(r)dΩ2 (4.52)
ds2g = gttdt
2 + grrdr
2 + r2dΩ2 (4.53)
where A(r), B(r), H(r), gtt(r) and grr(r) are functions of the radial coordinate r alone.
The total energy-momentum tensor is split into two pieces
T µν =
eT µν +
fT µν (4.54)
where eT µν and
fT µν are the electromagnetic and fluid contributions, respectively. The
components of such an energy-momentum tensor can be written as
T rr = −ρ = −ρe − ρf ; T tt = p‖ = −ρe + w‖ρf ; T θθ = T φφ = p⊥ = ρe + w⊥ρf (4.55)
where ρe =
Q2
8πr4 is the electromagnetic energy density, ρf the fluid energy density and the
factors {w‖, w⊥} are the fluid equations of state for the radial and tangential pressures, re-
spectively. Since the electromagnetic and fluid contributions are assumed to be conserved
independently, the conservation equation of the energy-momentum tensor of the latter
can be explicitly integrated as ρf,f = ρf,i
(
gtt,i
gtt
)(1+w‖)/2 ( ri
r
)2(1+w⊥), where the subscripts
{i, f} mean that physical quantities are evaluated at some initial and final radius, respec-
tively. The above setup describes a charged EiBI black hole that accretes mass, the latter
being described by a fluid, from an initial state which is the Reissner-Nordstro¨m solution
of GR. Now, using Eqs.(2.57) the following relations between the metric functions in the
line elements (4.52) and (4.53) are obtained
A = gtt
(1 + ǫ¯ρ)1/2(1− ǫ¯p⊥)
(1− ǫ¯p‖)1/2
, (4.56)
B = grr
(1− ǫ¯p‖)1/2(1− ǫ¯p⊥)
(1 + ǫ¯ρ)1/2
, (4.57)
H = r(1 + ǫ¯ρ)1/4(1 + ǫ¯p‖)1/4, (4.58)
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where ǫ¯ ≡ 8πǫ. When the fluid energy density vanishes, ρf = 0, the solution reduces to
the Reissner-Nordstro¨m one of GR.
To obtain analytical solutions one must introduce additional constraints. In particular,
Avelino [31] studies the mass inflation regime in which w‖ ∼ 1 and |ǫ¯|ρ ≪ 1, which
simplifies the relations between metrics as A = gtt, B = grr and H = r. In addition, it is
assumed that mass inflation takes place near the inner horizon, r ∼ r−, and since during
this regime the energy density becomes much larger than that of the electromagnetic field
(so ρ ∼ ρf ) one can approximate H ∼ r(1 + ǫ¯ρ)1/4(1 − ǫ¯ρ)1/4 ∼ r−[1 − (ǫ¯ρ/2)2]. Under
these conditions, the tt and rr components of the field equations read
−H
′
H
B′
B
− B
H2
−
(
H ′
H
)2
+ 2
H ′′
H
= 8πBT tt , (4.59)
−H
′
H
A′
A
+
B
H2
−
(
H ′
H
)2
= 8πBT rr . (4.60)
Mass inflation takes place for r−ǫ¯2ρ|ρ′| ≪ 1, where one obtains the additional simplifica-
tionsH ′ ∼ 1, A ∼ gtt, and B ∼ grr. This way, Eqs.(4.59) and (4.60) become approximately
g′rr
grr
∼ −8πr−ρgrr ; g
′
tt
gtt
∼ −8πr−ρgrr . (4.61)
Combining the last two equations and integrating the results one gets grrgtt |[MI] ∼ constant
where MI stands for quantities evaluated during mass inflation. This equation means that
grr
gtt
|[start] ∼ grrgtt |[end] and we recall that gtt[start] ∼ −g
−1
rr[start] (for the Reissner-Nordstro¨m
solution of GR). Now, since mass inflation starts when the energy density of the fluid be-
gins to dominate over the electromagnetic contribution, for the sake of finding analytical
solutions one can assume ρf = αρe where α is some constant of order unity. The combi-
nation of the above equations implies that the ratio between metric components during
mass inflation satisfies
grr
gtt
∣∣∣∣
[MI]
∼ − α
2Q4
64π2ρ2f,i g
2
tt,i r
4(1−w⊥)
− r
4(1+w⊥)
i
. (4.62)
Finally, assuming that mass inflation ends at r− ǫ¯
2
2 ρ|ρ′| = β, where β is another constant
of order unity, one gets the maximum energy density attained at the end of mass inflation:
ρ[end] ∼
β1/2
2π1/2α
g
1/2
tt,i r
2−w⊥− r
1+w⊥
i
Q2
ρ
1/2
f,i
|ǫ| , (4.63)
which implies the presence of a threshold of energy density for mass inflation not to be
triggered in EiBI gravity, i.e.,
ρ
1/2
f,i
|ǫ| <
α2
4π1/2β1/2
Q4
g
1/2
tt,i r
6−w⊥− r
1+w⊥
i
. (4.64)
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This threshold depends on the solution’s mass and charge, the accretion rate, and the
EiBI parameter ǫ. Note that mass inflation can always occur if the accretion rate is large
enough, independently of the value of ǫ. To see the effect of this threshold in the behaviour
of the local mass inside a sphere of radius r in the innermost region of these solutions, one
considers the Misner-Sharp mass (MS), defined as MMS =
r
2
(
1 + Q
2
r2
− 1grr
)
[252], whose
maximum is attained at the end of mass inflation, grr[end]. The calculation of this mass in
the present case yields the result
MMS[end] ∼ −
r−
2grr[end]
∼ 16π
3/2β1/2
α3
g
3/2
tt,i r
9−3w⊥− r
3+3w⊥
i
Q6
ρ
3/2
f,i
|ǫ| . (4.65)
These analytical calculations complement and are in agreement with the numerical analysis
presented also by Avelino in [30]. As depicted in Fig.13, for small values of ρf,i the slope
of the contours indicates that the Misner-Sharp mass is a function of ρf,i/ǫ
3/2 and that
no significant mass inflation occurs below a threshold on the fluid energy density, which
is fully consistent with the analytic result obtained in Eq.(4.65). The conclusion of this
analysis is that, under the restricted conditions considered in these works, in EiBI gravity
there is a minimum accretion rate below which no mass inflation occurs, no matter how
close the theory is to GR (which is obtained in the limit ǫ→ 0). The underlying physical
reason for this result still remains to be clarified.
Figure 13: The maximum value of Misner-Sharp mass MMS as a function of the logarithm of the final
density ρf,i and the EiBI parameter ǫ, assuming ω⊥ = 1 (left), resulting from a numerical simulation
(taking ri ∼ 0.95r− and a Reissner-Nordstro¨m solution of GR as initial conditions) of the field equations
to obtain the metric component grr[end]. Figure taken from Ref.[30].
4.3. Wormholes
Lorentzian wormholes are geometric structures representing a shortcut or tunnel be-
tween two asymptotically flat regions of spacetime. Such a geometry, for a static spherically
symmetric and traversable (i.e. without horizons) solutions can be written as [354]
ds2 = −e2Φ(r)dt2 + 1
1− b(r)r
dr2 + r2dΩ2 (4.66)
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where the (gravitational) redshift function Φ(r) and the (wormhole) shape function b(r)
characterise the geometry. In order to describe a wormhole, two charts for the two asymp-
totically flat regions are needed, r ∈ [r0,+∞), where r0 is the radius of the minimum area
surface at which the two regions are joined. This defines the throat of the wormhole, for
which b(r0) = r0 is fulfilled. In addition, from embedding calculations of the wormhole
geometry, it follows that for the throat to be a minimum the flare-out condition
b(r)− b′(r)r
b2(r)
> 0 , (4.67)
must be satisfied there by any wormhole geometry [256]. In GR, the flare-out condition
at the wormhole throat (4.67) implies the violation of the null convergence condition via
Raychaudhuri equation which, for a congruence of light rays with vanishing shear and
rotation, is given by (for further details see [359], chapter 9)
dθˆ
du
+
1
2
θˆ2 +Rαβ uˆαuˆβ = 0,
where uˆµ is the four-velocity of a light ray and θˆ the expansion of the congruence. In turn,
via the Einstein equations, the Raychaudhuri equation entails the violation of the null
energy condition [354], implying that in the context of GR wormholes are unavoidable
sustained by exotic matter. However, such a restriction does not necessarily apply to
extensions of GR and thus one could, in principle, obtain wormhole geometries without
violations of the energy conditions. To investigate this issue in the context of EiBI gravity
it is useful to write the field equations as
Gµν = R
µ
ν − 1
2
δµνR = κ
2Sµν (4.68)
where Rµν ≡ Rµν(q) and R = Rµµ, and the effective energy-momentum tensor Sµν is
given by
Sµν = τT
µ
ν −
(
1− τ
κ2ǫ
+
τ
2
T
)
δµν (4.69)
with τ ≡√g/q = |δµν−κ2ǫT µν |−1/2 and T = gµνT µν is the trace of the energy-momentum
tensor. This representation of the field equations makes clear that the effective energy-
momentum tensor Sµν , assumed to be exotic, could be able to sustain wormhole geometries
without violations of the null energy condition on the physical energy-momentum tensor
T µν .
In this section we shall consider the construction of such wormhole geometries in EiBI
gravity. Consider a static spherically symmetric geometry, described by the line elements
of the physical and auxiliary metrics as
ds2g = −eν(r)dt2 + eξ(r)dr2 + f(r)dΩ2 (4.70)
ds2q = −eβ(r)dt2 + eα(r)dr2 + r2dΩ2 (4.71)
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where {ν(r), ξ(r), f(r), β(r), α(r)} are some functions of the radial coordinate r. Observe
that the gauge freedom has been imposed in this setup upon the line element for qµν
in order to obtain two free functions there, which contrast with the Ban˜ados-Ferreira
geometry, where this restriction is made instead upon gµν (see Eqs.(4.23) and (4.24) in
section 4.2.1). As a matter source, let us consider an anisotropic fluid given by the energy-
momentum tensor
Tµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν (4.72)
where uµ is the four velocity in the metric gµν , normalized as u
µuνgµν = −1, χµ is the
unit vector in the radial direction, i.e. χµ = eξ/2δµr, while {ρ(r), pt(r), pr(r)} are the
energy density, tangential pressure (measured in the direction of χµ) and radial pressure
(measured in the orthogonal direction to χµ) of the fluid, respectively. With the line
element (4.71), and assuming asymptotic flatness, λ = 1, the gravitational field equations
for the auxiliary metric qµν read [194]
1
r2
− e
−α
r2
+
α′e−α
r
=
1
2ǫ
(
a
hc2
− h
ac2
− 2
ah
+ 2
)
, (4.73)
− 1
r2
+
e−α
r2
+
β′e−α
r
=
1
2ǫ
(
a
hc2
− h
ac2
+
2
ah
− 2
)
(4.74)
e−α
r
[
2β′′r − (α′ − β′) (2 + β′r)] = 2
ǫ
(
a
hc2
+
h
ac2
− 2
)
, (4.75)
with the functions a =
√
1 + κ2ǫρ, h =
√
1− κ2ǫpr, and c =
√
1− κ2ǫpt, respectively,
while we have τ = (ahc2)−1/2. Like in the Ban˜ados-Ferreira solutions, two of the metric
functions can be removed using the relations (2.57), which imply eβ = hc
2
a e
ν , eα = ac
2
h e
ξ,
and f = r
2
ah . In addition, from the assumption of minimal coupling of the matter to the
spacetime metric, the energy-momentum tensor of the fluid satisfies the conservation equa-
tion ∇µT µν = 0, computed with the covariant derivative constructed with the spacetime
metric gµν . This equation reads explicitly
dν
dr
=
4
r
pt − pr
ρ+ pr
− 2
pr + ρ
dpr
dr
=
4
r
h2 − c2
a2 − h2 +
4d
a2 − h2
dh
dr
. (4.76)
Now, the flare-out condition (4.67), which can be written in this case as ξ′e−ξ < 0, together
with the field equations (4.73) and (4.74), and the relations above between qµν and gµν ,
imply that, for the energy conditions to be satisfied in these geometries, the inequality
κ2ǫ(ρ+ pr) <
ǫh2
r
(c2)′
c2
(
1− b
r
)
(4.77)
(where we have redefined e−ξ(r) = 1−b(r)/r to convert (4.70) into the standard form of the
wormhole geometry (4.66)) must be satisfied. Evaluation of this condition at the throat
b(r) = r0, implies that if the factor (c
2)′/c2 is finite, then (4.77) is violated, which means
that exotic matter is needed in order to thread these geometries, like in GR. However, if
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(c2)′/c2 diverges or, alternatively, (c2)′/c2e−ξ → K (with K some constant) as r → r0,
then the condition (4.77) is satisfied if 0 < ρ+ pr < K.
It is important to note that the set of field equations and relations provided so far do
not constitute a closed system, since there are more independent functions than equations.
Thus some restrictions have to be made. Harko et al [194] provide a particular wormhole
geometry in this framework by introducing the equation of state
pr(r) =
ρ(r)
1 + κ2ǫρ(r)
, (4.78)
which is equivalent to choosing the restriction a(r)h(r) = 1 on the matter components,
and in turn implies f(r) = r2 via the transformations between the metric qµν and gµν
above. To close the system of solutions one introduces the additional constraint β = 0,
and upon solving of the field equations one obtains the result
ds2 = −dt2 +
(
1 + 2ǫr20/r
4
1− r20/r2
)
dr2 + r2dΩ2 (4.79)
where ǫ > 0 has been assumed. This geometry describes two asymptotically flat spacetimes
connected with a wormhole throat located at r0, so that r0 < r < +∞. Alternatively one
can describe both sides of the wormhole using the radial coordinate l defined as r2 = l2+r20,
so now −∞ < l < +∞ and the throat is located at l = 0. The wormhole geometry (4.79)
reduces, in the GR limit ǫ → 0, to the Ellis and Bronnikov (EB) wormhole sustained
by an exotic (phantom) scalar field [88]. In the present case, the energy density, ρ(r) =
1
κ2ǫ
(
1
1+2ǫr20/r
4 − 1
)
is negative throughout all space, so the NEC is violated everywhere no
matter the value of the EiBI constant ǫ, which is an outrageous result. On other hand, the
flare-out condition at the throat, ξ′e−ξ = − 2r0
2ǫ+r20
< 0, is satisfied. It should be stressed
that if ǫ < 0 then the flare-out condition can only be satisfied if r20 > 2|ǫ|, which suggests
a lower bound of r0 =
√
2|ǫ| for the wormhole throat in this case.
On each side of the wormhole throat l = 0 the masses seen by an observer can be
computed as [355]: M± = ±4π ∫ ±∞0 ρr2 drdl dl, which in the case under consideration yields
the result [344]: M± = ± r02 ± 2κ20r0 ∓ 5κ
2
36r20
+ . . .. Thus, despite the fact that on each side
of the throat an observer orbiting the wormhole would measure a mass M±, the total
mass M =M+ +M− adds exactly to zero, which is a manifestation of the mass-without-
mass mechanism proposed by Wheeler [363] long ago (see section 4.4 for a more complete
discussion of this issue).
Regarding the effects on physical observers crossing the wormhole throat, Tamang et
al. [344] analyse the effect of ǫ on the tidal forces experienced by a free falling observer by
considering the relative tidal acceleration, ∆aj, between two nearby parts of the observer
falling into the wormhole. In an orthonormal basis {e0ˆ, e1ˆ, e2ˆ, e3ˆ} of the observer radially
moving towards the wormhole, this acceleration is given by [256]
∆aj = −R0ˆjˆ0ˆpˆξp (4.80)
where ξp is the deviation vector between these two parts and Riˆjˆkˆlˆ are the components of
the Riemann tensor. For the wormhole geometry (4.79) one has [344] R0ˆjˆ0ˆpˆ = γ/(2ǫ+r20)
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(where γ = (1 − v2/c2)−1/2 and v = ±
√
|grr/gtt|dr/dt), which is finite for any non-
vanishing ǫ, and thus the presence of a throat at r0 may avoid the infinitely large tidal
forces found in the EB black hole.
Shaikh [327] also uses an anisotropic fluid (4.72) to investigate wormhole structures
within EiBI gravity, taking the equations of state pr = −ρ and pt = αρ (where 0 ≤ α ≤ 1
in order for the energy conditions to be satisfied). This approach differs from the one of
Harko et al. [194] in the gauge used for the line elements:
ds2g = −ψ2(r)f(r)dt2 +
dr2
f(r)
+ r2(dθ2 + sin2 θdφ2) (4.81)
ds2q = −G2(r)F (r)dt2 +
dr2
F (r)
+H2(r)(dθ2 + sin2 θdφ2). (4.82)
Integration of the conservation equation ∇µT µν = 0 yields the result ρ = C0r2(α+1) , where
C0 is a constant (of dimension 2(1 − α)) whose explicit form will be determined from
the asymptotic behaviour of the metric. Following the same strategy as in the previous
spherically symmetric spacetimes considered in this section, the field equations (with λ =
1) provide the relations between the metric functions in the line elements (4.81) and (4.82)
as
f(r) = F (r)(1 − ǫ¯αρ), ; ψ(r) = G(r)(1− ǫ¯αρ)−1 ; H(r) = r
√
1 + ǫ¯ρ , (4.83)
where ǫ¯ ≡ κ2ǫ. With these relations, Eq.(2.57) can be explicitly written for this case, giving
a set of three independent differential equations. Together with the fluid conservation
equation, one can obtain the following solutions for the components of the line element
(for ǫ < 0) as [327]
ψ(r) =
[
1 +
r
2(α+1)
0
r2(α+1)
]− 1
2
(4.84)
f(r) =
1− r
2(α+1)
0
r2(α+1)
1 + α
r
2(α+1)
0
r2(α+1)

1− r
2(α+1)
0
3|ǫ|r2α −
2M
r
√
1− r
2(α+1)
0
r2(α+1)
− 2(α+ 1)r
2(α+1)
0
3|ǫ|r
√
1− r
2(α+1)
0
r2(α+1)
I(r)

 ,(4.85)
where r
2(α+1)
0 ≡ |ǫ¯|C0, the constant −2M arises from imposing the asymptotically flat
behavior of the metric component f(r), and the function I(r) satisfies
dI
dr
=
1
r2α
√
1− r
2(α+1)
0
r2(α+1)
. (4.86)
The interpretation of the radius r0 is that of the minimum value of the radial coordinate,
at which ψ(r0) → ∞. The reason to choose ǫ < 0 follows from the analysis of the
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Raychaudhuri equation (4.68) for a radial null ray travelling towards the wormhole in the
equatorial plane θ = π/2. For the line element (4.81) one has uˆt = 1/(ψ2f) and uˆr = ±1/ψ
and thus the different contributions to (4.68) read
θˆ = ±2
r
√
1 +
ǫ¯C0
r2(α+1)
;
dθˆ
dλ
= − 2
r2
[
1 +
(α+ 2)ǫ¯C0
r2(α+1)
]
; R(αβ)uˆ
αuˆβ =
2(α + 1)ǫ¯C0
r2(α+2)
, (4.87)
with ± for ingoing (outgoing) rays. From these expressions it is clear that, since one
needs to have C0 > 0 and 0 ≤ α ≤ 1 to satisfy the NEC, a wormhole can only exist if
ǫ < 0. On the other hand, comparing the line element (4.81) with the canonical form of a
wormhole geometry (4.66) it follows that e2Φ = ψ2f and (1 − b/r) = f , which translates
the flare-out condition (4.67) into f
′
2(1−f)2 > 0. Regarding the regularity of the spacetime
one can compute curvature scalars, with the result that they generically diverge, except
when the mass is tuned to the value
M = −(α+ 1)r
2(α+1)
0
3|ǫ| I(r0) =
(α + 1)r30
3(2α − 1)|ǫ| 2F1
[
1
2
,
2α− 1
2α+ 2
,
4α+ 1
2α+ 2
; 1
]
(4.88)
(where the second equality is valid provided that α 6= 1/2) for which all curvature scalars
are finite. If this constraint on the mass is assumed, then the parameter x = r20/|ǫ|
separates those states without a horizon, x < 1, corresponding to traversable wormholes,
from black holes with horizons, x > 1, and for which the curvature divergence is avoided.
However, the mass M in Eq.(4.88) can only be positive if α > 1/2. In Fig.14 the metric
components for the case α = 3/4 are depicted, where this transition between traversable
wormholes and regular black holes with a horizon is observed.
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Figure 14: The metric functions gtt = ψ
2(r)f(r) and g−1rr = f(r) for the case α = 3/4 taking an EiBI
parameter ǫ = −4. In these plots, x = r20/|ǫ|, in such a way that x = 1 sets the appearance/dissappeareance
of a horizon. When x > 1, no horizon is found and the minimum value of the radial coordinate corresponds
to r0, where the wormhole throat is located. Figure taken from Ref.[327].
Following the analysis of Tamang et al. [344], Shaikh also discusses the tidal forces
upon an observer travelling through the wormhole [327]. Using the tidal acceleration
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equation (4.80) one can compute the components of such equation in the present case as
(the subindex 0 denotes evaluation of the quantities at the wormhole throat)
∆a1ˆ
∣∣
r0
= −αc
2
r20
(
1− 2
3
x
)
ξ1ˆ ; ∆a2ˆ
∣∣
r0
=
1
r20
(1− x) γ20v20ξ2ˆ ; ∆a3ˆ
∣∣
r0
=
1
r20
(1− x) γ20v20ξ3ˆ
(4.89)
with the definition x = r20/ǫ (in terms of this variable, the flare-out condition reads
f ′
2(1−f)2 |r0 = (1 − x)/r0 > 0, which is satisfied if x < 1, implying that the wormhole
throat r0 < |ǫ|1/2). Restricting the acceleration felt by a traveller of typical size ξ ∼ 2m to
be below a certain value g, i.e, ∆a1ˆ
′
< g, one obtains that the minimum wormhole throat
radius is
r20 ≥
2αc2
g
(
1− 2
3
x
)
. (4.90)
As r0 is directly related to EiBI constant, this is translated into a maximum bound for
ǫ. Now, from solar physics (see section 3.2.1) one has the constraint [103] |ǫ|/κ2 . 1.8 ×
1014m2. Take now for instance a model with α & 1/2 and x . 1, which implies a bound
on the acceleration |∆a1ˆ′ |min ≃ 0.17 × 103 sec−2, or roughly 17 times Earth’s gravity
gE . However, such a wormhole would have a typical minimum size r0 =
√
c2/(3g) =√
c2/(51gE) ≃ 1.34× 107 m, which is roughly 2.1 Earth’s radius. To reduce the wormhole
size, one needs to consider smaller values of ǫ, which in turn implies stronger accelerations
at the throat. Note that the angular components of the tidal acceleration in Eq.(4.89)
impose limits upon the radial velocity v0 at the wormhole throat r0. Let us emphasize
that the general solution for ǫ > 0 gives a singular spacetime, while for ǫ < 0 solutions for
which the curvature scalars are finite can be found. However, we have not discussed the
implications of having solutions with finite or divergence curvature yet. As an exception
to this statement, the case α = 1, for which the structure of the energy-momentum tensor
(4.72) coincides with that of a standard (Maxwell) electromagnetic field, have been derived
and studied in detail, which we review thoroughly next in sections 4.4 and 4.5.
It should be pointed out that there are several difficulties on the consistence and
viability of this kind of approaches to construct wormhole geometries supported by exotic
fields in the context of EiBI gravity, such as the potential instabilities at the quantum
level [343], which would require to perform stability analysis in the context of this theory,
something not available in the literature yet.
4.4. Electromagnetic black holes and geons
The solutions we are going to discuss now correspond to EiBI gravity (2.33) coupled
to the Maxwell Lagrangian (4.21). However, they will differ from the Ban˜ados-Ferreira
solutions [45] in that i) only the case of ǫ < 0 is considered (as comes from the analysis
of Shaikh discussed above for the flare-out condition to be satisfied), and ii) the gauge is
imposed in such a way that two independent functions are assumed for the auxiliary line
element, in contrast with the line elements (4.23) and (4.24), but runs parallel with the
analysis of Harko et al. [194] reviewed in section 4.3. This scenario was first considered
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in [282]. To start, the matter field equations, ∇µFµν = 0, for a generic static, spherically
symmetric line element of the form
ds2 = gttdt
2 + gxxdx
2 + r(x)2dΩ2 (4.91)
and an electrostatic field, yield the only non-vanishing component of the field strength
tensor F tx = Q
r(x)2
√−gttgxx . Though this component depends explicitly on the metric
components gtt and gxx, the energy-momentum tensor (4.22) does not, which implies
T µν =
X
8π
(−Iˆ2×2 0ˆ2×2
0ˆ2×2 Iˆ2×2
)
⇒ |Ωˆ|1/2(Ωˆ−1)µν =
(
(λ+ X˜)Iˆ2×2 0ˆ2×2
0ˆ2×2 (λ− X˜)Iˆ2×2
)
(4.92)
(where we have combined Eqs.(2.52) and (2.57) for the second equality) and hats denote
matrices. Here we have introduced by convenience a new length scale as ǫ→ −2l2ǫ (to deal
with ǫ < 0 solutions only) and introduced the object X˜ = − lǫκ22π X. Given the structure of
the right-hand-side of (4.92), one can introduce the ansatz
Ωˆ =
(
Ω+Iˆ 0ˆ
0ˆ Ω−Iˆ
)
⇒ Ω− = (λ+X) ; Ω+ = (λ−X) (4.93)
for the Ωˆ matrix, where the explicit expressions of Ω− and Ω+ follow from solving Eq.(4.92).
This way, the gravitational field equations, with the assumption of vanishing torsion and
symmetric Ricci tensor [276] become
Rµν(q) =
−1
2l2ǫ
(
(Ω−−1)
Ω−
Iˆ 0ˆ
0ˆ (Ω+−1)Ω+ Iˆ
)
, (4.94)
where Rµν(q) ≡ qαµR(αν). At this point it should be noted that the length-squared scale
l2ǫ characterises the high-curvature corrections, as follows from the expansion of the EiBI
action in series of l2ǫ ≪ 1:
S = 1
2κ2
∫
d4x
√−g
[
R− 2Λ + l2ǫ
(
−R
2
2
+R(µν)R(µν)
)]
+O(l4ǫ ) + SM (gµν , ψm) (4.95)
where Λ = 1−λ
2l2ǫ
plays the role of the effective cosmological constant. Remarkably, the
field equations for the action (4.95) up to order l2ǫ , turn out to be exactly the same
as those of EiBI gravity in Eq.(4.94), as can be explicitly verified from Ref.[275]. The
underlying reason for this result lies on the algebraic properties of the EiBI action and
goes as follows: given the linear relation between T µν and |Ωˆ|1/2, the diagonal character
of T µν will make the matrix P
α
ν ≡ gαµR(µν)(Γ) to be diagonal as well. Now, if P has two
double eigenvalues, like happens in this case, Pˆ = diag(p1, p1, p2, p2), then the fourth-order
polynomial |Ωˆ|1/2(Ωˆ−1)µν | = |Iˆ + ǫPˆ | turns into the second-order polynomial appearing
in Eq.(4.95) when the square root is evaluated. Moreover, this quadratic polynomial
exactly coincides with the series expansion of the EiBI action. As a result, all the higher-
order corrections beyond l2ǫ order cancel out, which means that the electrostatic spherically
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symmetric solutions of EiBI gravity exactly coincides with those obtained for the quadratic
Lagrangian at order l2ǫ appearing in Eq.(4.95). Indeed, electrovacuum solutions in the
context of such a quadratic gravity models (in Palatini approach) were previously found
in Refs.[273, 274, 275].
Now, to solve the field equations (4.94) we introduce the static, spherically symmetric
line element for the geometry qµν as
ds2q = −A(x)e2ψ(x)dt2 +
1
A(x)
dx2 + r˜(x)dΩ2 . (4.96)
The three functions in this line element can be reduced to a single one by noting that
the combination Rtt − Rxx = 0 of the field equations, which follows from the symmetry
T tt = T
x
x of the energy-momentum tensor (4.92), implies that r˜xx = ψxr˜x. This allows
to redefine the metric function and the radial coordinate as A→ A/r˜2x and r˜2xdx2 → dx2,
respectively, so the line element can be written in the Schwarzschild-like form
ds2q = −B(x)dt2 +
1
B(x)
dx2 + x2dΩ2 . (4.97)
This leaves a single independent function to be determined from the Rθθ component of the
field equations, which after introducing a standard mass ansatz, B(x) = 1−2M(x)/x, reads
−4l2ǫMx = x2(Ω−−1)/Ω−. Resolving this equation requires comparison with the spacetime
metric Eq.(4.91) using the transformations (2.57), which can be split into two 2×2 blocks
as qab = gabΩ+ and qmn = gmnΩ−. The latter implies the relation of coordinates in the
two line elements
x2 = r2Ω− → dx
dr
= ± Ω+
Ω
1/2
−
(4.98)
which will play an important role later. This way, the equation to be solved reads
−4l2ǫMr = r2(Ω− − 1)Ω+/Ω1/2− , whose integration can be formally written as M(z) =
M0(1 + δ1G(z)), where M0 is an integration constant associated to the Schwarzschild
mass, G(z) contains the electromagnetic contribution, and δ1 isolates all the relevant con-
stants out of this integration. A full solution for the spacetime line element (4.91), in the
asymptotically flat case, λ = 1, can now be found explicitly as
ds2g = −A(x)dt2 +
dx2
A(x)Ω2+
+ r2(x)dΩ2 (4.99)
with the expressions
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A(x) =
1
Ω+
[
1− rS
r(x)
(1 + δ1G(r(x)))
Ω
1/2
−
]
(4.100)
δ1 =
1
2rS
√
r3Q
lǫ
(4.101)
Ω± = 1± r
4
c
r4(x)
(4.102)
r2(x) =
x2 +
√
x4 + 4r4c
2
(4.103)
where rc =
√
rQlǫ, with r
2
Q = κ
2Q2/(4π) a length scale associated to the electric charge
which, together with the Schwarzschild radius, rS = 2M0, and the EiBI length scale,
l2ǫ , characterises the solution via the constant δ1 in Eq.(4.101). Note that the relation
(4.103) follows from explicitly solving Eq.(4.98). The function G(z) in Eq.(4.100), with
the dimensionless variable z = r/rc, follows directly from the field equations as dG/dz =
−Ω+/(z2Ω1/2− ), and can be explicitly written as
G(z) = − 1
δc
+
1
2
√
z4 − 1
(
2F1
[
1
2
,
3
4
,
3
2
, 1− z4
]
+ 2F1
[
1
2
,
3
7
,
3
2
, 1− z4
])
, (4.104)
where 2F1[a, b, c; t] is a hypergeometric function and δc ≈ 0.572069 is a constant needed
to recover the GR solution in the asymptotic regime, z ≫ 1. In this limit one has G(z) ≃
−1/z, Ω− ≃ 1 (so z2(x) ≃ x2), and the metric function reduces to
A(x) ≈ 1− rS
r
+
r2Q
2r2
, (4.105)
which is the standard Reissner-Nordstro¨m solution of GR. This is confirmed by considering
the behaviour of the curvature scalars for z ≫ 1 as
R(g) ≈ −48r
8
c
r10
+O
(
r9c
r11
)
;Q(g) ≈ r
4
Q
r8
(
1− 16l
2
ǫ
r2
+ . . .
)
;K(g) ≈ KGR + 144rSr
4
c
r9
+ . . .(4 106)
where R(g) = gµνR(µν), Q(g) = R
(µν)R(µν) and K(g) = R
α
βµνRα
βµν are the curvature
scalar, the Ricci-squared and the Kretchsman, respectively. These expressions smoothly
converge to their GR counterparts with higher-order corrections in l2ǫ .
4.4.1. Geometry and properties
It should be noted that the line element (4.99) can be written in a standard Schwarzschild-
like form by absorbing the Ω+ factor via a redefinition of the radial coordinate as dx˜
2 =
dx2/Ω2+. This must be done with care since the radial coordinate x ∈] −∞,+∞[, while
r ≥ rc, as depicted in Fig.15, where one observes that the area of the two-spheres
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S = 4πr2(x) reaches a minimum of size Sc = 4πr
2
c at x = 0, where it bounces off
and re-expands again. As already discussed in section 4.3, the presence of a minimum
value for the radial coordinate allows to infer the presence of a wormhole structure (here
the flare-out condition (4.67) is automatically satisfied). Indeed, from the relation (4.98)
between coordinates, it follows that it is ill-defined at r = rc, because dr/dx = 0 at this
point, and thus the use of r as a radial coordinate is limited to those regions where r(x)
is a monotonic function. Thus, in agreement with wormhole physics lore, one needs two
charts of r to cover the entire manifold, but a single chart in terms of x.
Figure 15: Representation of the radial function r(x) in Eq.(4.103) as a function of the coordinate x and
measured in units of rc. In this plot the wormhole throat is located at x = 0 (r = rc). The dotted line
represents |x| (the two asymptotic spaces).
The line element (4.96) can be alternatively written in Eddington-Filkenstein coordi-
nates using a local redefinition of the time coordinate, dt = dv− dx/(AΩ+), which brings
the metric into the form
ds2 = −A(x)dv2 + 2
Ω+
dvdx+ r2(x)dΩ2 , (4.107)
For null and time-like radial geodesics, ds2 ≤ 0, which implies −Adv2 + 2σ+ dvdx ≤ 0.
Inside the event horizon A < 0, which means that all such geodesics move in the decreasing
direction of x as the advanced time coordinate v moves forward. Now, since the radial
function r(x) has a minimum at x = 0, the relation (4.98) becomes dx/dr = Ω+/Ω
1/2
− in
the region x > 0 and dx/dr = −Ω+/Ω1/2− for x < 0. This way, ingoing geodesics, which
always move in the direction of decreasing x, propagate in the direction of decreasing
area of the radial function r(x) if x > 0, but in the growing direction if x < 0, i.e., they
approach the wormhole throat if x > 0, but move away from it if x < 0 (a similar effect is
found for outgoing geodesics). Later in section 4.5 we will discuss the potential troubles
of the transit of physical observers across the wormhole throat x = 0.
As already stated, the geometry described by (4.99) reduces to the Reissner-Nordstro¨m
of the Einstein-Maxwell field equations, Eq.(4.105), for z ≫ 1, but important departures
are found as r ≈ rc. From the expansion of the G(z) function (4.104) in that region,
G(z) ≈ −1/δc + 2(z − 1)1/2 − (11/6)(z − 1)3/2 + . . ., one finds that the expansion of the
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metric function A(z(x)) there yields the result
A(x) ≈ Nq
4Nc
(δ1 − δc)
δ1δc
√
rc
r − rc +
Nc −Nq
2Nc
+O (√r − rc) , (4.108)
whereNq = Q/e (e is the electron charge) is the number of charges and Nc = (2/αem)
1/2 ≃
16.55 (with αem the fine structure constant). From the expression (4.108) it is clear that
there exists a transition on the behaviour of A(x) for δ1 = δc, yielding three different
situations. This is consistent with the analysis of the horizons of these configurations,
as given by the zeroes of A(x). A detailed analysis of such zeroes reveals the following
structure for the horizons [282]:
• If δ1 < δc a single horizon is located on each side of the wormhole throat r = rc,
resembling the structure of the Schwarzschild spacetime.
• If δ1 > δc there may be two, one (degenerate) or none horizons, depending on the
number of charges Nq. These are Reissner-Nordstro¨m-like configurations.
• If δ1 = δc a single horizon is found for Nq > Nc and none otherwise. The spacetime
metric gµν is finite at the throat r = rc, and the geometry there is Minkowski-like.
It is worth pointing out the resemblance of the three classes (in terms of horizons) of
configurations above with those solutions resulting from the coupling of Born-Infeld elec-
trodynamics to GR [321, 139, 132, 162, 142], described in section 4.1.1. Nonetheless, the
presence of a finite-size wormhole throat introduces new features as compared to that case.
In this sense, as the region z → 1 is approached, the resulting expressions strongly deviate
from the GR case:
r2cR(g) = −
1
2δ2
(
1− δc
δ1
)[
1
(z − 1)3/2 +
a1√
z − 1
]
+
(
−4 + 16δc
3δ2
)
+O (z − 1) (4.109)
r4cQ(g) =
(
1− δc
δ1
)[
6δ2 − 5δ1
3δ22(z − 1)3/2
+
a2√
z − 1
]
+
(
10 +
86δ21
9δ22
− 52δ1
3δ2
)
+O (z − 1) (4.110)
r4cK(g) =
(
1− δc
δ1
)[
2 (2δ1 − 3δ2)
3δ22(z − 1)3/2
+
a3√
z − 1
]
+
(
16 +
88δ21
9δ22
− 64δ1
3δ2
)
+O (z − 1) (4.111)
where {a1, a2, a3} are some constants. These expansion reveal the divergence of all cur-
vature scalars at the wormhole throat, z = 1, but for the particular choice δ1 = δc they
all become finite. The latter condition sets a particular charge-to-mass ratio, but says
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nothing on the particular amounts of them. Remember that, from the discussion on the
structure of horizons above, the case δ1 = δc corresponds to the transition between the
Reissner-Nordstro¨m-like and Schwarzschild-like case, where the geometry at z = 1 becomes
Minkowskian. As already said, this is somewhat analogous to the case of Born-Infeld elec-
trodynamics coupled to GR, though in such a case curvature divergences at r = 0 are
always present. It should be noted that in the EiBI case, the presence of curvature di-
vergences or not has no influence on the existence of a wormhole structure, so one could
wonder about the physical meaning of such divergences (see section 4.5.2).
In the context of GR one could wonder what is the location of the sources generating
the mass M and charge Q of the geometry of the Reissner-Nordstro¨m solution. It turns
out that it is not possible to have a well defined point-like source generating both mass
and charge of the Reissner-Nordstro¨m geometry and, at the same time, being a solution of
the Einstein equations everywhere [287]. It is equally natural to wonder about the nature
of both mass and charge that generate the wormhole geometries discussed here and in
section 4.3. As first shown by Misner and Wheeler [253], the non-trivial topology of the
wormhole allows to define by itself a charge without the need of considering sources for
the electric field, an effect coined charge-without-charge in that paper. Indeed, an electric
flux flowing through a 2-dimensional, spherical S2 surface enclosing one of the sides of the
wormhole mouths defines a charge as
Φ =
1
4π
∫
S2
∗F = ±Q (4.112)
where ∗F is the two-form dual to Faradays’s tensor and the two signs ± come from the
different orientation of the normal on each side of the wormhole throat. Note that this
result holds true regardless of the particular details of the configurations as long as a
wormhole throat exists and the topology does not change. In particular, it is not affected
by the presence of curvature singularities. For the solutions considered in this section, the
density of lines of flux crossing the spherical wormhole throat can be computed as
Φ
4πr2c
=
Q
r2c
=
√
2c7
(~G)2
(4.113)
which is independent of the particular amount of charge and mass, i.e, independent on the
presence or not of curvature divergences.
In a similar fashion one could wonder about the origin of the mass generating the
geometry (4.99). Following also the mass-without-mass mechanism introduced by Misner
and Wheeler [253], and in analogy with the energy of an electric field in a Minkowski
spacetime, SM =
∫
dt×Ee one can estimate the total mass of the spacetime by evaluating
the gravitational + matter action for these configurations, i.e., S = ∫ dt× (EG+Ee), which
can be performed in terms of the variable dx2 = dz2/Ω−, with the result [282]
S = 2Mc2 δ1
δc
∫
dt (4.114)
where the factor 2 comes from the need of integrating on both sides of the wormhole
throat. Like the electric flux above, this result is finite and independent of the existence
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or not of curvature divergences. The explicit implementation of both charge-without-
charge and mass-without-mass mechanisms make these objects be explicit realizations
of Wheeler’s geon [363], understood as self-gravitating electromagnetic entities without
sources. It remains to be seen whether the case with ǫ > 0 (4.32), and the wormhole
solutions constructed out of anisotropic fluids and described in section 4.3 admit a similar
characterisation, though such an analysis is not available in the literature yet.
We have seen that in the solutions described in this section the presence of curvature
divergences at the wormhole throat in the cases δ1 6= δc seems to have no influence on the
physical properties of the solutions such as total charge, mass and density of lines of electric
field, which are as well defined as in the case δ1 = δc, where no curvature divergences arise.
This is somewhat similar to the thin-shell approach to construct wormhole solutions, by
which two spacetimes are joined together at a given hypersurface, where the throat is
located [257, 141, 173]. The resulting manifold is geodesically complete by construction,
but curvature divergences arise at the wormhole throat [304], which is interpreted as a
surface layer with an energy-momentum tensor on it. To get an intuitive idea of the
similarities and differences between the smooth, δ1 = δc, and divergent, δ1 6= δc solutions
described in this section, one can construct Euclidean embeddings of the spatial equatorial,
θ = π/2, and t =constant section of the line element (4.99), expressed in terms of the
coordinates dx2 = Ω2+dr
2/Ω−, which reads dl2 = 1Aσ−dr
2 + r2dϕ2, to embed it into a
three-dimensional space with cylindrical symmetry as
dl2 = dξ2 + dr2 + r2dϕ2 , (4.115)
where the function ξ must be chosen so as to match the equatorial t =constant line element
above. Around the wormhole throat rc one can make use of the expansions of the metric
functions there, together with Ω− ≃ 4(r − rc)/rc, which yields
dl2 =


(Nc−Nq)
8Nc
rc
(r−rc)dr
2 + r2dϕ2 if δ1 = δc
Nc
Nq
δ1δc
(δ1−δc)
√
rc
r−rcdr
2 + r2dϕ2 if δ1 6= δc
(4.116)
(4.117)
so that one has
ξ(r) =


± (Nc−Nq)4Nc
√
rc
√
r − rc if δ1 = δc
± 4Nc3Nq δ1δc(δ1−δc)rc
(
r−rc
rc
)3/4
if δ1 > δc
(4.118)
In Fig.16 we have depicted these Euclidean embeddings for δ1 = δc (top figures) and
δ1 > δc (bottom figures), in those cases where no horizons are present (recall the discussion
of section 4.4.1). In both cases, the presence of a wormhole structure is manifest. The
115
Figure 16: Left plot: Euclidean embedding of the equatorial θ = π/2 and t =constant section of the cases
with curvature divergences for electromagnetic geons. The vertical axis represents the function ξ(r). Figure
extracted from Ref.[279]. Right plot: Euclidean embedding of the wormhole described by Eqs.(4.84) and
(4.85) with α = 3/4, ǫ = 4 and x = 1/2. Figure extracted from [327].
two-dimensional curvature, however, as given by the expression of the Kretchsman:
K2D =


64(Nc−Nq)2
N2c
1
r2cr
2 if δ1 = δc
N2q
N2c
(δ1−δc)2
4δ21δ
2
c
1
rc(r−rc)r2 if δ1 > δc
(4.119)
is finite for the former, but divergent for the latter. This highlights the fact that two
similar wormhole structures can show very different properties regarding the behaviour of
curvature invariants. This can also be observed in the case of wormholes supported by
anisotropic fluids found in [327] and discussed in section 4.3, whose Euclidean embedding
for the model with α = 3/4 in Eqs.(4.84) and (4.85) is also depicted in Fig.16. Remember
that in such a case the tidal forces at the throat are finite, regardless of the behaviour of
the curvature there. We shall review the issue of non-singular solutions in EiBI gravity in
section 4.5.
4.4.2. Coupling to Born-Infeld electrodynamics
The coupling of EiBI gravity to Born-Infeld electrodynamics (4.12) has been considered
by Jana and Kar in [218]. The strategy followed to obtain electrovacuum solutions to the
field equations is pretty much the same than the one employed for the Maxwell field above,
and therefore we shall omit the details. The resulting line element, with the redefinition
b2 = α/(4ǫ), becomes
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ds2 = −U(x)e2ψ(x)dt2 + V (x)
U(x)
e−2ψ(x)dr2 + r2
(
dθ2 + sin2 θdφ2
)
(4.120)
U(x) =
2− α
2(1− α) −
α
2(1− α)
1√
1 + 4ǫQ
2(1−α)
αx4
V (x) =
2− α
2(1− α) −
α
2(1− α)
√
1 +
4ǫQ2(1− α)
αx4
,
where the metric function ψ(x) splits into two subcases and takes the form
∞ > α > 1 : e2ψ(x) = 1− 2M
x
+
αx2
6ǫ(α− 1)
[√
1− 4ǫQ
2(α− 1)
αx4
− 1
]
(4.121)
+
α1/4(4Q2)3/4
3ǫ1/4(α− 1)1/4xF
(
arcsin
((
4ǫQ2(α− 1))1/4
α1/4x
)
,−1
)
−∞ < α < 1 : e2ψ(x) = 1− 2M
x
− αx
2
6ǫ(1 − α)
[√
1 +
4ǫQ2(1− α)
αx4
− 1
]
(4.122)
+
4Q2
3x2
2F1
(
1
4
,
1
2
;
5
4
;−4ǫQ
2(1− α)
αx4
)
,
and the radial coordinates are related as
r2 = V (x)x2 . (4.123)
From the analysis of these solutions it follows that for α < 0 there is a minimum value of
the radial coordinate r = r0 in Eq.(4.123), where r0 =
(
(α−2)(4ǫQ2(1−1/α))1/2
2(α−1)
)1/2
, and thus
in this case the charge is distributed over a 2-sphere of radius r0. This is in agreement
with the analysis carried out in [277] where wormhole solutions with geonic properties
were obtained in an extension of GR including quadratic corrections in the curvature and
coupled to Born-Infeld electrodynamics. Now, for α > 2 there is also a minimum, which
now occurs at rc = (κQ
2α/(1 − α))1/4, while in the range 0 < α ≤ 2, no minimum is
found and a point-like charge arises (note that α = 0 corresponds to the GR case). This
implies that, in particular, for α > 0, depending on the interplay between EiBI gravity and
Born-Infeld electrodynamics wormhole solutions might be found, but this is not explicitly
investigated by Jana and Kar. Nonetheless, they investigate in detail the case α = 1.
By variation of the EiBI constant ǫ, solutions with one or two horizons may be found in
that case (which is thus similar to what is found in Born-Infeld electrodynamics in GR,
see section 4.1.1, and to geonic solutions supported by a Maxwell field, see section 4.4.1).
Curvature divergences are always present either at the location of the throat r = rc (when
a wormhole is present) or at r = 0, although the energy density of the electromagnetic
field remains finite everywhere.
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To investigate the geodesic behaviour in these geometries, one first notices that in non-
linear theories of electrodynamics photons do not propagate along null geodesics of the
background metric, but instead on null geodesics of an effective geometry [265] given by
gµνeff =
(
1 + 1
b2
F 2
)
gµν+ 1
b2
FµσF
σν , where Fµν is the background electromagnetic field. For
any value of α 6= 1, the effective metric for the photon propagating in the EiBI background
reads [218]
ds2eff = −U(x)e2ψ(x)dt2 + U(x)e−2ψ(x)dx2 +
(
αV 2(x)x4 + 4κQ2
αV (x)x2
)
(dθ2 + sin2 θdφ2)
(4.124)
from which the expression for the deflection angle (see section 4.2.3 for the basic definitions)
of the photon moving on this effective metric is obtained as
∆(ϕ) = 2
∫ ∞
xtp
U(x)
r2(x)
[
U(xtp)e
2ψ(xtp)
r2(xtp)
− U(x)e
2ψ(x)
r2(x)
]−1/2
dx− π (4.125)
with the expressions appearing in the line element in Eq.(4.120) and with the definitions
of Eqs.(4.121) and (4.122). Numerical integration of (4.125) yields the plots of Figs.17,
where the light deflection angle ∆Φ is depicted against the turning point radius rtp (for
which dr/dφrth = 0) for different values of α, both positive and negative, and compared
to Maxwell case. This way, like in the case of EiBI gravity coupled to a Maxwell field (see
section 4.2.3), gravitational lensing could be used in order to put experimental constraints
on the size of ǫ and on possible nonlinear corrections to Maxwell theory.
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Figure 17: Deflection angle ∆Φ for EiBI gravity coupled to Born-Infeld electrodynamics as a function of
the turning radial point rtp (defined as dr/dφrth = 0), for different values of b
2 = α/(4ǫ), both positive
(left plot) and negative (right plot). The dashed curve represents the coupling of EiBI gravity to Maxwell
electrodynamics. Figures taken from [218].
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4.5. Non-singular solutions
Let us now consider an aspect of utmost importance regarding the internal structure of
black holes resulting from gravitational collapse, namely, the presence of a singularity at
their center. This is an unavoidable consequence of the singularity theorems provided that
i) a trapped surface exists, ii) the null congruence condition holds and iii) global hiper-
bolicity is fulfilled [299, 300, 197, 177] (see [326, 125] for more pedagogical discussions of
this issue). These theorems are formally based on the notion of geodesic (in)completeness,
namely, on the impossibility of extending null and time-like geodesics to arbitrarily large
values of their affine parameters. As null geodesics are associated to the transmission of
information and time-like geodesics to the free-falling paths of physical observers, geodesic
(in)completeness has become the most widely accepted criterium to detect the presence of
spacetime singularities39. However, as geodesics are geometrical structures that represent
idealized point-like observers without internal structure, it is unclear what a quantum the-
ory of gravity should say about them. Indeed, from an intuitive point of view, since gravity
is a matter of curvature, the blow up of curvature scalars could be seen as an indication
of the presence of large tidal forces that would potentially rip apart a physical (extended)
observer, which has shaped numerous approaches to get rid of spacetime singularities
through bounded curvature scalars [35, 21, 20, 259, 254, 241, 65]. Indeed, the standard
lore of the field states that, as the curvature grows to reach Planckian values, an improved
theory of gravity properly incorporating quantum effects should avoid the formation of
singularities during the last stages of the gravitational collapse [212, 41, 373, 320, 49, 247].
In this section we will discuss the regular/singular character of the geonic configurations
discussed in section 4.4 making use of these concepts.
4.5.1. Geodesic completeness
Our aim in this section is to determine whether the spacetimes considered in section 4.4
are geodesically complete, i.e., whether any time-like or null geodesic can be extended be-
yond the wormhole throat, since the latter can be reached in finite affine time. We will use
the notations and conventions described in section 4.2.2. We shall focus on asymptotically
flat spacetimes, λ = 1. In terms of the line element (4.99) the two conserved quantities of
motion read E = A dtdu and L = r
2 dϕ
du or, alternatively, in terms of Eddington-Filkenstein
coordinates (4.107), E = A dvdu − 1Ω+ dxdu . This way, the line element (4.99) can be used to
write the modulus of the tangent vector uµ = dxµ/du, which satifies uµu
µ = −k, with
k = 0(1) for null (time-like) geodesics, as
−k = −A
(
dt
du
)2
+
1
AΩ2+
(
dx
du
)2
+ r2(x)
(
dϕ
du
)2
. (4.126)
In terms of the conserved quantities above, Eq.(4.126) reads
1
Ω2+
(
dx
du
)2
= E2 − V (x) ; V (x) = A
(
k +
L2
r2(x)
)
, (4.127)
39Note, however, that a given spacetime can be geodesically complete and still be pathological since it
can contain finite paths for observers with bounded acceleration, see Geroch [177].
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which is just the equation of motion of a particle in a one-dimensional effective potential
V (x). For radial (L = 0) null (k = 0) geodesics, Eq.(4.127) simplifies to
1
Ω−
(
dr
du
)2
= E2 , (4.128)
which admits an analytical integration of the form
±E · u(x) =


2F 1[−14 , 12 , 34 ; r
4
c
r4
]r if x ≥ 0
2x0 − 2F 1[−14 , 12 , 34 ; r
4
c
r4
]r if x ≤ 0
, (4.129)
where x0 = 2F 1[−14 , 12 , 34 ; 1] =
√
πΓ[3/4]
Γ[1/4] ≈ 0.59907 and the sign ± corresponds to in-
going/outgoing geodesics. For x → ∞, series expansion of the solution (4.129) yields
Eu(x) ≈ r ≈ x and the GR behaviour is naturally recovered. In the GR case one has
(dr/du)2 = E2 everywhere, whose integration is r(u) = ±Eu. Since in that case the
function r(u) is strictly positive, then the affine parameter u(x) is only defined on the
positive/negative (ongoing/ingoing) axis and thus geodesics cannot be extended beyond
x = 0, hence such spacetime is geodesically incomplete. In the present case, however,
the presence of a wormhole throat introduces significant deviations from the GR solu-
tion, and from (4.129) one finds that at r = rc (x = 0) the affine parameter behaves as
Eu(x) ≈ ±x+√r − rc ≈ x± x/2, with the sign + (−) corresponding to the region with
x > 0 (< 0). As depicted in Fig.18, the affine parameter u(x) can be smoothly extended
beyond x = 0 and thus radial null geodesics are complete regardless of the value of δ1. This
is a relevant result since in the cases δ1 6= δc curvature divergences arise at the wormhole
throat, but they do not have any impact on the behaviour of the affine parameter, which
is the same in all cases, being free of curvature divergences or not (see section 4.5.2 for a
discussion on the impact of such divergences).
Figure 18: Affine parameter u(x) (in this plot u → λ) as a function of the radial coordinate x for null
radial geodesics in Eq.(4.129), compared to the GR behaviour (dashed green curve). In this plot E = 1,
and the horizon axis is measured in units of rc. Figure taken from [279].
For null geodesics with L 6= 0 and time-like geodesics, the effective potential in (4.127)
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can be approximated near the wormhole throat x = 0 as [280]
V (x) ≈ − a|x| − a ; a =
(
k +
L2
r2c
)
(δc − δ1)
2δcδ2
; b =
(
k +
L2
r2c
)
(δ1 − δ2)
2δ2
. (4.130)
From this expression it is clear that if δ1 > δc, corresponding to Reissner-Nordstro¨m-like
configurations (see section 4.4.1), an infinite potential barrier prevents any such geodesics
to reach the wormhole throat x = 0, which is the same behaviour found in the GR case.
But if δ1 < δc, corresponding to Schwarzschild-like solutions, these geodesics see an infinite
attractive potential as x→ 0 and are unavoidably dragged to the wormhole throat. In the
GR case, radial time-like geodesics behave near r = 0 as λ(r) ≈ ±23r(r/rS)1/2 and, likewise
in the case of radial null geodesics above, the fact that r > 0 makes ingoing/outgoing
geodesics to end/start at x = 0, with no possibility of further extension, and therefore
geodesics in this case are incomplete. In the geonic wormhole case, however, the geodesic
equation (4.127) can be integrated as [279]
du
dx
≈ ±1
2
∣∣∣x
a
∣∣∣ 12 → u(x) ≈ ±x
3
∣∣∣x
a
∣∣∣ 12 , (4.131)
and again, the fact that x ∈] −∞,+∞[ allows to smoothly extend the affine parameter
u(x) across x = 0 to the whole real axis, which contrasts with the geodesics ending at
x = 0 of the GR case. Finally, if δ1 = δc (finite curvature cases), the leading order term
of the expansion of the effective potential in Eq.(4.130) vanishes, and the new expression
becomes V (x)
L2
= 12(1− NqNc )+O(x) (remember that in this case an event horizon is present
if Nq > Nc) for both null geodesics with L 6= 0 and time-like geodesics, which means that
the potential is regular at x = 0. This way, all geodesics with energy E greater than the
maximum of the potential Vmax will be able to go through the wormhole, while bounded
orbits can exist for 0 < Vmax < E. The comparison of the behaviour of the effective
potential for the three classes of configurations and different values of the number of
charges is depicted in Fig.19, corresponding to time-like geodesics with L 6= 0.
From the description above, it follows that the presence of a spherically symmetric
wormhole structure replacing the point-like singularity of GR allows for geodesically com-
plete spacetimes, which is in agreement with the standard lore of wormhole physics [354].
Nonetheless, the physical meaning of curvature divergences at the wormhole throat re-
quires a separate analysis.
4.5.2. The physical implications of curvature divergences
We have already discussed in section 4.3, following Shaikh [327], that for wormhole
solutions supported by anisotropic fluids, tidal forces at the wormhole throat can be finite.
In this section we shall follow a different approach to determine the impact of curvature
divergences on physical (extended) observers and review the results of [281]. This approach
is based on the concept of strong singularities, originally introduced by Ellis and Schmidt
[152]. Such singularities are identified by the property that all objects approaching them
are crushed to zero volume, no matter what their internal constituents or forces holding
them might be. This is opposed to weak singularities, for which a body could retain its
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Figure 19: Effective potential V (x) for time-like geodesics with L = 2. Plots A, B and C depict the Reissner-
Nordstro¨m-like (δ1 > δc), Minkowski-like (δ1 = δc) and Schwarzschild-like (δ1 < δc) cases, respectively, for
three curves corresponding toNq = 1, Nc, 8Nc (solid, dashed, dotted, respectively). Plots D, E and F depict
three values of charge Nq = 1, Nc, 4Nc, respectively, for three curves corresponding to δ1 = δc, 1.5δc, 0.3δc,
(solid green, dashed red, dotted blue, respectively). Figure taken from [279].
identity while crossing the divergent region. Built on the precise mathematical framework
introduced by Tipler [346, 347], Clarke and Krolak [117] and others [263, 285], the idea is to
idealize a physical (extended) observer as a set of points following their own geodesic path
(i.e. a congruence), and to determine the relative separation between nearby geodesics as
the divergent region is crossed. The congruence is characterised as xµ = xµ(u, ξ), where
u corresponds to the affine parameter along a given geodesic and ξ labels the different
geodesics on such a congruence. The separation between nearby geodesics (for fixed u) is
measured by the Jacobi field Zµ ≡ ∂xµ/∂ξ, which satisfies the geodesic deviation equation
D2Zα
du2
+Rαβµνu
βZµuν = 0 . (4.132)
Given the second-order character of this equation, it follows that there are six independent
Jacobi fields along a given geodesic, which are obtained as Za(u) = Aab(u)Z
b(ui), where
Zb(ui) corresponds to the value of the Jacobi fields at some initial instant ui and A
a
b(u) is
a 3×3 matrix (the identity if u = ui). If all Jacobi fields vanish at u = ui, one can instead
write Za(u) = Aab(u) DZbdu
∣∣∣
u=ui
, where Aa is a 3× 3 matrix that vanishes at u = ui. This
way, three linearly independent solutions of (4.132) allow to define a volume element:
V (u) = det |A(u)|V (ui) (4.133)
(or as det |A(u)| if Za(ui) = 0). Thus a strong singularity is met if limu→0 V (u) = 0 [117],
where the singularity is approached if u→ 0.
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Following the analysis of Dolan [263] for spherically symmetric spacetimes, the Ja-
cobi fields can be written as {Z(1) = B(u)(ux/A,Aut, 0, 0), Z(2) = (0, 0, P (u), 0), Z(3) =
(0, 0, 0, Q(u)/ sin(θ))}, which are orthogonal to the time-like radial geodesic vector uµ =
(ut, ux, 0, 0), whose components are defined via ut ≡ dt/du = E/A and ux ≡ dx/du. The
geodesic deviation equation (4.132) allows to obtain the functions B(u), P (u) and Q(u)
via the equations P (u) = P0 +C
∫
du
r2(u)
, Q(u) = Q0 +C
′ ∫ du
r2(u)
and Buu +
Ayy
2 B(u) = 0.
Close to the wormhole throat, the behaviour of these functions can be computed and the
result compared to their GR counterparts as
BGR(u) ≈ C1
(
1
|u|1/3 −
|u|4/3
|ui|5/3
)
→ BEiBI(u) ≈ C ′1
(
1
|u|1/3 −
|u|4/3
|ui|5/3
)
(4.134)
PGR(u) ≈ C2
(
1
|ui|1/3
− 1|u|1/3
)
→ PEiBI(u) ≈ C ′2(u− ui) (4.135)
QGR(u) ≈ C3
(
1
|ui|1/3
− 1|u|1/3
)
→ QEiBI(u) ≈ C ′3(u− ui) , (4.136)
where {C1, C ′1, C2, C ′2, C3, C ′3} are arbitrary constants. Now, from [263] the resulting vol-
ume from these spacetimes can be written as
V (u) = |B(u)P (u)Q(u)|r2(u), (4.137)
Now, since in GR one has rGR ≈ (9rS/4)1/3u2/3 and in EiBI geons r2(u) ≈ r2c +x2/2, then
one finds that the volume in the former is VGR ≈ u1/3, while in the latter VEiBI ≈ 1/u1/3.
Thus, in the GR case the volume vanishes as u → 0 and, according to Tipler’s criterium
[347, 346], the divergence of curvature scalars is associated to a strong singularity. In the
EiBI case, however, the finite radius of the wormhole prevents the convergence of geodesics
of the GR case, and the volume element diverges instead as u → 0, a scenario that has
been independently discussed by Nolan [264] and Ori [285].
To investigate in more detail the effect of such a divergent volume on physical observers
let us rewrite the line element (4.99) in free-falling coordinates as [280, 281]
ds2g = −du2 + (uy)2dξ2 + r2(u, ξ)dΩ2 , (4.138)
where ξ measures the radial separation between nearby geodesics and uy ≡ dy/du, where
dy = dx/(1 + r4c/r
4(x)). For the Scharwarzschild-like configurations, δ1 < δc, which is the
only case in which time-like observers can go through the wormhole (recall the discussion
of section 4.5.1), the vector (uy)2 can be approximated near the wormhole throat as
(uy)2 ≃ a/|x| ≃ ( 3a |u− Eξ|)−
2
3 . This turns (4.138) into
ds2g ≈ −du2 +
(
3
a
|u− Eξ|
)−2/3
dξ2 . (4.139)
This expression states that, as the wormhole throat is approached, the distance between
two infinitesimal nearby geodesics diverges, dlPhys =
(
3
a |u− Eξ|
)−1/3
dξ. However, for
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finite comoving separation between nearby geodesics, lξ ≡ ξ1− ξ0, the physical separation
lPhys ≡
∫ |uy|dξ can be computed as
lPhys ≈
(a
3
)1/3 1
E
∣∣∣|u− Eξ0|2/3 − |u− Eξ1|2/3∣∣∣ , (4.140)
which is finite. Due to the divergent volume carried by a physical observer, the meaning of
this result is that, as the wormhole throat is approached, infinitesimally nearby geodesics
are infinitely stretched in the radial direction, followed by an identical contraction as
the wormhole is left behind, in a sort of spaghettisation process. The danger lies on the
possibility that the constituents that make up and keep cohesioned the body could lose
causal contact due to the spatial stretching affecting their infinitesimal elements, which
would result in the unavoidable destruction of the body. To check this one can consider
the propagation of radial null rays, ds2 = 0, in the background (4.139), so the photon
path satisfies
dξ
du
= ±
∣∣∣∣3a(u− Eξ)
∣∣∣∣
1/3
. (4.141)
Using a numerical integration, in Fig.(16) two main results are observed: i) a fiducial
observer at ξ = 0 never loses causal contact with its nearby geodesics (left figure) and
ii) the proper time taken in a round trip by a light ray from ξ = 0 to a nearby geodesic
is always finite and casual as the wormhole throat is crossed (right figure), with just an
additional delay in the travelling time. Thus, in these geometries, physical observers near
the wormhole throat can remain in causal contact despite the spaghettisation process
experienced as u→ Eξ, and can apparently cross this region with curvature divergences,
without experiencing absolutely destructive deformations.
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Figure 20: Left plot: trajectories of light rays (in this plot u → λ) emitted by a time-like observer from
ξ = 0 at different times before reaching the wormhole throat (oblique line u−Eξ = 0) in a Schwarzschild-
like configuration, δ1 < δc (in this plot, E = 1, a = 3). Right plot: proper time ∆u taken in a round trip
by a geodesic at ξ = 0 to another separated by a distance ξ = {0.01rc, 0.005rc, 0.001rc}, as a function of
the proper time u at which the light ray was sent. At u = 0 the divergent region is reached, but the (finite)
travelling time tends to zero as the comoving distance tends to zero too. Figures taken from Ref.[281].
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4.5.3. Tests with scalar waves
As a third test to determine whether the presence of curvature divergences endangers
the well posedness of the physical laws in these geonic geometries one can study the
propagation of scalar waves near the wormhole throat, following the description of [280].
This analysis considers the case of Reissner-Nordstro¨m-like configurations, δ1 > δc, where
the presence of a time-like Killing vector allows for a separation of variables. The field
equation for a massive scalar field, ( −m2)φ = 0, can be decomposed in modes of the
form φω,lm = e
−iωtYlm(θ, ϕ)fω,l(x)/r(x), where Ylm(θ, ϕ) are spherical harmonics and the
functions fω,l(x)/r(x) are governed, in the radial coordinate dy/dx = 1/A(1 + r
4
c/r
4), by
the Schro¨dinger-like equation
−fyy + Vefff = ω2f ; Veff = ryy
r
+A(r)
(
m2 +
l(l + 1)
r2
)
, (4.142)
where the effective potential Veff converges to the GR result for r ≫ rc, but behaves near
the wormhole throat r = rc as
Veff ≈ k|y|1/2 ; k ≡
√
(δ1 − δc)Nq
δ1δcNc
(Nc[m
2r2c + 1 + l(l + 1)]−Nq)
Nc(8r3c )
1/2
. (4.143)
While low-energy modes cannot overcome the potential barrier and are almost entirely
reflected, much like in the GR case, high-energy models may overcome such a barrier and
end hitting the wormhole throat. Considering an incoming wave packed travelling from
null infinity (when no horizon is present, or from the event horizon otherwise), the wave
equation (4.142) reduces to
fy′y′ +
(
α2 ± 1√
y′
)
y = 0 , (4.144)
where the parameter α = |k|− 23ω encodes all the relevant information for this problem.
The sign ± determines an infinite well or potential, the former leading to a transmission
coefficient that tends to one as α grows, while the latter has a typical sigmoid profile
of barrier experiments, where a threshold around α = αth ∼ 1.5 from almost complete
reflection to almost complete transition is found (see left panel of Fig.21). For constant
ω there is another threshold, l = lmax, such that the cross section, σ, can be roughly
estimated by considering that the transmission factor is one for l > lmax (almost entire
transmission) and zero for l < lmax (almost entire reflection) as
σ =
π
ω2
lmax∑
l=0
(2l + 1)1 =
π
ω2
(1 + lmax)
2 (4.145)
which is depicted in the right panel of Fig.21, where for ω →∞ one has σ ∝ ω−1/2.
As a summary of this section, the well posedness of the wave scattering problem, to-
gether with the geodesic completeness for null and time-like geodesics and all spectrum
and mass and charge, and the fact that the constituents making up physical (extended)
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Figure 21: Left plot: transmission coefficient for the potential well −|y′|−1/2 (blue dots) and the barrier
+|y′|−1/2 (red crosses). Right plot: transmission cross section in Eq.(4.145) as a function of ω for δ1 = 1
and Nq = 10 (configurations without horizons), from numerical calculation of Veff (dots) in Eq.(4.142)
and compared to the approximation σ ∝ ω−1/2 (continuous line). Figures extracted from Ref.[280].
observers can remain in causal contact as the wormhole throat is crossed, imply the exis-
tence of classical non-singular black hole geometries in EiBI gravity. It should be pointed
out that similar electromagnetic solutions as those analyzed here and in section 4.4 can
be found in functional extensions of the form f(X ) = X n, where X ≡ det(gˆ−1qˆ) and the
parameter n labels different models (n = 1/2 for EiBI gravity). It turns out that for any
1/4 < n ≤ 1/2 the corresponding electrically charged solutions, studied in Ref.[43], share
a similar wormhole structure as those of EiBI gravity, yielding also geodesically complete
structures, while for n > 1/2 no wormhole solutions were found in that reference.
4.6. Higher and lower dimensional models and solutions
4.6.1. Electromagnetic fields in higher dimensions
The setup derived and discussed in Sec.(4.4) can be extended to their higher-dimensional,
D > 4, counterparts. Most of the corresponding expressions are easily obtained following
a similar approach, see Bazeia et al [55]. The field equations in the qµν geometry read now
Rµν(q) = ǫ
2
|Υˆ| 1D−2
[LBIδµν + T µν ] ; LBI = |Υˆ|
1
D−2 − λ
ǫκ2
, (4.146)
with the definition
Υˆ ≡ |Ωˆ|1/2(Ω−1)µν = λδµν − ǫκ2T µν (4.147)
(remember that Ωˆ−1 ≡ qˆ−1gˆ, while the definition (4.147) implies |Ωˆ|1/2 = |Υˆ| 1D−2 ). The
relation between the auxiliary qµν and the physical metric gµν is now given by
qµν = |Υˆ|
1
D−2 (Υ−1)µ
α
gαν ; q
µν =
1
|Υˆ| 1D−2
gµαΥα
ν . (4.148)
It is easy to see that the system of equations (4.146), with the definitions (4.147) and
the transformation (4.148), satisfies the same second-order field equations and ghost-free
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character of their four-dimensional partners, besides the recovery of the D-dimensional
Minkowski spacetime in vacuum.
Electrovacuum solutions of the field equations (4.146) are easily derived following the
same steps as in section 4.4, using now the set of transformations (4.147). One thus set
two static, spherically symmetric line elements of the form
ds2g = gttdt
2 + gxxdx
2 + r(x)2dΩ2(D−2) (4.149)
ds2q = −A(x)e2ψ(x)dt2 +
1
A(x)
dx2 + x2dΩ2(D−2), (4.150)
(where dΩ2(D−2) is the angular sector in the maximally symmetric subspace) for the metric
gµν and qµν , respectively, so that the electromagnetic field satisfies F
tx = Q
r(x)D−2
√−gttgxx .
The ansatz for Ωˆ compatible with the symmetry of the electromagnetic field becomes
Ωˆ =
(
Ω+Iˆ2×2 0ˆ(D−2)×2
0ˆ2×(D−2) Ω−Iˆ(D−2)×(D−2)
)
⇒ Ω− = (λ+ X˜)
2
D−2 ; Ω+ =
(λ− X˜)
(λ+ X˜)
D−4
D−2
(4.151)
where we have used Eq.(4.147). Like in the four dimensional case, the combination Rtt −
Rxx = 0 allows to rewrite the line element for qµν in Eq.(4.149) in standard Schwarzschild-
like form, while the introduction of a mass ansatz, A = 1− 2M(x)
(D−3)xD−3 , allows to solve the
field equations for M(x), and transforming that solution back to gµν using that {qab =
gabΩ+; qmn = gmnΩ−}, where (a, b) contains the 2 × 2 block and (m,n) the maximally
symmetric sector, one obtains the final solution for gµν as
ds2g = −
A
Ω+
dt2 +
(
Ω+
A
)(
dx
Ω+
)2
+ z2(x)dΩ2 (4.152)
A(z) = 1−

 1 + δ1G(z)
δ2Ω
D−3
2− zD−3

 ; Gz = −zD−2
(
Ω− − 1
Ω
1/2
−
)(
λ+
1
z2(D−2)
)
(4.153)
δ1 ≡ (D − 3)r
D−1
c
2M0l2ǫ
; δ2 ≡ (D − 3)r
D−3
c
2M0
, (4.154)
with the definition z ≡ r/rc, where r2(D−2)c ≡ 2l2ǫ r2(D−3)Q with ǫ ≡ −2l2ǫ and r2(D−3)Q ≡
κ2Q2/(4π), while M0 is Schwarzschild mass. Again, to detect the presence of wormhole
structures, we just need to inspect the relation between radial coordinates in the two line
elements (4.149), obtained as
x2 = r2Ω− ⇒
( |x|
rc
)(D−2)
=
1
zD−2
(
z2(D−2) − 1
)
, (4.155)
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which is just a standard quadratic equation for zd−2, which can consequently be solved as
rd−2 =
|x|D−2 +
√
|x|2(D−2) + 4r2(D−2)c
2
(4.156)
where the modulus in x comes from the fact that a square root has been extracted to
obtain (4.156). The behaviour of the radial function r(x) is depicted in Fig.22 (left),
where we observe the typical bouncing behaviour of a wormhole for any dimension D,
with the throat located at x = 0 (z = 1). As follows from the analysis of Bazeia et al [55],
expansions of the metric functions and the curvature scalars at the throat reveal that, as
opposed to the four dimensional case, they always diverge there (in four dimensions, in
the case δ1 = δc they become finite, see section 4.4.1). However, a similar analysis of the
geodesic structure near the wormhole throat as in section 4.5.1 reveals the completeness
of null and time-like geodesics for all the spectrum of mass and charge of the solutions.
The case of radial null geodesics is depicted in Fig.22 (right), where we observe that they
can be naturally extended beyond the wormhole throat x = 0. However, the impact of
such curvature divergences on physical observers crossing the wormhole throat has not
been analyzed in the literature yet. The geonic properties of such solutions have been also
analyzed in [55], with similar qualitative results as those found in section 4.4.1.
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Figure 22: Left plot: representation of r(x) in Eq.(4.156) for D = 4 (solid), D = 6 (dashed) and D = 10
(dotted), with both axes measured in units of rc. The wormhole throat is located at x = 0. Right plot:
representation of the affine (null radial geodesics) parameter Eu(x) (in this plot u→ τ ) as a function of the
radial coordinate x in D = 4 (solid), D = 5 (dashed) and D = 10 (dotted). Figures taken from Ref.[55].
4.6.2. Kaluza-Klein solutions
The original idea of extra dimensions was implemented by Kaluza and Klein by as-
suming that the four dimensional energy-momentum tensor of the electromagnetic field is
originated from a part of a five dimensional metric tensor. This idea was reemployed in
the EiBI scenario in Ref.[159], where they assume a five-dimensional metric given by
gˆAB =
(
gµν + αAµAν αAµ
αAµ 1
)
(4.157)
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where α is a parameter, latin indexes run from A = 0, . . . , 4 and greek from µ = 0, . . . , 3,
while a hat denotes five dimensional objects. Now, tuning the compactification radius
from five to four dimensions, denoted as R˜, to be given by 2πR˜/Gˆ5 = 1/G4 = 1 (where
Gˆ5 and G4 are the five and four dimensional Newton’s constant, respectively), and taking
by convenience α = 4, one obtains that the five dimensional EiBI action reduces to [159]
S = 1
8πGˆ5ǫ
∫
d5x
[√∣∣∣(gˆAB + ǫRˆ(AB))∣∣∣− λ√|gˆ|
]
⇒ 1
8πG4ǫ
∫
d4x
[√
1 + ǫF 2 (4.158)
×
√√√√∣∣∣∣∣gµν + ǫ(R(µν) + 2FµβF βν) + (∇δF δµ∇βF βν)
∞∑
n=0
(−1)n+1 ǫn+2F 2n
∣∣∣∣∣− λ
√
|g|


where it is clearly seen that it transforms into a four dimensional, Class-III gravitational
action containing a number of curvature-matter couplings, and where Fµν arises as the field
strength tensor associated to the vector potential Aµ. The field equations corresponding
to the action (4.159) are highly involved, even to lowest order in ǫ (see Eqs.(4.4)-(4.7) of
Ref.[159]). Nonetheless, in the spherically symmetric case, (electrostatic) solutions to first
order in ǫ can be obtained under the form
ds2g = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 (4.159)
f(r) =
(
1− 2M
r
− Λr
2
3
+
Q2
r2
)
+ ǫ
(
3Q4
10r6
− ΛQ
2
r2
)
+O(ǫ2) (4.160)
which corresponds to a modification of the Reissner-Nordstro¨m-Anti-de Sitter solution of
GR (ǫ→ 0). Computation of the curvature scalar for these solutions, R = 4Λ+6ǫQ4/r8+
O(ǫ2), yields a curvature singularity at r = 0, but no further properties of these solutions
(such as horizons, geodesic structure, etc) are investigated in that work.
4.6.3. Thick branes
Braneworld scenarios represent an interesting development of the Kaluza-Klein idea,
boosted by the proposals introduced by Randall-Sundrum [313, 314] and Arkani-Hamed-
Dimopoulos-Dvali [24, 22] models. They assume that the four-dimensional world to which
standard model particles are attached (the brane), is embedded in a higher-dimensional
spacetime (the bulk) with a warped geometry, in such a way that gravitons can propagate
along the extra dimension (see e.g. [315] for a review). Though in the original proposals
the brane is infinitely thin, in this section we shall consider instead a thick brane, namely,
a five-dimensional bulk with a scalar field propagating in the extra dimension, and whose
energy density is assumed to be localized around the point (say) y = 0 of the extra dimen-
sion. The analysis of this scenario can be carried out to a large degree of generality, by
129
considering a Born-Infeld inspired modification of gravity (in Palatini formalism) defined
by an arbitrary function F of the object Pµν ≡ gµλR(λν) and coupled to a scalar field as
S = 1
2κ2
∫
dDx
√−gF (Pˆ ) +
∫
dDx
√−gL(X,φ) (4.161)
where D = d+1 is the number of spacetime dimensions. The Lagrangian density L(X,φ)
contains, in general, a non-canonical contribution from the scalar field kinetic term X ≡
gαβ∂αφ∂βφ (see [25] for the inception of these theories in Cosmology). The field equations
for this system are derived in the usual way, i.e., by performing independent variations of
the action (4.161) with respect to the metric and the connection, which can be handled
also by introducing a new metric qµν as [53]
qµν =
1
|FˆPˆ |
1
D−2
gµλ(FPˆ )λ
ν ; qµν = |FˆPˆ |
1
D−2 (F−1
Pˆ
)µ
λ
gλν (4.162)
where (FPˆ )λ
ν ≡ ∂F
∂Pλν
and |FˆPˆ | represents its determinant. The resulting field equations
are quite similar to those of EiBI gravity given by (4.146), which are written here by
convenience as
Rνα(q) =
κ2
|FˆPˆ |
1
D−2
(
LGδνα + T (φ)να
)
, (4.163)
where LG corresponds to the particular Lagrangian density considered. To implement the
thick brane scenario one sets the line element for the physical metric gµν :
ds2g = a
2(y)ηabdx
adxb + dy2 (4.164)
where a(y) is the warp factor, which is assumed to depend only on the extra dimension y,
and ηab is the metric on a d-dimensional spacetime brane of constant curvature K. The
corresponding field equations (4.163) in this case can be conveniently written with the
help of a similar ansatz for the auxiliary metric qµν :
ds2q = a˜
2(y˜)ηabdx
adxb + dy˜2 . (4.165)
Using (once more) the relation (2.57) it follows that in this case
Ωµ
λ ≡ |FˆPˆ |
1
D−2 (F−1
Pˆ
)µ
λ
=
(
Ω+Id×d 0ˆ
0ˆ Ω−
)
, (4.166)
from where one obtains that a˜2(y˜) = Ω+a
2(y) and dy˜2 = Ω−dy2. The gravitational field
equations follow now immediately as (see Bazeia et al [53] for details)
d(d− 1)[K −H2] = κ
2
|Ω|1/2
[
(d− 1)LG + d · T+ − T−
]
(4.167)
(d− 1)[K +Hy˜] = κ
2
|Ω|1/2 (T+ − T−) (4.168)
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where H ≡ a˜y˜/a˜, while T+ = −L(φ,X)/2 and T− = LXφ2y + T+ are the components of
the scalar energy-momentum tensor, and Ω± are model-dependent functions of X and φ.
For the sake of the search for solutions below, LG in this equation represents EiBI gravity
Lagrangian (2.33).
For the case of standard canonical kinetic term with a potential, L = X−V (φ), specific
solutions were obtained by Liu et al. [242], using a fully equivalent approach to the one
depicted above though written directly in terms of the functions {a, a˜}, see Eqs.(17a), (17b)
and (17c) of that paper. Specifically, they look for a kink solution interpolating between
different vacua at asymptotic infinity y = ±∞. This can be achieved by introducing
an additional constraint φ′(y) = Ka2(y), where K is a constant conveniently defined as
K = ±(73) 34 12√ǫκ2 . This way, the scalar field equation
4
a′
a
φ′ + φ′′ =
∂V (φ)
∂φ
(4.169)
can be integrated with the result V (y) = 32K
2a(y)4+V0, where V0 is an integration constant
that can be interpreted as the scalar field vacuum energy, fixed here as V (φ) = −λ/(κǫ).
Inserting this result into the gravitational field equations (4.167) and (4.168) one finds an
analytic solution for the warp factor and scalar field profile in closed form as
a(y) = sech
3
4
(
2√
21ǫ
y
)
, (4.170)
φ(y) = ± 7
5/4
2× 31/4κ
[
iE
(
iy√
21ǫ
, 2
)
+ sech
1
2
(
2y√
21ǫ
)
× sinh
(
2y√
21ǫ
)]
, (4.171)
where E is an elliptic integral of second kind. This way the potential can be expressed as
V (y) = 7
√
21
24ǫκ2
sech3( 2y√
21ǫ
)− λ
ǫκ2
, which allows to compute the energy density associated to
these solutions as
ρ(y) =
7
√
21
18ǫκ2
sech3
(
2y√
21ǫ
)
. (4.172)
These scalar field and energy density profiles naturally implement the defining properties
of a kink, namely, its interpolating character between different vacua at y = ±∞, as
well as the localized nature of the energy density around the center of the kink, y =
0. Regarding the curvature of the solutions, a simple calculation yields the result R =
gMNR(MN) =
1
ǫ
[
2− 7 tanh2( 2√
21ǫ
)y
]
, which asymptotically approaches the value R →
−5/ǫ < 0, corresponding to an Anti-de Sitter space.
An important aspect of configurations on the brane is to determine its stability against
tensorial perturbations there. As shown by Bazeia et al. [53] this can be also done in
full generality for a theory F (Pˆ )40. The idea is to write two perturbed line elements in
Gaussian normal coordinates as
40A general treatment of tensorial perturbations in EiBI gravity can be found in [371].
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ds2g = a
2(y) (ηab + hab) dx
adxb + dy2 (4.173)
ds2q = a˜
2(y˜) (ηab + hab) dx
adxb + dy˜2 (4.174)
where the scalar and vector modes are decoupled by imposing the conditions δgab =
a2(y)hab and δgay = 0 = δgyy . From (4.173) and (4.174), the perturbation of the field
equations (4.163) in the qµν geometry reads simply δRµν(q) = 0 → δR(µν)(q) = Rµβtβν ,
where tab = a˜
2hab is the only non-vanishing component of tβν . Now, using standard
covariant perturbation methods, and after some algebra, the tensorial modes, assumed
to be written as ha
b = X(z)ǫa
b(t, ~x) (where we have introduced a new coordinate z as
dz2 = dy˜2/a˜2), satisfy two sets of equations, namely
(η)ǫab − 2Kǫab − p2ǫab = 0 (4.175)
−Yzz + Veff (z)Y = p2Y (4.176)
where p2 is a constant. (4.176) is a Klein-Gordon-type equation for the massless, p = 0,
and massive, p 6= 0, gravitons, while in the Schro¨dinger-like equation (4.176) for the
Kaluza-Klein modes we have redefined X = a˜−
(d−1)
2 Y , and the effective potential Veff (z)
is given by
Veff =
(d− 1)
2
Hz + (d− 1)
2
4
H2 , (4.177)
where H ≡ a˜z/a˜. The operator on the left-hand side of Eq.(4.176) can be factorized as(
d
dz
− (d− 1)
2
H
)(
d
dz
− (d− 1)
2
H
)
(4.178)
which is a non-negative operator, guaranteeing in this way that p2 > 0, which implies
the tachyonic-free and stable character of this class of theories of gravity under tensor
perturbations. For the particular case of EiBI gravity, Liu et al. [242] computed the zero
mode, p = 0, as Ψ0(z) = N0 a
7/2(z), where the normalization condition
∫
Ψ2(z)dz = 1 fixes
the constant N20 ≈ 0.35/
√
ǫ. This gravity zero mode is localized at the center of the kink,
y = 0, while vanishes at y = ±∞. The effective potential (4.177) has a (asymptotically
vanishing) volcano-like profile with a well at the center of the kink, with the result that
a continuous set of massive Kaluza-Klein modes (not localized on the brane) arises for
p > 0.
The above study was further generalized by Fu et al. [172], where they considered a
class of solutions defined by the ansatz φ′(y) = Ka(y)2n, so that Liu et al. case [242]
corresponds just to n = 1. The corresponding solutions for the warp factor and the scalar
field can also be obtained in closed analytical form as
a(y) = sech
3
4n (ky) ; φ(y) =
2K
k
[
iE(iky/2, 2)sech1/2(ky) sinh(ky)
]
(4.179)
132
where the constants K = ± (1+4n/3)3/4(n+1)
√
n
ǫκ2
and k = 2n√
3ǫ(4n+3)
, while the energy density
can be computed simply as ρ = n+1n K
2sech3(ky). These configurations show similar
features as those of n = 1 below, namely, interpolation of the kink between two asymptotic
vacua at y = ±∞ and localized character around y = 0 with a maximum of the energy
density there. The impact of increasing the value of n is just to decrease the width of the
kink and to lower the maximum of the energy density. One could go on further in the
standard strategy in the field, by investigating additional models which allow to modify
the physical properties of the kink at will, but we shall stop here. Let us simply emphasize
that the zero mode for any n not localized in the brane, while more complex models like
φ′(y) = K1a(y)2(1−K2a(y)2) allow to find quasi-localized states on the brane for massive
KK gravity modes.
4.6.4. Three dimensions
Electrovacuum solutions of EiBI gravity in D = 3 dimensions requires a separate
analysis from that of section 4.6.1, due to the peculiarities of the integration of the metric
on such a case. In this sense, the expressions (4.146), (4.147), (4.148), (4.149), (4.151) are
still valid, but the integration of the metric (with a cosmological constant term, λ 6= 1)
yields now the result
ds2g = −
A(r)
Ω+
dt2 +
1
A(r)
(
dx
Ω
1/2
+
)2
+ r2(x)dθ2 (4.180)
A(x) = −λ2M − λ
2 − 1
2s|ǫ| r
2 −Q2
(
sr2c
2r2
+
1
λ
ln
[
r2 + sr2c/λ
r20
])
, (4.181)
where s in ǫ = s|ǫ| is the sign of ǫ, and r0 is an integration constant. The line element
(4.180) represents a natural generalization of Ban˜ados, Teitelboim and Zanelli (BTZ)
solution [48], which is recovered both in the limit ǫ→ 0, and asymptotically, r ≫ 1. The
BTZ solution raised a great deal of interest due to the fact that the states with M = −1
does not contain an event horizon but there is no curvature singularity to hide, either. In
the EiBI scenario, the function r(x) in Eq.(4.180) can be explicitly written as
|r(x)| = |x| ±
√
|x|2 − 4sλr2c
2λ
, (4.182)
which attains a minimum at r = rc/λ
1/2 both for s = ±1. When s = −1 one ob-
tains a wormhole structure similar to that of the higher-dimensional case (compare with
Eq.(4.156)), while for s = +1 a similar construction as the Einstein-Rosen bridge [149]
can be obtained. In both cases, null and time-like geodesics can be indefinitely extended
despite the presence of curvature divergences at the wormhole throat. However, this is
done via two different mechanisms: when s = −1 the wormhole lies on the future (or
past) boundary of the spacetime, as radial null geodesics take an infinite time to reach
the wormhole throat41 (see Fig.23, left), while when s = +1, the wormhole is reached on
41A similar result has also been found in other theories of gravity formulated in the Palatini approach,
like f(R) [278, 40, 56].
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a finite affine time but, like their four and higher dimensional counterparts (see sections
4.5.1 and 4.6.1, respectively), it can be extended beyond this point to arbitrarily large
values of the affine parameter (see Fig.23, right). This way, all the electrically charged
solutions of EiBI gravity with a wormhole structure are geodesically complete in D ≥ 3
spacetime dimensions.
Figure 23: Left plot: affine parameter u(x) (in this plot u → σ) for ingoing and outgoing radial null
geodesics in the case s = −1, as compared to the GR case (dashed lines). In this case, the wormhole lies
on the future (or past) boundary of the spacetime. Right plot: Affine parameter u(r(y)) (where y is a new
suitable radial coordinate) for radial null geodesics in the case s = +1, where the wormhole is reached in
finite time but can be indefinitely extended. Figures extracted from Ref.[54].
Three dimensional, asymptotically flat, circularly symmetric charged solutions within
the context of Born-Infeld inspired gravity formulated in Weitzenbo¨ck spacetime (Class-II)
have been found by Ferraro and Fiorini [166]. This is a formulation of classical gravity in
terms of a spacetime possessing absolute paralelism (or teleparallel gravity, see Ref.[202]).
The action considered in this work is defined as
SBIT =
1
2κ2ǫ(A+B)
∫
d3x
[√
|gµν + 2ǫFµν | − λ
√
|gµν |
]
, (4.183)
where Fµν = ASµλρT
λρ
ν + BSλµρT
λρ
ν (with A and B some constants) is quadratic in the
Weitzenbo¨ck torsion T ρ µν = e
ρ
a (∂µe
a
ν − ∂νeaµ) build out of the set of 3-forms {ea(x)}, with
the definitions (2.144) and (2.145). In the limit ǫ → 0 the teleparallel version of GR
(TEGR) is obtained, which are equivalent to each other since the curvature scalar of the
Levi-Civita connection, R, can be written as R = S µνρ T
ρ
µν (+ total derivative terms).
Upon resolution of the corresponding field equations for this theory one obtains the
line element [166]
ds2 =
(
J2
4r2
+M2
)
dt2 −
(
Y (r)2
J2/(4 r2) +M2
)
dr2 − r2
(
− J
2 r2
dt+ dθ
)2
(4.184)
described by a mass M and an angular momentum J , while the function Y is determined
via the cubic equation Y 2 − Y 3 = ǫJ2/(4r4) = ∆, and out of the three solutions of this
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system, imposing recovery of the GR limit, Y = 1 for ∆→ 0, one gets the result
3 Y = 1 +
(
1− 27∆
2
− 3
2
√
3∆ (27∆ − 4)
)−1/3
+
(
1− 27∆
2
− 3
2
√
3∆ (27∆ − 4)
)1/3
.
(4.185)
This geometry can be written, using a suitable change of coordinates given by {t, r} →
{T =Mt+ Jθ/(2M), ρ =M−2(J2/4 +M2r2)1/2}, as
ds2 = dT 2 − Y (ρ)2 dρ2 −M2ρ2dθ2 (4.186)
so that the TEGR limit, ǫ→ 0, is naturally recovered. To further understand the geometry
(4.186) one can consider the behaviour of the curvature scalars (in the case ǫ < 0)
R =
2Y (ρ)′
ρY (ρ)3
=
2Y (r)′
rY (r)3
; R(µν)R(µν) =
1
2
R2 ; Rαβγδ R
βγδ
α = R
2. (4.187)
Ferraro and Fiorini analyse the structure of this spacetime in the two regions of interest.
At asymptotic infinity, ρ → ∞, where Y → 1, all these scalars vanish, and the geometry
(4.186) describes a BTZ-type spacetime with a conical singularity. On the central region,
r → 0, the scalars vanish as well. In particular, the curvature scalar behaves as R ∼
−163
( √
2r
|ǫ|J2
)2/3
. The physical interpretation of this geometry is that of a spacetime with a
deficit angle ranging between 2π(1−M) at spatial infinity and 2π at r = 0, corresponding
to the circle of minimum radius ρ0 = J/(2M
2) that can be attained in this geometry.
Nonetheless, as radial null geodesics satisfy dT = Y dρ, this means that T diverges as a
light ray approaches the minimal circle of radius ρ0, so they take an infinite affine time to
reach it and the same applies for time-like geodesics. Therefore, this approach succeeds in
removing the conical singularity of GR (and, as the same time, it removes the possibility
of existence of closed time-like curves) in much the same way than electrically charged
black holes in the s = +1 case of EiBI discussed above in this section, i.e., by setting the
location of the wormhole throat at the future (or past) boundary of spacetime.
Further analysis in three-dimensional scenarios, involving a Born-Infeld extension of
New Massive Gravity [185] with a Chern-Simons term (Class-III), and defined by the
action
S = 2m
2
κ2
∫
d3x
[√
− det(gµν −m−2Gµν + aFµν)−
(
1 +
Λ
2m2
)√
− det(gµν)
]
+
µ
2
∫
d3xεµνρAµ∂νAρ (4.188)
wherem is a mass scale, Λ represents a cosmological constant and a, µ are some constants,
has been considered in [13]. In that work only Anti-de Sitter spacetimes are studied,
while black holes were investigated instead in [179] and subsequently in [178] where, by
expanding the New Massive Gravity action (4.188) to four and six derivative terms, the
authors develop a method to find evidence of uncharged and charged black holes, but
little is said about the deviations of such solutions with respect to the structure of the GR
counterparts relevant for this review.
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4.7. Magnetically charged solutions with cylindrical symmetry
Cylindrically symmetric solutions have only been considered in EiBI theories in the
context of magnetically charged configurations (i.e. Melvin-type [250]) by Bambi et al
[42]. The two line elements compatible with such a symmetry can be conveniently written
as
ds2g = f(ρ)(−dt2 + dz2) + g(ρ)dρ2 + h(ρ)ρ2dϕ2 (4.189)
ds2q = f˜(ρ)(−dt2 + dz2) + g˜(ρ)dρ2 + h˜(ρ)ρ2dφ2 . (4.190)
From the line element (4.189) the only non-vanishing component of Maxwell field equa-
tions, ∇µFµν = 0, reads F ρϕ = β/(ρf
√
gh), where β is an integration constants related to
the intensity of the magnetic field. The energy-momentum tensor (4.22) for these solutions
allows to find the matrix Ω in Eq.(4.147) as
T µν =
X
8π
diag(1, 1,−1,−1) ⇒ Ωˆ =
(
Ω+Iˆ 0ˆ
0ˆ Ω−Iˆ
)
; Ω± = 1± f
2
c
f2
, (4.191)
where X = −β2/f2, fc = lǫ/lβ and l2β = 4π/(κ2β2). With this matrix at hand, by the
transformation (2.57) one finds the relations {f˜ = Ω+f, g˜ = Ω−g, h˜ = Ω−h} between the
metric functions in Eqs.(4.189) and (4.190). The first of these relations can be written
as f =
f˜+
√
f˜2−4f2c
2 and implies that f˜ ≥ 2fc, the equality corresponding to f = fc and
Ω− = 0. Now, since EiBI Lagrangian density reads now LG =
√
det Ωˆ−1
−2κ2l2ǫ =
β2f2c
8πf4
, the field
equations for qµν become
Rµν(q) = −ǫ
2β2
2f2
(
1
Ω+
Iˆ 0ˆ
0ˆ − 1Ω− Iˆ
)
. (4.192)
Computing the components of the Ricci tensor corresponding to the line element (4.190),
and by taking appropriate combinations of the field equations (4.192) one obtains two
independent equations(
h˜ρ
h˜
+
2
ρ
+
2f˜ρ
f˜
)
=
2f˜ρρ
f˜ρ
; f˜ρρ − 3
4
f˜2ρ
f˜
=
κ2β2
8π
f˜
f
(4.193)
The first equation (4.193) can be directly integrated as h˜ρ2 = α(f˜ρ/f˜)
2, where α is an
integration constant. To solve the second one in (4.193), in [42] the definitions f˜ =
2fcφ(x), ρ
2 = 8πfc
κ2β2
x2 are introduced together with the new function Ω = φ2x (so that
dΩ/dφ = 2φxx), in terms of which one finds the solution
Ω = Cφ
3
2 +
4φ2
3
(
φ−
√
φ2 − 1
)
− 8φ
3
2F1
(
1
4
,
1
2
;
5
4
;
1
φ2
)
(4.194)
where tuning the integration constant C = −4/3+2√πΓ (54) /Γ (74) ≈ 2.16274 guarantees
the real character of Ω when expanded around φ ≈ 1. Unfortunately, it is not possible to
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integrate Ω to obtain φ(x) in analytic form, though one can resort to analytical expansions
in the relevant regions. For φ(x)≫ 1 one obtains the solution φ(x) = 4(1+(Cx)2/32)2/C2,
which is nothing but the Melvin solution of GR [250], such that the line element reads
ds2
fc
≈ 2
(
2
C
)2(
1 +
C2x2
32
)2 [−dt2 + dz2 + dρ2]+ (C
2
)2 ρ2(
1 + C
2x2
32
)2 dϕ2 , (4.195)
which, via a constant rescaling of (t, z, ρ) → (λt, λz, λρ) with λ2 = 64fc/C2, becomes the
GR solution. In the other limit, φ(x)→ 1, the corresponding field equation φ2x ≈ 2(φ−1),
with a rescaling of the form dx2/x = dy2, yields the line element
ds2
fc
≈
[
−dt2 + dz2 + ρ
2
0
4
dy2
]
+
α
8fcρ20
y2dϕ2 , (4.196)
up to first order in y2. This is just another Minkowski spacetime near the axis as follows
from the definitions r = ρ0y/2 and α ≡ 2fcρ40 (the constant factor fc can be reabsorbed
via another global rescaling of units). This kind of Melvin-type spacetimes are of great
interest in the context of the generation of pairs of entangled black holes in high-intensity
magnetic fields via instantons [175, 174, 144, 153]. Indeed, very recently O(4) instantons
have been studied in the context of the EiBI theory [26], with the result that both the
physical metric and curvature scalars are finite. However, curvature divergences arise on
the auxiliary metric, which in turn may induce the formation of singularities, as discussed
in detail in section 2.6, and be problematic at the quantum level. In view of this, it would
be convenient to investigate further and clarify the physical role played by the auxiliary
metric.
4.8. Final remarks
In this section we have reviewed the developments on black hole physics in Born-
Infeld inspired modifications of gravity described in section 2. Due to the fact that the
Schwarzschild black hole is a vacuum solution of such theories, the literature on the topic
has searched for scenarios going beyond it. In this sense, though astrophysically realistic
black holes are not expected to have a significant amount of charge, the investigation of
charged black holes is relevant in order to find theoretical insights on the modifications to
their innermost structure, as well as observational deviations from the predictions of the
Kerr black hole. In the influential paper of Ban˜ados and Ferreira [45], where a coupling
to Maxwell field was considered, a static, spherically symmetric geometry is obtained (for
ǫ > 0), whose properties were further extended and complemented by several other authors
[360, 336]. The case of similar electrically charged black holes for ǫ < 0 was also considered
[282], for which non-singular configurations can be found [280], results partially extended to
the coupling to Born-Infeld electrodynamics [218]. On the other hand, wormhole solutions
have been found using anisotropic fluid as the matter source [194], though they violate the
energy conditions. Finally, higher and lower dimensional models have been the subject of
different investigations, but their contributions to fundamental issues has been meager.
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There are many open challenges regarding the understanding of black holes in these
theories. In particular, rotating solutions in these theories have not been found yet42.
For ǫ > 0, EiBI gravity black holes still require further analysis regarding its innermost
structure and the possibility of finding a wormhole core there, and the physics of mass
inflation requires further refinement beyond the approximations employed in the analysis
of [31, 30]. On the other hand, though the physics at the photon sphere has been explored
and understood to some detail [360, 337], much research is still needed in order to obtain
observational signatures for gravitational waves out of the merging of two such black holes,
as well as the potential existence of gravitational echoes in this context [99, 4, 97, 50].
For ǫ < 0 the existence of non-singular solutions in EiBI gravity has been studied with
great detail regarding geodesic completeness [279], but the physical meaning of curvature
divergences still calls for an understanding [281]. The seemingly absence of pathologies
in such curvature-divergent cases raises questions about what are the geometric degrees
of freedom that quantum gravity should quantise, and what infinities should renormalise,
if any. Two other interesting issues would be to investigate the existence of hairy black
holes and superradiance, found in GR [206], in these theories43, as well as to extend the
thermodynamic laws studied in other Palatini theories of gravity such as f(R) [38] to the
Born-Infeld scenario. To conclude, though many appealing results have been found in the
context of Born-Infeld inspired modifications of gravity, there is plenty of room for further
research in many different directions.
42In this sense we point out that the applicability of the Janis-Newman method (which allows to obtain
a rotating solution from a seed static metric, see Erbin for a review [154]) in the context of Born-Infeld
inspired modifications of gravity is still to be understood.
43Indeed, very recently it was found evidence on the existence of wormhole configurations above a certain
mass threshold when a free static and spherically symmetric scalar field is let to gravitate under the Born-
Infeld dynamics [8].
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5. Cosmology
The high precision of the cosmological observations made cosmology an ideal place
to test fundamental theories of gravity [301, 317, 339, 6, 150]. On the assumption of
General Relativity being the underlying theory of gravitational interactions together with
the homogeneity and isotropy, cosmologists were able to construct the standard model of
Big Bang cosmology. Even if this model is simple and stood up to intense scrutiny, it still
lacks a fully satisfactory theoretical foundation. One of the challenges is the cosmological
constant problem, posing a naturalness problem due to the giant mismatch between its
observed value and the radiative contributions from known massive particles to the vacuum
energy [361, 292, 249]. On the other hand, the observation of the accelerated expansion
of the universe introduced the necessity of dark energy independently of the cosmological
constant problem [25, 298, 124, 120, 16, 89, 224, 17]. Furthermore, another problem that
one has to face within the realm of General Relativity is the necessity of yet an additional
dark component, dubbed dark matter, in order to correctly account for the formation
of large scale structures, the anisotropies of the CMB, weak lensing measurements or
observations of rotation curves of galaxies. Albeit great efforts [68, 342, 70], the true
nature of dark matter still remains unknown.
The aforementioned challenges concern the late time evolution of the universe and
thus, they motivated the consideration of infrared modifications of gravity. Remarkably,
the tremendous progress made in observational cosmology also enabled us to probe the
underlying physics of the early universe, which in fact shares a similar burden. In order to
explain the observations the standard cosmological model is supplemented with the infla-
tionary paradigm requiring an initial phase of accelerated expansion of the universe, that
is commonly ascribed to yet another ingredient: the inflaton. It is believed that the pri-
mordial quantum fluctuations during inflation eventually become the seeds in the density
field responsible for the cosmic large-scale structure via gravitational instability. Infla-
tion is the most prominent model for a successful implementation of an extremely rapid
exponential expansion, in which the perturbations of the inflationary field successively
translate into the fluctuations of the gravitational potential. Since gravity is coupled to
all other fields, these fluctuations are then imprinted onto all existing cosmic fluids. These
density fluctuations leave imprints in the cosmic microwave background as temperature
anisotropies and also in the matter distribution, that then can be probed by gravitational
lensing and formation of galaxies. The inflationary scenario is realised in many different
models based on different fields, and observations seem to favour models with a nearly
scale invariant red power spectrum, a small value for the scalar to tensor ratio and a small
non-Gaussianity. While the late time cosmology triggered searches for infrared modifica-
tions of gravity, the need for a primordial inflationary phase motivates modifications of
gravity in the opposite regime. Furthermore, within the standard picture one is also prone
to encounter a primordial classical singularity which calls for new physics beyond Gen-
eral Relativity at these scales. Moreover, the breakdown of unitarity at the Planck scale
requires modifications of gravity in the ultraviolet regime to describe gravitational effects
beyond MPl. These additional challenges motivate to modify gravity at high energies.
It was precisely the cosmological Bing Bang singularities one of the motivations behind
the inception of Born-Infeld inspired gravity theories in cosmology. The original construc-
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tion by Deser and Gibbons [140] formulated in the metric language was an early attempt
in this direction. Unfortunately, this approach leads to the presence of ghostly degrees
of freedom due to the presence of higher order field equations (see section 2.2 for more
details), so any regular cosmological solution will not be reliable. In spite of the mentioned
ghost instabilities of the metric formulation, a first quest of the cosmological implications
of similar theories was pursued in [123]. There, although different realisations of (quasi)
de Sitter solutions were shown to exist for appropriate choices of the parameters, due to
the unavoidable ghost nature of the higher order derivative interactions, these solutions
are unviable. More promising cosmological solutions without pathologies were found by
considering Born-Infeld inspired gravity theories a` la Palatini, where the connection is left
arbitrary. In fact, Ban˜ados and Ferreira showed the existence of non-singular solutions in
[45] in the EiBI model, which have since then been extensively studied, and also found
in other Born-Infeld theories of gravity. Although the avoidance of the singularities was
the initial motivation, they provide very rich cosmological phenomenology, for instance
these theories can support quasi de Sitter solutions with more standard forms of matter,
like dust or radiation, as a consequence of modifying the high curvature regime of gravity.
This behaviour permits to develop inflationary scenarios different from the more tradi-
tional models based on some scalar (or more general) degree of freedom. As we will see,
in most of the modifications a` la Born-Infeld, the different cosmological evolution can be
traced to a highly non-trivial dependence of the Hubble expansion rate on the density and
pressure of the matter fields in a modified Friedman equation. In other words, the effects
of the modifications in the gravity sector translates into a non-linear contribution from
the matter fields density to the expansion rate. A remarkable property of these theories
is that, while in most modified gravity theories the background expansion is determined
by the equation of state parameter, Born-Infeld theories introduce a dependence on the
sound speed already at the background level and not only for the perturbations. This
is the cosmological analogue of the modified Poisson equation (3.5) with gradients of the
density sourcing the equation for the gravitational potential, with its general case being
discussed in section 2.5.1.
The goal of this section will be to review all these cosmological applications and show
the novel and interesting phenomenology derived from Born-Infeld inspired gravity the-
ories. However, before starting with that, let us take a moment to fix the notation that
we will use throughout this section. Cosmological observations seem to indicate a ho-
mogenous and isotropic universe. Compatible with these symmetries, we will assume the
metric tensor to be of the Friedman-Lemaitre-Robertson-Walker (FLRW) form, so the line
element will read
ds2 = −N(t)2dt2 + a2(t)d~x2 , (5.1)
where N represents the lapse, a the scale factor and t the cosmic time. Sometimes, it
will be useful to work in conformal time η defined as adη = dt. We will also extensively
refer to the Hubble function H = a˙/a or, in conformal time, H = a′/a, where a dot and
a prime denote derivatives with respect to cosmic and conformal time, respectively. It
will be sometimes convenient to keep the lapse explicitly because of the presence of two
metrics in the Born-Infeld theories, as we extensively discussed in section 2.
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5.1. Eddington-inspired Born-Infeld gravity
We will start our survey on the cosmological applications of Born-Infeld inspired gravity
theories by considering the most extensively studied case of EiBI, whose action we rewrite
here for convenience as
SBI =M2BIM2Pl
∫
d4x
{√
− det
(
gµν +
1
M2BI
R(µν)(Γ)
)
− λ√−g
}
+ Smatter , (5.2)
where Smatter stands for the action of the standard matter fields, that we assume minimally
coupled to the metric gµν . As shown in section 2.5.1, varying the above action with respect
to the metric yields the modified field equations√
det
(
gµν +
1
M2BI
R(µν)(Γ)
)√−g
[(
gˆ +
1
M2BI
Rˆ
)−1]µν
− λgµν = − 1
M2BIM
2
Pl
T µν . (5.3)
Similarly, we can vary the action with respect to the independent connection. Since the
connection Γ does not carry any dynamics, its algebraic equation can be used to solve it in
terms of gµν and R(µν). The resulting solution is such that the connection can be written
as the corresponding Christoffel symbols of the effective metric
qµν = gµν +
1
M2BI
R(µν). (5.4)
On the other hand, we can use the metric field equations to express R(µν) in terms of gµν
and the matter fields. This amounts to writing the equations as in General Relativity but
with a modified non-linear matter coupling. See section 2.5.1 for more details on that. This
feature becomes more apparent when we write the resulting modified Friedman equation
of a homogeneous and isotropic background (5.1). Compatible with the symmetries of the
background metric, we assume the following Ansatz for the stress energy tensor Tµ
ν =
diag(−ρ(t), p(t), p(t), p(t)), where ρ and p represents the energy density and pressure of
the matter fields, respectively. The Friedman equation modifies into the general form (see
section 5.2 for more details)
H2 = f(ρ, p, cs) , (5.5)
with a non-trivial function f , that depends non-linearly on ρ, p and cs. In the case of the
EiBI model, one can compute this function exactly [45]. In terms of the auxiliary metric
we have
q00 = −
√
(1− p¯T )3
(1 + ρ¯T )
and qij = a
2
√
(1 + ρ¯T )(1 − p¯T )δij , (5.6)
where ρ¯T ≡ ρTM2BIM2Pl and p¯T ≡
pT
M2BIM
2
Pl
with the total energy density ρT = ρ+(λ−1)M2BIM2Pl
and total pressure pT = ρ− (λ− 1)M2BIM2Pl and the lapse set to N = 1. In terms of these
quantities, the function f(ρ, p) corresponds to [45]
f(ρ, p) =
1
3
G
F 2
, (5.7)
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with the short-cut notations standing for
F = 1− 3(ρ¯T + p¯T )(1− w − ρ¯T − p¯T )
4(1 + ρ¯T )(1− p¯T )
G =
M2BI
2
(
1− 2q00 − 3(1 − p¯T )
(1 + ρ¯T )
)
, (5.8)
and the equation of state parameter w = p/ρ. Note, that the dependence on cs drops
in f because we have so far w = const. In general, the dependence w˙ will appear as
well, as we will see in section 5.1.2 and also in section 5.2 for the more general case. We
can study this background equation for two different epochs. At late times for a dust
filled universe (w = 0) together with a cosmological constant, one recovers the standard
Friedman equation in General Relativity
3H2 ∼ ρ+ Λ+
[
ρ2
Λ
− (ρ+ Λ)
]
κΛ+O(κΛ)2 with Λ = (λ− 1)/κ , (5.9)
where κ = 1
M2BI
and M2Pl = 1 with the notation used in [45]. On the other hand, at early
times, when the universe is dominated by radiation, we have w = 1/3 and the modified
Friedman equation becomes in this case
3H2 =
1
κ
(
ρ¯− 1 + 1
3
√
3
√
(1 + ρ¯)(3− ρ¯)3
)
(1 + ρ¯)(3− ρ¯)2
(3 + ρ¯2)2
. (5.10)
As one can see from the above expression, for ρ¯ = 3 (with κ > 0) one obtains H2 = 0. The
same is true for ρ¯ = −1 (with κ < 0). These stationary points correspond to a maximum
density. This is shown in figure 24. The evolution of the scale factor in terms of the
maximum density is given in figure 25. The maximum energy density would translate into
a minimum value of the scale factor of the order aB = 10
−32κ1/4a0, with a0 representing
the scale factor today. Depending on the sign of κ, the scale factor can evolve in two
different ways. If κ < 0 one obtains H2 ∝ a − aB ∝ |t − tB |2, which corresponds to a
universe undergoing a bounce. On the other hand, if κ > 0 one has H2 ∝ (a − aB)2, so
that ln(a/aB−1) =
√
8/(3κ)(t− tB). In this scenario there is no bounce, and the universe
loiters for a long time. These two behaviours can be visualised nicely by plotting the
scale factor normalised by the scale aB as a function of time, which can be seen in figure
25. A more detailed analysis of these cosmological solutions was further investigated in
[323, 111, 79, 80, 78].
For positive values of κ, the primordial nucleosynthesis constraints were used in [28]
in order to impose stringent restrictions on the allowed region in the parameter space.
The agreement between the observed light element abundances and the predictions of the
primordial nucleosynthesis is only ensured if the dynamics of the universe deviates from
General Relativity only at a few percentage level at the initial epoch of nucleosynthesis.
This, on the other hand, imposes the stringent constraint on the energy density at the
start of nucleosynthesis to be of the order ρnuc ∼ 3H2nuc/(8πG) < 3/κ, which translates
into κ < 6× 108m5kg−1s−2.
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Figure 24: This figure is taken from [45] and illustrates the dependence of the Hubble rate in terms of the
energy density for a radiation dominated universe in the EiBI model. In [45] the notation ρB stands for
the maximum energy density where H2 = 0. Furthermore, κ = 1
M2
BI
and M2Pl = 1 in terms of our notation.
Figure 25: This figure is taken from [45] and shows the evolution of the scale factor in the EiBI model
in the presence of a radiation fluid. The scale factor is normalised by the minimum length scale aB. For
κ < 0, the universe undergoes a bounce (in the upper panel), whereas for κ > 0 the universe loiters, where
the scale factor approaches the constant value aB for t→ −∞ (in the lower panel).
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The Born-Infeld inspired gravity model was also applied to a three dimensional space-
time cosmology by S. Jana and S. Kar in [217]. There the authors compute some explicit
analytical and numerical solutions for the scale factor in a curved and flat FLRW back-
ground with two different scenarios for the matter fields, namely a pressureless dust field
with p = 0 and a field with p = ρ/2. They show that also in three dimensions the branch
of solutions with M−2BI > 0 is singular, with an exception of specifically conditioned open
universes. For the other case with M−2BI < 0, they also find non-singular solutions in the
same spirit as the four dimensional Born-Infeld gravity model.
5.1.1. Cosmological tensor instabilities
In the previous subsection, we have seen that the original EiBI theory yields interest-
ing homogeneous and isotropic solutions, where the cosmological singularities might be
avoided by a bounce. We have seen that a bouncing solution with H2 = 0 at aB is achiev-
able in the presence of a radiation fluid with w = 1/3. We have also seen the presence of
loitering solutions, where the scale factor approaches aB for t → −∞. As next, we shall
see whether the perturbations on top of these possible cosmological solutions are stable
in order for them to be viable. This was investigated in detail in [155, 237]. We shall
summarise their results here. For this purpose let us start with the tensor perturbations
and describe the tensor modes of the spacetime and auxiliary metric in conformal time
dη = dt/a in the following form
g00 = −a2, gij = a2(δij + hij) and q00 = −N˜2, qij = A˜2(δij + fij) . (5.11)
The tensor perturbations hij and fij are transverse and traceless, respectively. Since we
are interested in the dynamics of the perturbations in the early universe epoch, we will
again assume a relativistic perfect fluid for the matter fields and hence the background
evolution will be as in section 5.1. First of all, using the field equations
N˜A˜3
a4A˜2
f ij +
λ
a2
hij = hij
(
N˜A˜3
a4A˜2
+
λ
a2
)
(5.12)
we immediately observe that the two perturbations are identical even if the background
scale factors were different, namely
hij = f ij. (5.13)
This is a remarkable property of the EiBI model. In fact, only in the presence of anisotropic
stresses, the two tensor perturbations will be different from each other. This proportion-
ality of the tensor perturbations turns out to be a generic feature of Born-Infeld inspired
gravity theories beyond the standard formulation. We will see that for a general function
of the metric and the Ricci tensor in section 5.2. See also [60] for more details. The tensor
perturbations of the dynamical metric follow the evolution equation [155]
h′′ij +
(
3
A˜′
A˜
− N˜
′
N˜
)
h′ij +
(
N˜
A˜
)2
k2hij = 0 , (5.14)
where we made use of the background equations of motion. In the regime of low energy
densities, one recovers the standard evolution equation of the tensor modes as in General
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Relativity. On the other hand, in the Born-Infeld regime at high energy densities, the
modifications in the evolution equation due to the scale factor of the auxiliary metric
become appreciable. For the stability of the tensor perturbations, it will be crucial that
both scale factors are well-behaved. It is not enough to impose this condition solely on
the background variables of the spacetime metric. Similarly, one has to guarantee that
the auxiliary metric does not vanish. In fact, as we have seen in the previous section, the
evolution of the scale factor for κ > 0 goes as ln(a/aB − 1) =
√
8/(3κ)(t− tB), hence the
lapse and the scale factor of the auxiliary metric evolve as
A˜ = 21/4a
√
exp
(√
8/(3κ)(t− tB)
)
,
N˜ =
1√
2
A˜3
a2
. (5.15)
As it becomes clear from these expressions, the scale factor of the auxiliary metric becomes
singular for t → −∞. This non-singular behaviour has a crucial impact on the tensor
perturbations, since their evolution equation scales with the quantities of the auxiliary
metric. In the far asymptotic past, the pre-factors of the last two terms in equation (5.14)
are suppressed and the evolution equation simply becomes h′′ij ∼ 0. The solution for the
metric perturbations is hence of the form hij ≈ Aη + B. This represents an unstable
growth and therefore, the loitering solution in the case κ > 0 suffers from an instability.
This instability is a mild one and can be easily cured by slightly modifying the set-up.
The presence of tensor instabilities in the loitering solution is unfortunately also shared
by the bouncing solution and it is even more virulent. For the case κ < 0, we have seen
in previous section that a bouncing solution is obtained since H2 ∼ a− aB ∼ |t− tB|2. In
terms of the conformal time, the scale factor evolves as
a = aB
[
1 + tan2(βη)
]
, (5.16)
with β ≡ aB
√
2/(3|κ|). This, on the other hand, means that the lapse and the scale factor
of the auxiliary metric evolve this time as
N˜ = a2
4
33/2
1
| tan(βη)| ,
A˜ = a2
4
31/2
| tan(βη)| . (5.17)
We can Taylor expand these expressions around the bounce η = 0. By doing so, the
evolution equation of the tensor perturbations close to the bounce becomes
h′′ij +
2
η
h′ij +
k2
3β2η
hij = 0 . (5.18)
The solution scales this time as hij ≈ ηn with n = −12 ± 12
√
1− (4k2/(3β2)), representing
an unstable growth. Hence, the bouncing solution suffers also from an instability in the
same way as the loitering solution, even though in the latter case it was much milder.
145
Thus, in the EiBI model in the presence of a radiation fluid the interesting loitering and
bouncing solutions suffer from tensor instabilities. This unsatisfactory result might change
if one considers a more general fluid with varying equation of state parameter or if one
extends the EiBI model to a more general Born-Infeld inspired gravity model.
5.1.2. Varying equation of state parameter
In the previous subsections we have seen that the EiBI theory admits interesting bounc-
ing and loitering solutions for early universe cosmology in the presence of a radiation fluid.
However, as we have seen, these solutions are plagued by tensor instabilities if the matter
field is assumed to be a perfect fluid with the equation of state parameter w = 1/3. It
is possible to find more general solutions if we abandon this restriction and this might
alleviate the found tensor instabilities. In fact, this was precisely considered in [32]. It
could be that additional dynamical fields are present in the early universe, giving rise to
matter fields with w˙ 6= 0. In this case, the modified Friedman equation (5.5) generalizes
to [32]
H2 =
(
a
√
g1 + w˙g3
g2
)2
, (5.19)
with the functions gi given by the energy density and pressure of the matter fields
g1 = 2M
−2
BI
(
1 +
2ρ
M2BI
)(
1− 2ρw
M2BI
)2 [
−2 + 2
M2BI
(1 + 3w) + 2D
]
,
g2 = 4 +
2
M2BI
ρ
[
1− 2w
(
2− 2
M2BI
ρ
)
+ 3w2
(
1 + 2
2
M2BI
ρ
)]
,
g3 = −3ρ
(
1 +
2
M2BI
ρ
)
, (5.20)
with D =
√
(1 + ρ/M2BI)(1 − p/M2BI)3 and the choice of units MPl = 1 and |κ| = 1 used in
[32] (remember that κ = M−2BI in our units). In that work it is shown that the possibility
with time varying equation of state parameter can ameliorate the tensor instabilities found
for w = const. As an example, a scalar field with a general kinetic and potential term
is considered. In the presence of this scalar field, with the Lagrangian L(X,φ) where
X = −12∂µφ∂µφ, the equation of state parameter is given by
w =
L
2XL,X − L , (5.21)
with the pressure p = L and energy density ρ = L,X − L accordingly. It turns out, that
for κ = −1, the instability of the tensor perturbations cannot be avoided. This is the
reason why the authors in [32] consider the case κ = 1. Since w˙ 6= 0, one achieves a
bouncing solution with H2 = 0 and H˙ 6= 0, which differs from the case studied in [155],
where ρ → w−1 as η → −∞. Remember that the authors in [32] use the units |κ| = 1.
For an initial density of ρi = 10
−4 and wi = 0, this behaviour is illustrated in figure 26 for
a scalar field with L = X − 12m2φ2. The tensor perturbations on top of this background
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Figure 26: This figure is taken from [32] and shows the evolution of the scale factor in the presence of a
scalar field with varying equation of state parameter in the EiBI model. The universe undergoes a bounce
at t = 0. The initial values are chosen to be ρi = 10
−4 and wi = 0 and the mass of the scalar field is
assumed to be m = 100. Note, that they use the unfortunate choice of units MPl = 1 and |κ| = 1.
are given by
h′′ij + g4h
′
ij + g5k
2hij = 0 , (5.22)
with the two functions
g4 = 2H +
κρ˙
1 + κρ
,
g5 =
1− κρw
1 + κρ
. (5.23)
For the case κ = 1, the pre-factor in the friction term near the bounce vanishes g4 ∼ 0 and
therefore, the tensor instabilities reported in [155] are avoided. This simple example for
time varying equation of state parameter was achieved with a standard scalar field with a
mass term. As we have seen, this simple set-up already helps with the encountered tensor
instabilities. In the next subsection, we will discuss in more detail the presence of a scalar
matter field in EiBI model and summarise the works done in this context.
5.1.3. Born-Infeld with a scalar matter field
We have seen above that the reported tensor instabilities of the interesting cosmo-
logical solutions might be avoided by considering matter fields with varying equation of
state parameter. As a specific model, one can consider the presence of a scalar field as
matter field. This was for instance done in the works [155, 237, 112, 371]. In this way,
the underlying physics of the early universe will be determined by both the Born-Infeld
modification and the presence of the scalar field. As a simple realisation one can consider
a scalar field with a quadratic potential. In standard General Relativity an inflationary
scenario with sufficiently long duration based on such a simple scalar field might require
very large field values. This is due to the fact that the time derivative of the scalar field
increases rapidly as going back in time with the scalar field itself climbing up the potential
giving rise to an increasing energy density until the Planck scale is reached quickly. The
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hope to use this same scalar field in the Born-Infeld inspired gravity theory is to alleviate
this requirement. The crucial point with this respect is that the pressure in EiBI gravity
is bounded from above due to the square root structure. Hence, there is an upper bound
for the value of the field velocity as it was shown in [112]. This guarantees a real value for
the Hubble parameter. Due to this upper limit, one does not run into the same problem
as in the standard inflationary model. Let us consider the following action [237]
SBI = M2BIM2Pl
∫
d4x
{√
− det
(
gµν +
1
M2BI
R(µν)(Γ)
)
− λ√−g
}
+
∫
d4x
√−g
(
−1
2
gµν∂µϕ∂νϕ− m
2
2
ϕ2
)
. (5.24)
In this model, the curvature scale remains finite thanks to the square root structure of EiBI
gravity and the early universe undergoes a pre-inflationary accelerated expansion in order
then to end in an ordinary chaotic inflationary epoch. Since the scalar Lagrangian is the
same as in General Relativity, it follows the same evolution equation. For a homogeneous
and isotropic background metric and correspondingly only time dependent scalar field,
the equation of the scalar field is simply ϕ¨ + 3Hϕ˙ +m2ϕ = 0. The maximum value for
the field velocity is achieved when ϕ˙2 = m2ϕ2 + 2λM2BI. So we can define this moment of
maximum velocity by ϕ˙ =
√
m2ϕ2 + 2λM2BI with the Hubble parameter taking the form
H = −23m2ϕ/
√
m2ϕ2 + 2λM2BI at this point. These equations can be integrated to have
the evolution of the scalar field and the scale factor giving rise to solutions that respect the
maximal pressure condition. By doing so, the explicit analytic solutions with this bound
are given by
ϕ =
√
2λM2BI
m
sinh [m(t− t0)] and a = a0
(2λM2BI)
1/3
cosh−2/3[m(t− t0)] . (5.25)
These solutions describe a universe that expands until the bouncing stage is achieved at
t = t0 and then starts contracting whereas the scalar field tracks the symmetric potential.
At early times t → −∞, there is no singularity and the universe expands exponentially
with a ∼ a0(2/λM2BI)1/3e
2
3
m(t−t0) and ϕ ∼ −
√
λM2BI/(2m
2)em(t−t0). During this period,
the Hubble parameter is nearly constant and purely determined by the scalar field’s mass
H ≈ 2m/3 and in this limit m2ϕ2 ≫ 2λM2BI, i.e. the potential of the scalar field is larger
than λM2BI. Thus, the upper limit in the pressure guarantees that the curvature scale
remains finite.
In figure 27 an example of the phase map is plotted for ϕ and ϕ˙, where the Hubble
function is denoted by the colour. We borrowed this figure from [112], where one can
nicely see the evolution of the Hubble parameter and the scalar field and the realisation
of the different phases. One can see that the universe starts off close to the region of the
upper bound of the pressure or field velocity respectively and decreases as time passes.
Sufficiently away from this region, the universe undergoes the first slow-roll where the field
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Figure 27: This figure illustrates an example of the phase map taken from [112] with the parameters chosen
as m = 1/4, M−2BI = 1/4 and λ = 1, where the authors use the units MPl = 1. In the left panel one can
see the behaviour of the Hubble parameter denoted by different colours. The red region corresponds to
H > 1, whereas the blue colour shows the regions with small Hubble parameter. The region encoded in
white is the physically forbidden region. In the right panel the behaviour of ϕ˙ is represented. The blue
region corresponds to the field space where the upper bound limit is violated. The different trajectories
correspond to different initial conditions for the scalar field. The grey region is the high-curvature regime
and the solid and dashed curves represent trajectories that start from the left top and right bottom,
respectively.
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velocity drops rapidly. As time evolves, the universe passes through the second phase of
slow roll following the attractor solution represented by the standard chaotic inflationary
expansion. This stage ends when the scalar field starts oscillating around the minimum of
the potential going over to a possible reheating epoch. As it can be clearly seen in figure
27, all the trajectories start either from right bottom or from left top, where the forbidden
region is avoided and converge to the attractor solution. Note also that, since the scalar
field has a non-constant equation of state parameter, the tensor instabilities on top of
these cosmological backgrounds can be eluded [32]. The tensor and scalar perturbations
of this model were investigated in detail in one of the pioneering works [237], where the
authors constructed the general algorithm in terms of the bimetric interpretation of the
model. They were able to show that the theory admits indeed the expected two tensor
modes and one scalar mode, corresponding to the matter field. The authors further found
scale-invariant power spectra for the tensor and scalar perturbations. However, they also
reported a too large tensor-to-scalar ratio in contradiction with current observations. This
is in the case of a scalar matter field that couples minimally to the Born-Infeld gravity.
The tensor perturbations within this model were further studied in the work [110], where
it was shown that the same properties of the standard chaotic inflation are maintained
for very short wavelength modes, whereas the model gives rise to a distinctive feature in
form of a peculiar rise in the power spectrum for long wavelength modes. This peculiarity
could be then tested with the CMB observations.
The preliminary findings of tensor and scalar perturbations of [237] were further inves-
tigated in great detail in [110, 113, 115, 114, 109], where the authors study the scalar and
tensor spectral indices and show that the contributions are second order in the slow roll
approximation for the scalar perturbations and first order in the tensor perturbations. In
the framework of EiBI gravity the tensor-to-scalar ratio r can be suppressed significantly
in difference to the standard chaotic inflation in General Relativity. For the analysis of
the scalar perturbations of the model, let us adapt to the useful approach of considering
parallel variables for the g metric and the auxiliary metric, as we did above for the tensor
perturbations. Let us consider the following scalar perturbations [237]
ds2q = a˜
2
{
−(1 + 2φq)Z dη
2 + 2
B1,i√Z dηdx
i + [(1− 2ψ1)δij + 2E1,ij ] dxidxj
}
ds2g = a
2
{−(1 + 2φg)dη2 + 2B2,idηdxi + ((1− 2ψ2)δij + 2E2,ij) dxidxj} . (5.26)
Similarly, we shall perturb the scalar field as ϕ = ϕ0 + δϕ. Note that the auxiliary
metric carries the additional background quantity Z = 1+ρ0/M2BI
1−p0/M2BI
and the overall scale
factor a˜ = (1 + ρ0/M
2
BI)
1/4(1 − p0/M2BI)1/4a with ρ0 = ϕ′0/(2a2) + m2ϕ2/2 and p0 =
ϕ′0/(2a
2) − m2ϕ2/2. One can use the gauge freedom in order to eliminate some of the
perturbations. One could for instance choose ψ1 = 0 and E1 = 0. However, not all of the
remaining quantities are dynamical. In fact, except for the scalar field, all the remaining
perturbations of the metrics can be integrated out using their algebraic equations. This
is to be expected, since the qµν metric is related algebraically with the gµν metric and
the scalar perturbations in the space-time metric are not dynamical (see sections 2.5.1
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and 2.6 for more details). After introducing the new perturbation variable χ = Wδϕ
where W stands for W =
(
3Z2−2Z+3
Z(Z+1)(3Z−1)
)1/4
a and performing the time transformation
dτ = W2/f1dη, the equation of the dynamical scalar field perturbation takes the simple
form at the attractor stage
χ¨+
(
k2 − 2
(τ − τ0)2
)
χ ≈ 0 , (5.27)
where τ0 denotes the end of inflation and f1 =
3Z2−2Z+3
(Z+1)(3Z−1)a
2 here. In the works [113,
115, 109] it was shown that the perturbations start from an initial point where the
maximal pressure condition holds and evolve towards an intermediate stage, where the
WKB approximation can be applied to then end at the attractor stage. Finally, the
solutions of these three stages are matched together. Furthermore, they compute the co-
moving curvature perturbation Rψ2 +Hδϕ/ϕ0 and from that the scalar power spectrum
PR = k3|R|2/(2π2). Last but not least, from this they were able to evaluate the spectral
index nR − 1 = d logPR/d log k. They observe that the spectral index is of second order
in the slow-roll approximation and a suppression of the tensor-to-scalar ratio. The exact
form of the scalar power spectrum and the spectral index can be extracted from [109, 114]
and we refer the reader to these works for more details.
We have seen that in the presence of a scalar field one can realise different epochs
in the early universe. One can have a preinflationary scenario followed by a standard
chaotic inflationary expansion. Due to the squared root structure of the gravitational
interactions, there is an upper limit for the pressure and hence the field velocity. So far
we have considered the case where the scalar field is minimally coupled to the gravity and
has standard kinetic and mass terms. In the following subsection we will pay attention to
the case where the scalar sector obeys the Born-Infeld structure as well.
5.1.4. Born-Infeld in gravity and matter sector
In the following we would like to discuss the EiBI gravity theory in the presence of
a scalar Born-Infeld matter field. The Born-Infeld structure in both the gravity and
matter sector with their corresponding scales might have interesting implications. This
idea was pursued by S. Jana and S. Kar in [219], where they provide interesting analytical
cosmological solutions for a particular choice of the time derivative of the Born-Infeld
scalar. For a positive constant M−2BI > 0, they were able to realise solutions with two
separate de Sitter expansions with an intermediate sandwiched phase of deceleration. The
action of this model is given by [219]
SBI = M2BIM2Pl
∫
d4x
{√
− det
(
gµν +
1
M2BI
R(µν)(Γ)
)
− λ√−g
}
+ α2T
∫
d4x
√−gV (φ)
√
1 + α−2T gµν∂µφ∂νφ , (5.28)
with the scales MBI and αT representing the Born-Infeld scales in the gravity and matter
sector, respectively, and V (φ) denoting a potential for the scalar field. The scalar sector
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is a Dirac-Born-infeld like action. The equation of motion of the scalar field yields
∂ν

 V√−ggµν∂µφ√
1 + α−2T gµν∂µφ∂νφ

 = α2TV ′√−g√1 + α−2T gµν∂µφ∂νφ . (5.29)
Similarly, the corresponding stress energy tensor reads
T µν = V (φ)

(gµαgνβ − gµνgαβ)∂αφ∂βφ− gµνα−2T√
1 + α−2T gµν∂µφ∂νφ

 . (5.30)
We will be interested in the possible cosmological solutions that one can construct in
this particular model. For this purpose, we will again consider a FLRW metric for the
background metric gµν with lapseN and scale factor a. For this specific simple background,
the scalar field equation becomes
φ¨
α2TN − φ˙2
+
3φ˙H
α2TN
+
V ′
V
− φ˙N˙
2N(α2TN − φ˙2)
= 0 . (5.31)
The equation of motion of the scalar field can also be written as ρ˙φ/ρφ = −3Hφ˙2/(Nα2T ),
where the corresponding energy density of the field is given as
ρφ =
α2TV√
1− φ˙2N−1α−2T
. (5.32)
Similarly, we can compute the pressure of the scalar field, which for the considered DBI
action yields pφ = −α2TV
√
1− φ˙2N−1α−2T , which we can use to define the corresponding
equation of state parameter of the scalar field. In contrast to the standard single field
inflation where one assumes a specific form of the potential, here one can choose a specific
form for φ˙. In [219] the following solution for φ˙ is contructed:
φ˙2 =
Nα2T
1 + C1an
, (5.33)
with positive constant variables C1 and n. For n = 3 for instance one can obtain a constant
negative pressure pφ = −α2TC2 with the integration constant C2. Using the metric field
equations
√−qqµν − λ√−ggµν =
√−gT µν
M2PlM
2
BI
, (5.34)
we can relate the lapse N˜ and shift a˜ of the auxiliary metric qˆ with the scale factor of the
gˆ metric and the energy density of the scalar field. By doing so, one obtains
a =
a˜
√
N˜/N
α˜T
,
ρφ = M
2
BIM
2
Pl
(
α˜3TN
N˜2
− 1
)
, (5.35)
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Figure 28: This figure is extracted from [219] and illustrates the deceleration parameter (which in their
notation is denoted by q) as a function of X in the case M−2BI > 0. One can see the transition of the
deceleration parameter from negative to positive values and then afterwards to become negative again.
The outcome for different values of the constant C0 is shown by the different curves.
with the new constant parameter α˜T = 1 + α
2
TC2/(M
2
BIM
2
Pl). Similarly, the equations of
motion for the connection yield the following relations
˙˜a2
a˜2
=
M2BI
6
(
2N˜ +N − 3N˜
2
C20N
)
,
d
dt
( ˙˜a
a˜
)
−
˙˜a ˙˜N
2a˜N˜
=
M2BI
2
(
−N + N˜
2
C20N
)
. (5.36)
In [219] this system of equations is analysed for a particular solution of the scale factor of
the auxiliary metric, namely, a˜ = a˜0e
H¯bt with two constants a˜0 and H¯b. Introducing the
quantity Yφ = C0(1− 3H¯2b N˜−1M−2BI ), the last equation of (5.36) translates into
Y˙φ
2Yφ −
√
Y 2φ + 3
= −2H¯b . (5.37)
In terms of this new variable, the deceleration parameter d can be expressed as44
d = −aa
′′
a′2
= −1 +
√
Y 2φ + 3− 2Yφ√
Y 2φ + 3− Yφ

1 + Yφ√
Y 2φ + 3
+
√
Y 2φ + 3 + YφC0
2(C0 − Yφ)

 , (5.38)
where prime denotes the derivative with respect to cosmological time τ =
∫ √
Ndt. One
immediate observation is that for a→∞ (Yφ → 1) one has d = −1 and similarly for a→ 0
44Usually, q is used for the deceleration parameter in the literature but we use d here in order to avoid
confusion with the auxiliary metric.
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Figure 29: This figure is borrowed from [219], where one can see the evolution of the scale factor in the
different regimes. In [219] the following values have been chosen for this plot: MPl = 1, M
−2
BI = 0.5,
αT = 5, C2 = 0.001 and finally C0 = 1.0025 with the initial value a0 = 0.06 at τ0 = 0.06. In the left panel,
one can see the evolution of the scale factor during the loitering, deceleration and acceleration phases. The
right panel is just a zoom of the first two phases.
(Yφ → −∞) one also has d = −1. Hence, one obtains two de Sitter phases, one at early
and one at late time universe. In figure 28 taken from [219] one can see the dependence of
the deceleration parameter from X for different values of C0. Furthermore, one can choose
the value of the constant C0 such that one can realise an initial loitering phase with an
acceleration and subsequently a decelerated and again an accelerated expansion phase
afterwards. This can be seen in figure 29, where the scale factor is plotted as a function
of cosmological time. During the loitering phase, the scale factor grows approximately
as aloit ∼ a0e2
√
2MBIτ/
√
3. During the period of inflation the universe grows by 60 e-
folds in 10−32 seconds. This on the other hand puts the bound M−2BI . 0.67 × 10−50m2.
The second phase of accelerated expansion at late times has the scale factor growing as
aDE ∼ e
√
C2/3αT τ/MPl. As it becomes clear from the expressions of the scale factor in
these two regimes, the evolution at early times depends on the Born-Infeld scale MBI of
the gravity sector whereas at late times on the scalar Born-Infeld parameter αT . The
intermediate phase depends on both as α2TM
−2
BI . Similarly, one can study the cosmological
solutions of the background equations in the other case when M−2BI < 0. Of course, due
to the Born-Infeld term in the gravity sector, one can construct bouncing solutions as
we have seen before. The novelty of the scalar Born-Infeld term results in an additional
accelerating phase at late time universe. Nevertheless, this solution withM−2BI < 0 yields a
bounce at an unacceptable low redshift as it is shown in [219], therefore we do not report
more on this solution here. More details can be taken from [219]. There the authors
show also the comparison of the obtained solutions with the supernovae Ia Union2.1 data
and find that the agreement with the data is as good as in ΛCDM model. Summarizing,
the combined Born-Infeld model in the gravity and scalar sector delivers an interesting
framework to study effects both on early and late time universe cosmology. The ongoing
physics at early times is dictated by the standard Born-Infeld scale MBI, where one can
either realise loitering, accelerating or bouncing solutions, whereas the physics at late
times is governed by the scalar Born-Infeld scale αT , which gives rise to an accelerated
expansion.
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5.1.5. Anisotropic cosmological solutions
So far we have studied the cosmological applications of the EiBI gravity theory for
homogeneous and isotropic backgrounds. We have seen the appearance of different inter-
esting cosmological solutions for early universe, including loitering, quasi de Sitter and
bouncing solutions and discuss their stability. Another interesting question along this
line is the evolution of cosmological backgrounds with anisotropies. Some of the anoma-
lies observed in the cosmic microwave background might be due to the presence of small
anisotropies. In this context, Bianchi type models could be a natural and simple extension
of the standard FLRW with small anisotropies, which could be for instance at the origin
of the power suppression at large scales of the cosmic microwave background. This was
exactly pursued in [229, 191]. Let us consider the following Bianchi type I background for
the dynamical metric gµν
ds2g = gµνdx
µdxν = −dt2 + g1(t)dx2 + g2(t)dy2 + g3(t)dz2 , (5.39)
where gi denote the scale factors in the x, y and z direction, respectively. By defining
the quantities A2 = 1 + ρ/(M2PlM
2
BI) and B
2
i = 1 − pi/(M2PlM2BI) we can construct the
auxiliary metric with a similar Ansatz with the three different scale factors. It takes the
following form
ds2q = qµνdx
µdxν = −dt2 + q1(t)dx2 + q2(t)dy2 + q3(t)dz2 , (5.40)
with qi standing for the quantities qi = giA/Bi. In terms of these variables, the field
equations of the Bianchi Type I geometry of the EiBI theory can be calculated easily.
Plugging the two Ansaetze into the covariant field equations yields
1− A
B1B2B3
=
M2BI (q¨1q2q3 + q1q¨2q3 + q1q2q¨3)
q1q2q3
, (5.41)
1− B1
AB2B3
=
M2BI (q˙1q˙2q3 + q˙1q2q˙3 + q¨1q2q3)
q1q2q3
, (5.42)
1− B2
AB1B3
=
M2BI (q˙1q˙2q3 + q1q˙2q˙3 + q1q¨2q3)
q1q2q3
, (5.43)
1− B3
AB1B2
=
M2BI (q˙1q2q˙3 + q1q˙2q˙3 + q1q2q¨3)
q1q2q3
. (5.44)
First, we can consider the simple case with isotropic pressure where pi = p and therefore
Bi = B. For clarity of the notation, we can further introduce the Hubble functions in the
different spatial directions as Hi = q˙i/qi and ∆Hi = H − Hi where H = 1/3
∑3
i=1Hi is
the mean Hubble expansion rate. We can define the degree of anisotropy as the shear
σ =
1
3
3∑
i=1
(
∆Hi
H
)
. (5.45)
In the field equations the multiplication of the scale factors appears very often. For this
reason, we can define a new variable here as Q = q1q2q3 and express the field equations in
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terms of H and Q, which read
3H˙ +
3∑
i=1
H2i =M
−2
BI
(
1− A
B3
)
, (5.46)
1
Q
d
dt
(QHi) =M
−2
BI
(
1− 1
AB
)
. (5.47)
After simple manipulations of the field equations, they can be combined into ddt [Q(Hi −H)] =
0, which can be simply integrated to give Hi = H + Ci/Q with integration constants
Ci. Further integration gives for the scale factors qi = qi0Q
1/3 exp
(
Ci
∫ (
1
Q
dt
dQ
)
dQ
)
.
For consistency, the integration constants have to satisfy C1 + C2 + C3 = 0. Fur-
thermore, the product of the scale factors follows the second order differential equation
Q¨ = 3M−2BI (1 − 1/(AB))Q, which can be also integrated easily. From these solutions, we
can also determine the quantities of the gˆ metric. For instance, the Hubble functions of
the gˆ metric in the different directions can be obtained from Hgi = Hi + B˙/B − A˙/A and
similarly the mean Hubble parameter as well. The ordinary matter fields couple to the
standard gˆ metric, therefore their conservation equation is dictated by the mean Hubble
parameter of the gˆ metric. Thus, they follow as
ρ˙+ 3
(
H +
B˙
B
− A˙
A
)
(ρ+ p) = 0 . (5.48)
In terms of the energy density and pressure of the matter fluid, we can also compute the
degree of anisotropy in the gˆ sector, which takes the following from
σg =
3C2(ρ+ p)2
Q2ρ˙2
, (5.49)
with C = C1+C2+C3. In [191] the quantity Q is used as a parameter in order to obtain the
general solution in a parametric form. Furthermore, they provide the general solutions for
the Hubble functions and the anisotropy parameter in the gˆ sector for three different fluid
types: for stiff, radiation and dust fluid. Let us for example consider the dust component
with p = 0 and hence B = 0. After making the following change of variables θ = tMBI
and ρ = rM2BI, the factor Q = q1q2q3 becomes Q = M
−2
BI ρ0/(r(1 + r)
3/2) with the initial
density ρ0. From the differential equation Q¨ = 3M
−2
BI (1 − 1/(AB))Q one obtains in this
case
2(r + 1)(5r + 2)rr′′ − (7r(5r + 4) + 9)r′2 − 12√r + 1r2(r − (1 + r)3/2 + 1) = 0 (5.50)
where prime denotes here the derivative with respect to θ. The volume element in the gˆ
metric sector, so in other words G = g1g2g3, is given by G =M−2BI ρ0/r. The evolution of the
rescaled energy density r and the volume element is plotted in figure 30 for different choices
of the initial energy density, which we took from [191]. In the presence of a dust fluid, the
mean anisotropy parameter is given by (M−2BI ρ0)
2/(3K2)σg = r4(1+ r)3/r′2 and is plotted
in figure 31. As it can be clearly seen in this figure, the mean anisotropy parameter evolves
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Figure 30: This figure represents the evolution of the rescaled energy density r = ρM−2BI and the rescaled
volume element GM−2BI ρ (which is vg in the notation used in [191] and furthermore MPl = 1) as a function
of the rescaled time θ = tMBI for three different initial conditions: r(0) = 0.9 (solid line), r(0) = 0.85
(dotted line), r0 = 0.8 (short dashed line) and r(0) = 0.75 (dashed line) in a universe filled with dust.
Figures were taken from [191].
Figure 31: In this figure taken from [191] the evolution of the physical Hubble function in a dust filled
universe in a Bianchi type I space-time together with the mean anisotropy parameter σg (in terms of the
notation used in [191] this corresponds to a
(g)
p ) are shown as a function of the rescaled time θ = tMBI.
to zero after some time elapses and the universe ends up in an isotropic phase in a Bianchi
type I space-time in the EiBI gravity theory. This seems to be complementary to the
standard picture in General Relativity where shear decays in the presence of a cosmological
constant [51]. Within the framework of EiBI gravity this property is maintained in the
presence of a dust component as well. However, this property does not seem to be general.
For instance, instead of a dust fluid, if one considers a radiation fluid with w = 1/3 or a
stiff fluid, then the universe does not isotropise at late times as it was happening for dust.
In fact, for a stiff fluid, the mean anisotropy parameter in the gˆ metric sector takes rather
the form σg = r3(1 + r)3/((1 − r)3r′2). Its evolution together with the evolution of the
Hubble function can be extracted from figure 32, which we borrowed from [191] as well.
As one can see in figure 32, the mean anisotropy parameter increases with time. Starting
from an initial state with a vanishing anisotropy, the degree of the anisotropy increases
until it reaches a maximum constant value.
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Figure 32: This figure borrowed from [191] illustrates the evolution of the Hubble function and the mean
anisotropy parameter σg (which corresponds to a
(g)
p in the notation used in [191]) as a function of the
rescaled time θ = tMBI in a universe filled with stiff fluid with different initial values.
5.1.6. Late-time cosmology
As stressed several times throughout this review, the general motivation for Born-
Infeld inspired theories of gravity is to modify the gravitational interactions in the high
curvatures regime. This means that deviations with respect to GR will typically arise
when the curvatures become of the order of the Born-Infeld scale M2BI. Since the source of
gravity is weighted by the Planck scale, an equivalent formulation of this statement is that
one only expects deviations from standard gravity when the densities are of the order of45
ρ ∼M2BIM2Pl. For this reason, the natural place where these theories manifest themselves
in cosmological scenarios is the early universe, being ideal candidates for inflationary
models or bouncing solutions as we have reviewed above. Applications of these theories
for models of the late-time universe are instead dissonant as a consequence of their very
own defining properties. Since the Born-Infeld effects will become negligible whenever
the cosmological energy density drops below M2BIM
2
Pl, from that moment on we will have
the usual cosmological evolution with GR governing the gravitational interaction. If we
want to have non-negligible effects on cosmological scales today (or somewhere between
decoupling and today) that would mean that the whole cosmological evolution would have
taken place in the Born-Infeld regime. For this reason, late-time cosmology constitutes
an inefficient way to constrain EiBI theories and dark matter and/or dark energy models
based on this type of theories are likely to fail in their goal. Models for the dark components
of the universe find a better suited arena within the framework of infrared modifications
of gravity so that they become relevant in the late-time evolution of the universe. If we
want to be on the safe side, we can impose the Born-Infeld corrections be important only
before the onset of Big Bang Nucleosynthesis (BBN). Since BBN takes place when the
temperature of the universe is roughly 1− 10 MeV, we obtain the conservative constraint
45More precisely, one expects modifications whenever any component of the energy-momentum tensor
becomes comparable toM2BIM
2
Pl. In the most standard cosmological backgrounds the energy density is the
relevant quantity. but in more general scenarios other components of the energy-momentum tensor could
play an important role as well. This is the case for instance of anisotropic cosmological solutions where
anisotropic stresses can be present.
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MBI & HBBN ≃ T 2BBN/MPl ≃ 10−13eV. Notice that this bound is less stringent that the one
discussed in section 2.6 where we obtained MBI & 10−1eV from the absence of anomalous
interactions in collider experiments.
Despite the general arguments given in the precedent paragraph, there are some works
in the literature attempting to explain the dark matter problem in galaxies as an effect of
modifying gravity as in EiBI theory [322]. In [193], the authors study spherical dark matter
haloes and conclude that the value of the Born-Infeld parameter that allows to realistically
reproduce the dark matter haloes isM−2BI ≃ 1044cm2 which translates intoMBI ≃ 10−27eV.
Even if this value allows to reproduce the haloes, we must remember that the Born-Infeld
coupling is universal and this value is in contradiction with the constraints discussed in the
previous paragraph so that it is excluded. Analogous studies like e.g. those in [309, 216]
find similar results and are, thus, subjected to the same limitations. Similarly, the bounds
obtained on MBI from other cosmological and astrophysical probes explain the results
found in [145] where the authors compute the matter power spectrum for the EiBI theory.
They find that the deviations of the power spectrum with respect to that of ΛCDM is
completely negligible for realistic values of MBI.
Let us also notice that, still within the class of Born-Infeld inspired gravity theories, in
order to avoid the aforementioned triviality for late-time cosmological applications, there
has been some attempts in the literature to include additional corrections to the EiBI
action that could give some effects at late times. We should note however, that this goes
against the Born-Infeld spirit and it is very likely that the EiBI sector will not play any
role and the whole effect will come from the new terms. As an example of this approach,
some works introduced an Einstein-Hilbert term supplementing the Born-Infeld sector,
but this class of modifications seriously compromise the stability of the theory. In fact,
such variations of the Born-Infeld actions belong to the Class 0 described in the section
2.7.1 and which are precisely characterised by the presence of pathologies. Thus, even if
one can achieve non-negligible effects in the late-time cosmology, this would come at the
expense of possibly losing the ghost freedom of the theory. Explicit examples of this type of
modifications will be summarised in section 5.6, but it is worthwhile to stress here that this
road of tracing late-time cosmological solutions are doomed to fail due to the mentioned
instabilities. As discussed in 2.7.1, if one really wants to add an additional Einstein-Hilbert
term in the Lagrangian, then the Born-Infeld interactions have to be modified so that the
ghost-free massive (bi-) gravity potential interactions in its formulation in terms of the
auxiliary metric are recovered.
From the above discussion it is clear that Born-Infeld inspired theories of gravity
cannot play a relevant role for the cosmological evolution from roughly BBN (where we
need to have standard gravity) until today. There is however a more natural place to
study potential effects of EiBI in the late-time cosmology residing within the framework
of future cosmological singularities. The properties of dark energy are crucial for the future
evolution of the universe and its eventual fate. At this respect, some models predict the
existence of future singularities that can be broadly classified according to the divergence
of some cosmological quantity (see for instance [52, 262, 126, 93, 160, 81, 62, 11] for
some related literature). It is indeed common to perform such a classification attending
to which derivative of the scale factor diverges first [161]. In some scenarios with future
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singularities, the Hubble expansion rate or its derivative show divergences so that the Born-
Infeld corrections will eventually be relevant again and one could wonder if such future
singularities could be tamed. This was studied in [79, 78] and it was found that generally
future cosmological singularities can remain, although in some cases the divergences can
be somewhat smoothed. In [77] the authors argued that the classical big rip singularity
might be avoided by applying the quantisation based on the Wheeler-DeWitt equation to
the EiBI model.
5.2. General cosmological framework for Born-Infeld inspired gravity theories
After reviewing the cosmological applications of the EiBI model, we will discuss the
cosmological studies performed for other Born-Infeld inspired theories of gravity. Most
of them share the same underlying features and mechanisms, although leading to differ-
ent cosmologies depending on the specific model under consideration. Thus, instead of
studying the individual extensions one by one, we will develop here a general framework
to study cosmological solutions within these theories. In fact, without increasing the level
of difficulty, we can consider the general class of theories already analysed in 2.7.1 and
harvest the results of that section to obtain the relevant equations to study the cosmology
of these theories. To avoid the reader to thumb through the review, we will rewrite the
main equations here for convenience. The starting action is given by46
S = 1
2
M2PlM
2
BI
∫
d4x
√−gF (Pˆ ) , (5.51)
with Pµν = M
−2
BI g
µαRαν(Γ). The analysis of the general field equations, even in the
presence of torsion, was discussed in great detail in section 2.7.1. For our purposes here, the
important equations will be those relating the auxiliary metric qµν , which determines the
connection as its Christoffel symbols, with the spacetime metric and the matter content.
The two metrics are related by qˆ = gˆΩˆ, where Ωˆ is the deformation matrix defined as
Ωˆ−1 =
1√
det FˆPˆ
(
∂F
∂Pˆ
)T
. (5.52)
Notice that this definition relates Ωˆ and Pˆ so that all the equations below will admit
equivalent formulations in terms of Ωˆ or Pˆ alone. By using the definition of the deformation
matrix, the metric field equations can be expressed as
Ωˆ−1Pˆ =
1
M2BIM
2
Pl
√
det Ωˆ
(
LG1+ Tˆ gˆ
)
(5.53)
46We are not assuming any projective symmetry a priori on the Ricci tensor so, in principle, we could
consider both the symmetric and the antisymmetric parts of the Ricci tensor. The background cosmological
evolution where all the relevant objects are assumed to be diagonal will be, in general, oblivious to the
presence of the projective symmetry. However, it is crucial when studying the perturbations. For an
analysis of the cosmological scenarios in an extended class of theories see [60].
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where LG = 12M2PlM2BIF is the Lagrangian. These equations give the deformation matrix
Ωˆ (or the fundamental object Pˆ ) in terms of the matter content and the spacetime metric.
The resolution of the problem will be completed with the differential equations for the
auxiliary metric (see 2.7.1)
Rµν(q) =
1
M2Pl
√
det Ωˆ
(
LGδµν + T µν
)
. (5.54)
After briefly reviewing the relevant equations, we can proceed to the study of cosmological
scenarios. As usual, we will consider a homogeneous and isotropic background metric
described by the FLRW line element
ds2g = −N2(t)dt2 + a2(t)d~x2 (5.55)
and a perfect fluid with isotropic pressures as matter sector
T µν =
( −ρ 0
0 pδij
)
. (5.56)
As an additional condition, we will assume that all relevant quantities inherit this form so
that we will have
Ωˆ =
(
Ω0 0
0 Ω1δ
i
j
)
and Pˆ =
(
P0 0
0 P1δ
i
j
)
. (5.57)
As we have explained several times above, the recovery of GR at low curvatures imposes
Ωˆ ≃ 1 for P0, P1 ≪ 1. The form of the deformation matrix ensures that the auxiliary
metric will also have a FLRW line element
ds2q = −N˜2(t)dt2 + a˜2(t)d~x2 , (5.58)
with N˜2 = N2Ω0 and a˜
2 = a2Ω1. We keep the explicit dependence on the lapse function
N(t) for later convenience. Once we have specified the assumptions for our homogeneous
and isotropic Ansa¨tze, we can now proceed to write the background metric field equations
(5.53), which read
P0
Ω0
=
1
M2BIM
2
Pl
√
Ω0Ω31
(
LG + T 00
)
,
P1
Ω1
=
1
M2BIM
2
Pl
√
Ω0Ω
3
1
(
LG + 1
3
T ii
)
. (5.59)
As anticipated above, for a given function F (Pˆ ), these equations will allow to obtain
the components of Ωˆ (or those of Pˆ ) in terms of the energy density ρ = −T 00 and the
pressure p = 13T
i
i of the matter fields. An important point to keep in mind is that
these equations are non-linear so that, in general, we will find several branches. Out of
those branches, the condition (2.73) on the function F will guarantee the existence of one
particular branch that will be continuously connected with GR at low curvatures. This
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will be the interesting branch for most applications, although other branches might also
offer interesting cosmological scenarios.
As we have seen in the previous section for the EiBI model, the crucial step to study
the cosmological evolution is to extract the dependence of the Hubble expansion rate in
terms of the energy density and pressure of the matter fields. For this purpose, we will
make use of the Einstein tensor of the auxiliary metric and express its 00 component in
two different ways. We will start from the definition of the Einstein tensor of qµν given by
Gˆ(q) = Rˆ− 1
2
qˆTr
(
qˆ−1Rˆ
)
. (5.60)
First, we will compute its 00 component in terms of the auxiliary metric, which will simply
give the corresponding Hubble expansion rate:
G00(q) = 3H˜
2 = 3
(
d ln a˜
dt
)2
= 3
[
H2 +
1
2
d lnΩ1
dt
]2
. (5.61)
Since Ω1 = Ω1(ρ, p) as obtained from (5.59), we can express the time derivative of Ω1
in terms of derivatives with respect to ρ and p. Thus, if we use that matter fields are
assumed to be minimally coupled so that they satisfy the usual conservation equation
ρ˙+ 3H(ρ+ p) = 0, (5.62)
we can finally arrive at
G00(q) = 3H
2
[
1− 3
2
(
ρ+ p
)(
∂ρ lnΩ1 + c
2
s∂p lnΩ1
)]2
(5.63)
where we have introduced the sound speed c2s ≡ p˙/ρ˙. If we further assume a barotropic
equation of state p = p(ρ) the sound speed can also be written as c2s = dp/dρ. This
completes the first part of our computation of the Hubble expansion rate. The second
part consists in writing the Einstein tensor of the auxiliary metric by using the definition
Pˆ =M−2BI gˆ
−1Rˆ and the relation between the two metrics through the deformation matrix
qˆ = gˆΩˆ so that we obtain
Gˆ(q) = Rˆ− 1
2
qˆTr
(
qˆ−1Rˆ
)
=M2BI gˆ
[
Pˆ − 1
2
ΩˆTr
(
Ωˆ−1Pˆ
)]
. (5.64)
We can again extract the expression for G00, this time in terms of the components of Pˆ
and Ωˆ, as follows:
G00(q) =
1
2
M2BI g00
(
P0 − 3Ω0
Ω1
P1
)
. (5.65)
If now we equal the right hand sides of (5.63) and (5.65) and solve for H2 we finally obtain
3H2
M2BIN
2
=
3Ω0P1 − P0Ω1
2Ω1
[
1− 32(ρ+ p)
(
∂ρ lnΩ1 + c2s∂p ln Ω1
)]2 , (5.66)
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where we have used that g00 = −N2. This is the master equation providing the modified
Friedman equation for the theories under consideration, i.e., it gives the dependence of
the Hubble function in terms of the matter field variables. Let us remember that the
components of Pˆ and Ωˆ are functions of ρ and p as obtained from the resolution of
(5.59) and, hence, the right hand side of the above equation only depends on the matter
sector variables. A very distinctive feature of these theories is the appearance of c2s in
this modified Friedman equation. This means that, unlike the case of GR and many
other modified gravity theories, the sound speed not only affects the evolution of the
perturbations, but it also affects the background evolution. In particular, this includes
one additional parameter for the homogeneous cosmologies of these theories. While in the
most extensively studied modified gravity theories the equation of state fully determines
the background evolution, in the theories under consideration here (among which many
Born-Infeld inspired theories are included) there is a further dependence encoded in c2s.
Moreover, some matter sources can actually have a non-constant sound speed (like in the
case of several interacting fluids) and it could even depend on H(t) so that (5.66) will
be an implicit equation for the Hubble expansion rate. We have already encountered a
particular case of this result in the EiBI theory rephrased in terms of a time-dependent
equation of state parameter and we saw that the background cosmology depends not only
on w(t) but also on w˙.
There is a number of interesting general features that can be directly inferred from
(5.66). The first thing to notice is that now it is very easy to understand the mechanism
by which these theories can give rise to bouncing solutions without violating the NEC.
For that, let us rewrite the modified Friedman equation in the more familiar form
H2 =
8πGeff (ρ, p, c
2
s)
3
ρ (5.67)
that is closer to its usual form and we have encoded all the modified effects into the
effective Newton’s constant
8πGeff (ρ, p, c
2
s) =M
2
BI
3Ω0P1 − P0Ω1
2Ω1
[
1− 32(ρ+ p)
(
∂ρ ln Ω1 + c2s∂p ln Ω1
)]2 (5.68)
where we have momentarily set the lapse to N = 1. If we take the time derivative of (5.67)
and use the conservation equation (5.62) we find
H˙ = −4πGeff
(
ρ+ p
)
+
4πG˙eff
3H
ρ. (5.69)
In GR with minimally coupled fields, the existence of bouncing solutions (omitting the
possible presence of spatial curvature for the sake of simplicity) characterised by an evo-
lution where H˙ is initially negative (contracting phase) and becomes positive (expanding
phase) is subjected to a regime where the NEC is violated in the initial regime and it holds
in the final stage. For the theories under consideration here47, the presence of the time
47This discussion is not specific of these theories, but it also applies to other modified gravity theories or
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derivative of the effective Newton’s constant makes it possible to have bouncing solutions
where the NEC holds throughout the entire evolution. Notice that, at the bounce, the
Hubble expansion rate must vanish at a finite but non-vanishing density, so the bouncing
will generally occur when
Geff
(
ρb, pb, c
2
s,b
)
= 0 (5.70)
where the subscript b stands for their values at the bounce. By looking at (5.68) we can
see that the bounce can generally happen in two ways, namely:
• i) The numerator vanishes so that 3Ω0P1 − P0Ω1 = 0.
• ii) The denominator diverges so that Ω1
[
1− 32(ρ+ p)
(
∂ρ ln Ω1 + c
2
s∂p ln Ω1
)]2
→
∞.
Let us stress that these two possibilities are the most straightforward (and perhaps smooth)
ways to realise the bouncing solution, but they are not exhaustive. For instance, one could
envisage situations where both the numerator and the denominator diverge (or vanish)
while the quotient is a well-behaved function with some roots at ρ 6= 0. Leaving this
possibility aside, the bounce realised by means of ii) will generally rely on the existence of
a divergence either in Ω1 (or one of its derivatives) or in c
2
s. Since both of this quantities
have a physical relevance, Ω1 relates the two metrics and c
2
s typically gives the adiabatic
sound speed, a divergence in them can potentially give rise to divergent physical effects.
On the other hand, the bounce characterised by i) takes place when 3Ω0P1 − P0Ω1 = 0.
From (5.59), we can obtain that
3Ω0P1 − P0Ω1 = 1
M2BIM
2
Pl
√
Ω0
Ω1
(
2LG + T
)
(5.71)
with T = T µµ the trace of the energy momentum tensor. Thus, a bouncing solution where
both metrics are regular (i.e., finite and non-vanishing Ω0 and Ω1) will be characterised
by the equation 2LG + T = 0. Interestingly, for a radiation dominated universe the
energy-momentum tensor is traceless and the condition reduces to F (Pˆ ) = 0.
In a similar way as we studied the tensor perturbations for the EiBI model in the
precedent sections, we can extend the analysis to the general class of theories considered
here. We will closely follow the analysis in [60] where tensor perturbations are analyse
in detail for an even larger class of theories formulated in the affine formalism. We will
recognise that most of the properties we discussed for the EiBI theory are actually generic
features for the theories described by (5.51). Let us then consider tensor perturbations on
top of the homogeneous and isotropic background defined as
δgµν =
(
0 0
0 a2hij
)
δqµν =
(
0 0
0 a2Ω1fij
)
and δT µν =
(
0 0
0 Πij
)
(5.72)
theories involving non-minimally coupled fields. In general, the argument presented here will be valid for
all theories giving rise to a non-constant effective Newton’s constant for the cosmological evolution. Once
again, the distinctive features of the theories considered here arise from the dependence on c2s that is not
present in other classes of modified gravity theories, and this is what can introduce novel features.
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with Πij representing the anisotropic stress
48. An important property that considerably
simplifies the computations with tensor perturbations is that they only live in the spatial 3-
dimensional space and all the background quantities are diagonal in that box. This means
that, at first order in tensor perturbations, any possible pair of matrices appearing in
the equations will commute. Furthermore, the tensor perturbation of any scalar quantity
vanishes identically, for instance we will have δ det Ωˆ = 0 and so on. The equation (5.53)
at first order in tensor perturbations reads
δΩˆ−1Pˆ + Ωˆ−1δPˆ =
1
M2BIM
2
Pl
√
Ω0Ω31
Πˆ. (5.73)
Again, Ωˆ and Pˆ are related by means of the definition of Ωˆ so the above equation can be
seen as an equation for δΩˆ, whose solution will have the general form
δΩij = ω(ρ, p)Π
i
j (5.74)
with ω(ρ, P ) some function obtained from solving (5.73) which only depends on back-
ground quantities. This expression for the perturbation of Ωˆ allows to express the pertur-
bation of the auxiliary metric as
δqˆ = δgˆ Ωˆ + gˆ δΩˆ⇒ δqij = Ω1δgij + a2δΩij = Ω1δgij + a2ωΠij (5.75)
where the spatial indices have been lowered with the Kronecker delta. In terms of hij and
fij, we then have
fij = hij +
ω
Ω1
Πij . (5.76)
This result generalises the one already found for the EiBI theory in section 5.1.1. An
important property is that, in the absence of any anisotropic stresses, the tensor per-
turbations of the two metrics are identical and we can simply talk about metric tensor
perturbations without referring to any specific metric. In other words, there is only one
class of gravitational waves.This roots in the conformal relation for the two background
metrics in the spatial 3-hypersurfaces. The field equations for these gravitational waves
can be easily computed from (5.54), whose tensor perturbation yields
δRij(q) =
1
M2Pl
√
Ω0Ω31
Πij (5.77)
As it becomes clear, this evolution equation for gravitational waves is exactly the same as
the one found in GR barring the replacement
M2Pl →M2Pl
√
Ω0Ω31. (5.78)
In terms of the metric perturbations the equation (5.77) can be equivalently written in
the familiar form
f¨ij +
(
3H˜(t)−
˙˜N(t)
N˜(t)
)
f˙ij − N˜(t)
2
a˜(t)2
∇2fij = 16πGgwΠij , (5.79)
48We are dropping here the perfect fluid assumption in the perturbed sector for generality.
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where Ggw = GN/
√
Ω0Ω31. In the regime of small energy densities, Ω0 ≃ 1 and Ω1 ≃ 1 so
Ggw ≃ GN. Once the solution for fij is computed from the above equation, the evolution of
the perturbation hij is determined by the relation (5.76). It should not come as a surprise
by now that the gravitational waves fij satisfy the usual equation for cosmological tensor
perturbations but with respect to the auxiliary background metric and a modified coupling
to the source. This is simply the cosmological application of the discussion presented in
2.7.1 where it was shown that, in the Einstein frame, the auxiliary metric acquires the
standard Einstein-Hilbert kinetic term, but it is coupled in a non-standard way to the
matter fields. Since we are working at first order in tensor perturbations, the modified
coupling to matter fields was expected to appear as a modified Newton’s constant. From
(5.79) we can also understand the rising of tensor perturbations discussed in section 5.1.1
for the bouncing and loitering solutions of EiBI as a consequence of having a non-regular
auxiliary metric.
5.3. Elementary symmetric polynomials extension: Minimal model
We will now consider the Class-I theory introduced in [59] that we already discussed in
section 2.7.3. This family of theories consists in extending the EiBI theory to include all the
elementary symmetric polynomials and is described by the actions (2.122). The cosmology
of the general case including all the elementary polynomials has not been performed yet
in the literature. The fourth polynomial coincides with EiBI so that its cosmology is the
one extensively discussed above. The other polynomial whose cosmology has also been
investigated is the first one, that was called Minimal model. The corresponding action is
given by
Smin =M2BIM2Pl
∫
d4x
√−gTr
[√
1+M−2BI gˆ−1Rˆ − 1
]
, (5.80)
where the constants have been chosen as to match GR without a cosmological constant
in the low curvature regime. A possible cosmological constant term will be considered
as part of the matter sector. As shown in the corresponding part of section 2.7.3, it is
convenient to introduce the fundamental matrix of the model given by
Mˆ ≡
√
1+M−2BI gˆ−1Rˆ. (5.81)
This fundamental matrix must be positive definite on physically acceptable solutions and is
related to the deformation matrix by Ωˆ = Mˆ/
√
det Mˆ , as shown in equation (2.137), thus
guaranteeing that both the auxiliary and the spacetime metrics have the same signature.
Furthermore, Mˆ satisfies the equation (2.138), that we write here again
Mˆ−1 − Mˆ −
[
Tr
(
Mˆ − 1
)]
1 =
1
M2BIM
2
Pl
Tˆ gˆ . (5.82)
Before studying the more general cosmological solutions within this model, we shall first
consider Einstein space solutions characterised by R(µν)(Γ) = REgµν , with RE some con-
stant curvature. In terms of the fundamental matrix, this means Mµν = m
2δµν where
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m2 =
√
1 +REM
−2
BI and the field equations (5.82) simplify to(
4− 3m2 − 1
m2
)
gµν =
1
M2PlM
2
BI
Tµν . (5.83)
The conservation of the energy-momentum tensor implies that m2 = const. Since we
have that RE = (m
4 − 1)M2BI, the curvature RE must indeed be a constant and cannot
be promoted to some arbitrary function. In other words, only a fluid corresponding to a
cosmological constant can support Einstein space solutions, as one would have expected.
For Tµν = −ρΛgµν , the above equations give
4− 3m2 − 1
m2
+ ρ¯Λ = 0 , (5.84)
where ρ¯Λ = ρΛ/(M
2
PlM
2
BI). The solution of this equation is
m2 =
4 + ρ¯Λ ±
√
4 + ρ¯Λ(8 + ρ¯Λ)
6
. (5.85)
For these Einstein space solutions the deformation matrix is simply Ωˆ = m−21 so that
both metrics are conformally related as qµν = m
−2gµν . In the absence of the cosmological
constant ρΛ = 0, i.e., the vacuum solutions, the two branches givem
2 = 1 andm2 = 1/3 re-
spectively. The former corresponds to a Ricci-flat space with R(µν) = 0 and represents the
branch continuously connected with GR, whereas the latter gives R(µν) = (−8M2BI/9)gµν
and represents a de Sitter (anti-de Sitter) space for negative (positive) M2BI without the
need for a cosmological constant. The two branches of solutions for m2 in terms of ρΛ are
illustrated in figure 33. We can clearly see how the physical condition m2 > 0 gives the
bound ρ¯Λ ≥ 2(
√
3− 2).
After briefly going through the simplest case of Einstein and vacuum space solutions, we
shall consider the general cosmological solutions. Our homogeneous and isotropic Ansatz
make the fundamental matrix take the form Mµν = diag[M0(t),M1(t),M1(t),M1(t)] and
the equations (2.138) read
1
M0
+ 3M1 = 4 + ρ¯,
M0 + 2M1 +
1
M1
= 4− p¯,
(5.86)
with the dimensionless density and pressure
ρ¯ ≡ ρ
M2BIM
2
Pl
, p¯ ≡ p
M2BIM
2
Pl
. (5.87)
These equations are of course (5.53) adapted to the present case. We can now obtain
from them the quantities M0 and M1 algebraically in terms of ρ¯ and p¯, i.e., we will have
M0(ρ¯, p¯) and M1(ρ¯, p¯). If we solve for M1 from the first equation and plug it in the second
one we obtain
(4 + ρ¯)M30 +
[
P¯ (4 + ρ¯) +
2
3
(1 + ρ¯)2 − 4
]
M20 −
[
P¯ +
4
3
(1 + ρ¯)
]
M0 +
2
3
= 0. (5.88)
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Figure 33: In this plot (adapted from [59]) we show the two branches of solutions for m2 as a function
of ρ¯Λ given in (5.85) (left panel) and the characteristic scale RE normalized to M
2
BI of the corresponding
Einstein space (right panel). The blue-solid solution is continuously connected with GR in vacuum, while
the red-dashed solution represents the branch giving rise to dS/AdS in vacuum. Interestingly, the dS/AdS
branch is almost insensitive to the presence of ρ¯Λ. In this branch, the value of RE quickly saturates
to −M2BI and remains constant irrespectively of the cosmological constant. Finally, we can see how the
positivity of m2 selects the physical solutions and imposes some bounds on the values of the ρ¯Λ that can
be accommodated.
It is possible to solve this equation analytically, but the explicit expression is not very
illuminating, so we will omit it here (the interested reader can find it in [61]) and instead
we will plot the solutions in figure 34 for some interesting matter sources. As usual, one
finds several branches of solutions, 3 in this case owed to above equation being cubic. Out
of those 3, one is always unphysical because either M0 or M1 is negative and we do not
consider it. The remaining two branches satisfy the positivity requirement, but only one
is continuously connected with GR in the low densities regime (see figure 34). Even for
these physical branches, the positivity of M0 and M1 impose constraints on the allowed
values of ρ¯ and p¯ as shown in figure 35. From that figure we can see that the Born-
Infeld corrections impose the bounds p . M2BIM
2
Pl and ρ & −4M2BIM2Pl. In particular,
these constraints make the allowed region for a radiation fluid be compact, i.e., there is
a maximum allowed value for its energy density. As can be easily understood from the
left panel in figure 35, this will be the case for fluids with constant and strictly positive
equation of state parameter. However, for dust or a cosmological constant, the energy
density can grow arbitrarily large.
The definition of the fundamental matrix Mˆ also allows to obtain the corresponding
curvature as
R(Γ) = gµνR(µν)(Γ) =M2BI
(
M20 + 3M
2
1 − 4
)
. (5.89)
Plugging in the physical branches of solutions for M0 and M1 we can then obtain the
dependence of the curvature on the density. In the low energy density limit the curvature
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becomes
RI = ρ− 3p
M2Pl
+O(ρ¯2) (5.90)
RII = −32
9
M2BI −
1
9M2Pl
(ρ− 3p) +O(ρ¯2) (5.91)
where the Branch I refers to the solution that connects with GR at low energy densities
whereas Branch II stands for the branch that connects with the dS/AdS solutions in
vacuum. In figure 34 we show the full solutions. Three different types of fluids are
considered: dust with p = 0, radiation with p = ρ/3 and a fluid with the equation of state
parameter w = −0.8. As we commented above, a radiation fluid naturally shows an upper
bound on its possible energy density, which further translates into an upper bound for the
scalar curvature∼M2BI. This actually happens for equation of state parameters 0 < w < 1.
This will have important consequences for early universe cosmology where the relativistic
degrees of freedom are supposed to dominate. Concerning dust fluids, the allowed range for
ρ is no longer compact and, in fact, ρ¯ is not bounded from above. However, it is interesting
to notice that, even if ρ¯ can grow arbitrarily large, the scalar curvature saturates beyond
ρ¯ ≃ 1 and this makes it be bounded byM2BI, thus avoiding curvature singularities. Finally,
fluids with equation of state close to that of a cosmological constant do not have a compact
allowed region and the curvature divergences at high energy densities are even more severe
than those in GR in the branch I. While GR gives R ∝ ρ, in the Minimal model we have
RI ∝ ρ2. Finally, for the cases with a non-compact allowed region, the branch II shows
the same behaviour found for the Einstein space solutions above, i.e., the curvature is
insensitive to the value of ρ¯.
Once we have the fundamental matrix in terms of ρ and p we can easily compute the
auxiliary metric by using that Ωˆ = Mˆ/
√
det Mˆ so that
N˜2(t) = N2(t)
√
M0M
−3
1 , a˜
2(t) =
a2(t)√
M0M1
. (5.92)
Then, we can use the general expression for the Hubble expansion rate (5.66) adapted to
the Minimal model to obtain
H2 =
M2BI
3
M20 +
3
2(p¯ + ρ¯)M0 − 1{
1 + 3M0(ρ¯+p¯)4[(4+ρ¯)M0−1] [1 + (4 + ρ¯) (∂ρ¯ lnM0 + c
2
s∂p¯ lnM0)]
}2 , (5.93)
where we have used the equations (5.86) to express M1 in terms of M0, which can then be
solved for from (5.88). This expression for the Hubble expansion rate shows once again
the distinctive property of depending on ρ, p and c2s. Let us notice that the allowed region
discussed above arising from the positivity of the fundamental matrix Mˆ constrained the
possible values for ρ and p. Here we have one additional constraint for the cosmological
solutions given by the condition H2 ≥ 0. This condition will in fact be more restrictive
since it will depend on c2s. In other words, if we consider a barotropic fluid with p =
p(ρ) (not necessarily linear) so that c2s = dp/dρ, the constraint H
2 ≥ 0 will restrict the
169
-2 0 2 4 6 8 100.0
0.5
1.0
1.5
2.0
Ρ
M
0,
M
1
-2 0 2 4 6 8 10-4
-3
-2
-1
0
1
2
Ρ
R
M
B
I2
-2 0 2 4 6 8 10 120.0
0.5
1.0
1.5
2.0
Ρ
M
0,
M
1
0 5 10 15
-4
-2
0
2
4
6
8
10
Ρ
R
M
B
I2
-2 0 2 4 6 8 100
1
2
3
4
Ρ
M
0,
M
1
-2 0 2 4 6 8 10
-5
0
5
10
15
20
Ρ
R
M
B
I2
Figure 34: Figure adapted from [59]. In the left panels we show the solutions for M0 (green) and M1
(blue) for the Branch I (solid) and Branch II (dashed). In the right panels the corresponding solutions for
the scalar curvature R are illustrated. Three types of fluids are considered from top to bottom: radiation
(p = ρ/3), dust (p = 0) and a fluid with p = −0.8ρ. The dotted-purple lines represent the corresponding
solutions in GR. We can see that the solutions for radiation are bounded for both ρ and R, for dust the
density can grow to infinity but the curvature is bounded by ∼M2BI and, finally, for the fluid with w = −0.8
neither the density nor the curvature are bounded.
parameter space (ρ, p,dp/dρ), while having a positive definite Mˆ only gives constraints on
its subspace (ρ, p).
In the right panel of figure 35 it is shown the Hubble expansion rate as a function
of the density for radiation, dust and a cosmological constant. These fluids are impor-
tant representatives of the following typical behaviour depending on the equation of state
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Figure 35: Figures adapted from [61]. Left panel: physical region determined by imposing the positivity
of the fundamental matrix Mˆ . It is also shown some important equation of state parameters to illustrate
the bounds on ρ and p imposed by the Born-Infeld corrections. Right panel: Evolution of the Hubble
function in terms of the energy density for different equation of state parameters. At low energy densities
the standard evolution of GR is recovered (depicted by the dotted line), whereas at high energy densities
the translated modifications in the matter source from Born-Infeld become dominant. A crucial property
of this model is that the Hubble function becomes constant in the Born-Infeld regime for a dust component
with w = 0 giving rise to a de Sitter phase.
parameter w = p/ρ:
• Fluids with the equation of state parameter in the range 0 < w < 1 give rise to a
maximum value for the energy density ρ . M2BIM
2
p . We had already observed this
type of behaviour for the standard EiBI theory in the previous section. Thus, it is
quite typical to find an upper bound for the allowed energy densities in theories a` la
Born-Infeld.
• For fluids with −2/3 < w ≤ 0 one does not observe any upper bound for ρ. Inter-
estingly, the Hubble function can become constant at high energy densities.
• Finally, for fluids with −1 ≤ w < −2/3 the Hubble function evolves as H2 ∝ ρ2
which is even worse than in GR in terms of singularities at high energy densities.
For this type of fluids the realisation of the Born-Infeld mechanism fails.
One distinctive and crucial feature of this minimal Born-Infeld extension is the satu-
ration of the Hubble function to a constant value at high energy densities appearing for
−2/3 < w ≤ 0, which could offer an interesting alternative to realise a de Sitter inflation-
ary epoch in the presence of a dust fluid. This idea was developed in [61], where, in order
to achieve an inflationary scenario eventually evolving to a radiation dominated phase, it
was considered a cascade of decaying dust fluids at the end of which there is a radiation
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component. This system is thus described by the following system of equations:
ρ˙i + 3Hρi = Γi−1ρi−1 − Γiρi i = 1, ..., n (5.94)
ρ˙r + 4Hρr = Γnρn (5.95)
where Γ0 = ρ0 = 0, ρr is the energy density of radiation representing the final state
and Γi is the decay rate of the ith particle. In order to ensure the stability of the dust
components during inflation we need to impose Γi < HdS with HdS the (nearly constant)
Hubble expansion rate during the inflationary phase and that will be HdS ≃ MBI. The
idea is then that the quasi de Sitter phase is supported by the dust components as long
as ρdust ≫ M2BIM2Pl. Since ρdust ∝ a−3, the energy density of the dust components will
eventually drop below M2BIM
2
Pl and the Born-Infeld regime will be abandoned. This will
determine the end of the inflationary regime and the beginning of the reheating phase.
In this phase, the Hubble expansion rate will evolve as H2 ≃ ρdust/(3M2Pl) so that the
different decay rates will become larger than the expansion rate and, therefore, the dust
will start decaying. At the same time, the radiation component will be populated and,
after all the dust components have decayed, we will be left with a radiation dominated
universe.
This inflationary model has some interesting features that we will summarise here
without entering into too many details and refer to [61] for a more rigorous treatment. The
first important property is that there is a maximum value for the allowed energy density
in the inflationary regime. This can be traced back to the very presence of the cascade
that will lead to a non-trivial and time-dependent sound speed c2s(t) and a non-vanishing
pressure. As we discussed above, this will give rise to a bounded range of values for the
energy density in the physical space. This bound on the energy density will depend on the
decay rates and, in turn, it will lead to a maximum number of e-folds for the inflationary
phase. Thus, imposing that the inflationary phase lasts for at least 60 e-folds will give
bounds on the parameters of the model, namely MBI and Γi. Another constraint can be
obtained from the fact that the reheating phase should end before the onset of BBN. Since
the end of the reheating period is determined by the last decaying dust component, this will
give a direct constraint on the smallest decay rate. These constraints are summarised in
figure 36. Finally, a remarkable property of this inflationary scenario is that the first slow
parameter ǫ1 ≡ −d logH/d log a is negative so that we actually have a super-inflationary
phase. Nevertheless, one cannot directly infer anything on the perturbations from here
since the gravity sector is highly modified with respect to the standard inflationary models.
This can be illustrated by looking at the tensor perturbations. Since they propagate on
the auxiliary metric we need to compute the effective expansion seen by them. It turns
out that they see an effective equation of state w = 1 and, thus, they are oblivious to the
inflationary background and no primordial gravitational waves are generated within this
model. Therefore, this inflationary model would come with the distinctive feature of the
absence of primordial gravitational waves so that the detection of B-modes in the CMB
generated by primordial gravitational waves would immediately rule it out.
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Figure 36: Figure adapted from [61]. The left panel shows the bounds on MBI to have at least 60 e-folds of
inflation as a function of the number of dust species n and assuming the decay rates so that reheating ends
right before BBN. The black line denotes the Planck scale and the dotted line gives the lower bound on
MBI so that the dust components are stable during inflation. It becomes clear that for n = 1 the allowed
region is above Planck scale and hence no realistic inflationary scenario can be constructed and for more
than 20 species BBN constraints and stability during inflation cannot be realized at the same time. In
the right panel the bounds on (Γi,MBI) are shown together by assuming that all the decay rates are of
the same order. The bound on Γi coming from the condition that reheating should end before BBN is
encoded by the orange region. The blue region represents the stable region of dust components during
inflation. Furthermore, the green curves indicate the bounds for MBI in order to have 60 e-folds of inflation
for different number of components.
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5.4. Functional extensions of Born-Infeld gravity
In the previous section we have studied the cosmological implications of the minimal
extension of Born-Infeld inspired gravity theory, which was based on the trace of the
square root structure rather than the determinant. We have seen how one can construct
interesting quasi de Sitter solutions with a dust component in this model. In this section,
we shall draw our attention to another interesting extension of the original EiBI gravity
and discuss its potential impact to the early universe cosmology. Instead of a square root
one could consider an arbitrary function of the determinant. This modification would still
share the same properties as in EiBI gravity in the sense that General Relativity would
be recovered in low energy density regimes with the modifications becoming appreciable
only at very high energy density regime. Exactly this idea was pursued in detail in [268]
and we shall summarise the main results of this study here. For this purpose, let us adapt
to the notation used in [268] with Ωαβ = g
αµqµβ where again qµν = gµν +M
−2
BI R(µν)(Γ).
In terms of Ω the Born-Infeld inspired gravity theory can be simply expressed as
S =M2PlM2BI
∫
d4x
√−g
(√
|Ωˆ| − λ
)
+ Smatter . (5.96)
A natural extension arises by promoting the square root to an arbitrary function as it was
proposed in [268]. In this case, the action generalises to
S =M2PlM2BI
∫
d4x
√−g
(
f(|Ωˆ|)− λ
)
+ Smatter . (5.97)
The gravitational Lagrangian density, LG, in (5.97), can be conveniently expressed in terms
of an auxiliary scalar field A via the general function f(A) with the Lagrange multiplier
(|Ωˆ| −A)fA) as
LG =M2PlM2BI(Φ|Ωˆ| − V (Φ)− λ) . (5.98)
where Φ = df/dA and V (Φ) = AfA−f(A). Written in this language, the connection field
equations are simply given by ∇µ
(
Φ|Ωˆ|1/2√−qqµν
)
= 0. One can use the same trick as
in the previous sections to express the Riemann tensor in terms of the quantities of the
matter field. By doing so, one obtains [268]
Rαβ =
LGδαβ + Tαβ
2M2PlΦ
2|Ωˆ|3/2 . (5.99)
For the cosmological application, we will consider a perfect fluid as a representative of the
matter fields. Using exactly the same procedure as above, we can compute the evolution of
the Hubble function in terms of the matter field quantities. The resulting Hubble function
in this particular extension takes the following form
H2 =
M2BI
6(1 + ∆˙/(2H∆))2
[
(ρ+ 3p)/(M2PlM
2
BI) + 2(Φ|Ωˆ| − V − λ)
Φ|Ωˆ|+ V + λ+ ρ/(M2PlM2BI)
]
(5.100)
where the short-cut notation is introduced ∆ = 2Φ2|Ωˆ|3/2/(Φ|Ωˆ|+ V + λ− p/(M2PlM2BI)).
In [268] a family of power law functions f(|Ωˆ|) = |Ωˆ|n was investigated in detail. For
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Figure 37: These figures are taken from [268] where the evolution of the Hubble function is plotted in
terms of the energy density of the fluid ρ/(M2PlM
2
BI) for different values of the index n. The notation used
there corresponds to ǫ→ M−2BI and κ2 → M−2Pl in our notation. In the left panel we see the evolution for
a radiation fluid with w = 1/3. The solutions represented by the dashed lines correspond to M2MBI < 0
(plotted in positive quadrant for graphical convenience) and represent the bouncing solutions whereas the
solid lines (M2BI > 0) represent unstable solutions with H
2 = 0 and H,ρ = 0 at high energy densities. One
can further see that these non-singular solutions have very similar behaviour for small deviations in n. In
the right panel the evolution is shown for a fluid with equation of state parameter w = −1/5. In this case
one striking observation is that the solid solutions start resembling bouncing solutions for sufficiently large
values for the index n.
values of the parameter close to n = 1/2, of course the features are very close to the
original Born-Infeld gravity. In general, one has again two types of branches of solutions,
the branch with M−2BI > 0 and the branch with M
−2
BI < 0. It turns out that the first
type of solutions are more sensitive to the changes in the index n. The second type of
solutions representing a bounce are more robust. In figure 37 extracted from [268] we can
see the evolution of the Hubble function for different values of the index n for a fluid with a
positive equation of state parameter in the left panel and with a negative equation of state
parameter in the right panel, respectively. The bouncing solutions are depicted by the
dashed lines and the solid lines represent the unstable solutions with H2 = 0 and H,ρ = 0
for sufficiently high energy densities. The qualitative behaviour of these two branches of
solutions remains the same for small deviations in the index parameter. On the other
hand, for fluids with negative equation of state parameter the solid line solutions start
hitting the horizontal line converting more and more into a rather bouncing solutions for
large values of n.
5.5. Extensions including a Ricci scalar
There exist extensions of the original EiBI gravity theory that relies on the presence
of an additional Ricci scalar, which we will review in this section. These modifications
are constructed either by including a Ricci scalar R(Γ) directly into the determinantal
structure, or by including an additional function as a separate sector into the theory
(belonging to the Class II theories in section 2.7.4).
5.5.1. Born-Infeld-f(R) gravity
One of the early predominant extensions of the EiBI gravity theory is the Born-Infeld-
f(R) gravity, where the original EiBI gravity theory is combined with an additional func-
175
tion, that depends on the Ricci scalar [245]. In order to avoid any ghost instabilities, the
theory is constructed in the Palatini formalism in both sectors. The Riemann tensor and
the Ricci scalar both depend only on the connection and not on the metric. This idea
of combining Born-Infeld and f(R) gravity was further investigated in [246, 244, 151].
Due to the presence of the Ricci scalar, the model exhibits more freedom for simultaneous
applications to early and late time universe cosmology. In [245] it was shown, that for
f(R) = aR2, the model does not alter much the physical properties of bouncing solutions
found in the original EiBI model, but it does have crucial impact on the loitering solutions.
The Lagrangian proposed in [245] has the following explicit structure:
SBI = M2BIM2Pl
∫
d4x
{√
− det
(
gµν +
1
M2BI
R(µν)(Γ)
)
− λ√−g
}
+
αM2BI
2
∫
d4x
√−gf(R) + Smatter , (5.101)
where the first term is the standard EiBI Lagrangian and the second term is the novelty in
form on an additional function of R = gµνR(µν)(Γ). The matter fields in Smatter couple in
a standard manner to the metric. The variation of this action with respect to the metric
yields the modified metric field equations with respect to the standard EiBI model
√−q√−g q
µν −
[
gµν
(
λ− α
2M2BI
f
)
+
αfR
M2BI
gµβgνγR(βγ)
]
= 0 , (5.102)
where again we can define the qˆ metric as qµν = gµν+
1
M2BI
R(µν)(Γ) and fR is the derivative
with respect to R. Similarly, the variation with respect to the connection can be written
as
∇σ
(√−qqµν + αfR√−ggµν) = 0 . (5.103)
The connection equation can be written in the for us more useful form ∇σ
(√−q˜q˜µν) = 0
where q˜ plays now the role of the auxiliary metric and is defined as ˆ˜q = |Σˆ|1/2Σˆ−1gˆ and
its inverse as ˆ˜q−1 = |Σˆ|−1/2gˆ−1Σˆ with Σ representing Σµν = |Ωˆ|1/2(Ωˆ−1)µν + αfRδµν
with the standard notation Ωˆ = gˆ−1qˆ and Mˆ =
√
Ωˆ in the previous sections. For the
cosmological application of the model, we are interested in homogeneous and isotropic
backgrounds. We consider again the metric to be FLRW with N(t) = 1 and similarly
we make an homogeneous and isotropic Ansatz for qˆ or Σˆ directly Σˆ = diag(σ1, σ2δi
j).
This on the other hand determines the form of the metric ˆ˜q to be q˜00 = −
√
−σ32/σ1 and
q˜ij =
√
σ1σ2a
2δij . For the matter fields, we again assume a perfect fluid with Tˆ = (ρ, pδ
j
i ).
We can use the same procedure as in standard EiBI gravity model in order to obtain the
evolution equation of the Hubble function in terms of the energy density and pressure of
the matter fields (see section 5.2 for the general cosmological framework). For that we
can use the field equations and the definition of the Einstein tensor and equal them. By
doing so, one obtains [245]
H2 =M2BI
σ1 − 3σ2 − 2|Ωˆ|1/2(σ1w1 − 3σ2w2)
2σ1
(
1− 3(1+w)ρ∆ρ2∆
)2 , (5.104)
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where ∆ =
√
σ1σ2 and ∆ρ = ∂∆/∂ρ. In this way, we again have a parametric representa-
tion of the Hubble function of the energy density and pressure of the matter fluid. For a
particular choice of the function f(R) and the equation of state parameter of the matter
fluid w, one can estimate the evolution of the Hubble function and examine whether dif-
ferent bouncing and loitering solutions exist in this extension of the EiBI model. In [245]
a simple example was studied assuming a quadratic dependence in the form f(R) = aR2,
since this allows to compute Ωˆ and H2 analytically in terms of the variables of the matter
field. For this simple model, the presence of bouncing solutions is assured for M−2BI < 0.
One obtains H2 = 0 at |ρ/(M2PlM2BI)| = 1 independently of the sign of the equation of
state parameter. On the other hand, for M−2BI > 0, the Hubble function strongly depends
on the sign of w and shows a divergent behaviour for w ≤ 0. The parameter a in the
function f(R) does not effect significantly the type of bouncing solutions for M−2BI < 0
within this model as one can see in figure 38. The novelty of this modification coming
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Figure 38: This figure from [245] represents the evolution of the dimensionless Hubble function −H2/M2BI
in terms of the dimensionless energy density −ρ/(M2PlM2BI) for both the original EiBI theory (solid blue)
and the modification with the function of the form f(R) = aR2, with the value a = 1/2 (dashed orange)
and a = 1 (dashed red), in the presence of a matter fluid with two different equations of state (w = −1/5, 0,
and 1/3) respectively. The presence of bouncing solution does not alter with the difference in a and hence
is a robust property of the M−2BI < 0 branch. The notation in [245] translated into ours as 1/κ→M2Pl and
1/ǫ→M2BI.
from f(R) becomes apparent in the other branch of solutions when M−2BI > 0 and is very
sensitive to the sign of the equation of state parameter. For instance, the standard loiter-
ing solutions of EiBI gravity theory for w = 1/3 disappear as one moves away from them
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Figure 39: In this figure we show the evolution of the dimensionless Hubble function H2/M2BI as a function
of the dimensionless energy density ρ/(M2PlM
2
BI) for three different cases: the original EiBI theory a =
0 (solid blue) and the Born-Infeld-f(R) theory with f(R) = aR2, with two different values a = 1/2
(dashed orange) and a = 1 (dashed red), and different equations of state (w = −1/5, 1/20, 1/10, and
1/3) respectively. One immediate observation is that the zero of ǫH2 in the case ω = 1/3 is unstable
under the changes of the parameter a. Furthermore, when the equation of state saturates to ω → 0, the
Hubble function H2/M2BI might become again zero for sufficient high densities. However, the corresponding
derivative of the function H˙/M2BI would vanish, thus representing rather a minimum of H
2/M2BI. This
does not correspond to a bounce but rather signals an instability representing a state of minimum volume.
due to the presence of a in the function f(R). On the contrary, for different equation of
state parameters one encounters novel loitering solutions, which were not present in the
EiBI theory. These properties are shown in figure 39 taken from [245]. One additional
interesting property is observable for the case w = 1/10. After reaching a local maximum,
H2 evolves towards a non-zero minimum to then diverge at a finite value of large energy
densities. The non-zero value of the minimum depends on the parameter a. Since H2 does
not reach the solution H2 = 0 in this case, one does not have a bounce. Nevertheless, they
could offer an interesting alternative for a quasi de Sitter inflation due to the long plateau
between the local minimum and maximum. In this way, one could achieve an inflationary
scenario in the presence of radiation. In the minimal extension of the EiBI theory in sec-
tion 5.3 we saw that one could realise a quasi de Sitter evolution in the presence of dust
with w = 0. In this modification with f(R) this is achievable with radiation.
It is worth mentioning that this same model of Born-Infeld-f(R) theories was also
used in [151] in order to construct singular inflationary cosmologies. For this purpose,
they borrow ideas from singular f(R) inflation [267]. A requirement is that the scale
factor evolves in the following form
a(t) = e−(c0(−t+ts)
1+c1 )/(1+c1) , (5.105)
with the constant variables c0, c1 and ts. The Hubble parameter in this case is H =
c0(−t+ ts)c1 . With this Ansatz of the scale factor, one can establish the required relation
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between the dynamical and auxiliary metric. For large values of the constant c1 > 1,
singular inflation with a graceful exist can be realised [151].
5.5.2. Ricci scalar in the determinant
Other modifications based on the Ricci scalar have been constructed in the literature,
where the Ricci scalar enters directly the determinantal structure of Born-Infeld [106]. The
inclusion of this pure trace term in the determinant might offer interesting and promising
cosmological implications. The proposed model has the following action [106]
SBI =M2BIM2Pl
∫
d4x
{√
− det
(
gµν +
1
M2BI
(αR(µν)(Γ) + βgµνR(Γ))
)
− λ√−g
}
+Smatter .
(5.106)
In order to recover General Relativity in the low energy density limit, the parameters of
the theory have to satisfy α + 4β = 1. Furthermore, in the corresponding limits, one
recovers Palatini R2 theories or the original EiBI theory. In the following we will follow
the notation of [106], where MPl = 1. The variation of the action yields the modified field
equations
√−q√−g
[(
1 +
βR
M2BI
)
qµν − β
M2BI
qαβgαβg
µρgνσR(ρσ)
]
− λgµν = − T
µν
M2BI
, (5.107)
where qµν = gµν +
1
M2BI
(αR(µν)(Γ)+βgµνR(Γ)) in this particular modification of the EiBI
theory. The variation with respect to the connection, on the other hand, results in
∇ν
[√−q(αqµν + βqαβgαβgµν)] = 0 . (5.108)
As in the previous sections, we can manipulate the equations on top of a homogeneous
and isotropic background such that the Hubble expansion rate can be expressed in terms
of the energy density and pressure of the matter fluid. For the homogeneous and isotropic
evolution we can make a diagonal Ansatz for Ωˆ = gˆ−1q as Ω00 = Ω1 and Ω
j
i = Ω2δ
j
i .
In terms of a dimensionless parameter x these components can be also written as Ω1 =
x3|Ωˆ|1/4 and Ω2 = |Ωˆ|1/4/x. After the adequate manipulations, the dependence of the
Hubble expansion rate in terms of the energy density can be expressed as follows [106]
H2 = 2M2BI

α+ |Ωˆ|
1
4 (4βz − x3) + 3σ2σ1 (|Ωˆ|
1
4 (x3 − 4βzx4)− αx4)
3α
(
2− 3q˜2
dq˜2
dρ ρ(1 +w)
)2

 , (5.109)
with the short-cut notations σ1 = α+β(1+3x
4), σ2 = α+β(x
−4+3) and q˜2 =
√
σ1σ2Ω2.
Furthermore, the variable z satisfies x3+3x−1 = 4z. After having brought the expression
of the Hubble function H2 in the desired form, we can study its evolution for different
equation of state parameter of the matter fluid as we did in the previous sections. This will
enable us to directly compare the type of bouncing, loitering and quasi de-Sitter solutions
179
-3 -2 -1 1 2 3 4
ΚΡ
-1
-0.5
0.3
ΚH2
Figure 40: This figure is taken from [106] and shows the dependence of the Hubble expansion function in
terms of the energy density for a radiation fluid with w = 1/3 and for β > 0 but very small values close
to zero. The evolution for β = 0 (solid blue), β = 10−3 (solid red) and for β = 10−2 (dashed blue) are
plotted respectively. In the notation used in [106] κ =M−2BI .
within this class of modifications with respect to the standard EiBI gravity theory. In [106]
this analysis was performed for radiation with w = 1/3 for different values of β. It was
observed, that on the contrary to the previous modification in form of an additional f(R),
the inclusion of the Ricci scalar into the determinant alters the robustness of the bouncing
solutions for M−2BI < 0. These solutions seem to be very sensitive to the presence of the
parameter β for even very small values. This behaviour can be seen in figure 40. The
Hubble function scales as H2 ∼ ρ at large energy densities in this case. Another difference
in the model rises for the loitering solutions of the standard EiBI model when M−2BI > 0.
In this modification the loitering solutions become a bounce with H2 ∼ ρ − ρmax, where
ρmax represents the maximum energy density at the bounce. The evolution of the Hubble
function in the case 0 < β ≤ 1/4 together with β > 1/4 are shown in figure 41. For the
increasing value of β getting closer to 1/4, the cosmological singular solutions resemble
more those obtained in R + R2 theories with H2 ∼ ρ/3 for M−2BI < 0. For the opposite
case with M−2BI > 0, for instance for β = 1/10 and β = 3/25, the loitering solutions of
the standard EiBI theory become again a bounce in the past with the Hubble function
saturating to H2 ∼ ρ− ρmax, which has a quasi-sudden singularity in the past. For other
values of β, for example β = 1/5 and β = 21/100, the asymptotic behaviour of the Hubble
expansion rate becomes on the other hand H2 ∼ (ρ−ρmax)−2 corresponding to a big freeze
singularity in the past.
5.6. Other extensions
5.6.1. Gravity coupled to Born-Infeld
Born-Infeld inspired gravity theories were mainly applied to early universe cosmology,
since the effects of the modifications become appreciable at high energies. We have seen
that interesting alternatives to the standard inflationary paradigm can be constructed
within this framework and promising roads to avoid cosmological singularities can be
successfully realized. Since the modifications a` la Born-Infeld are dominant at early times,
for a possible application to dark energy and dark matter a change of the framework is
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Figure 41: This figure is taken from [106] for the evolution of the Hubble function in the case 0 < β ≤ 1/4
(left panel) and β > 1/4 (right panel) with κ =M−2BI .
needed. This was pursued by Ban˜ados in the work [44], where the standard Einstein-
Hilbert Lagrangian of GR is coupled to a “Born-Infeld” field in the hope to reproduce
interesting phenomenology for late-time universe. Even if it was proposed as a modification
of the original EiBI gravity theory, we would like to emphasise once again that these models
do not comply the original Born-Infeld spirit of not modifying the field content. The action
considered in [44] can be expressed as
S =M2Pl
∫
d4x
{
√−gR+ 2M
2
BI
α
√
− det
(
gµν − 1
M2BI
R(µν)(Γ)
)}
+ Lmatter , (5.110)
where α is a dimensionless parameter and R is the Ricci scalar associated to the metric g
and R(µν) is the Ricci curvature of the independent connection Γ. This model constitutes
General Relativity with the Einstein-Hilbert term coupled to the Born-Infeld connection
Γ. In fact the model can be analogously written as a bimetric theory, where the potential
interactions of the two metrics gˆ and qˆ do not satisfy the potential structure of massive
gravity. Therefore, the theory probably might contain dangerous ghostly degrees of free-
dom. Independently of these ghost issues, the model was studied in [44], where it was
found that the model admits de Sitter solutions at late times. In fact, it is argued that the
parameters can be chosen such that the Born-Infeld field contributes ∼ 73% of the total
energy density in form of vacuum energy and 23% in form of dark matter with the equa-
tion of state parameter varying between w = −1 and w = 0 respectively. The constructed
cosmological solution is such that the scale factor evolves as a ∼ eHt at late times and
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a ∼ t2/3 at early times. The field equations of the model are given by
Gµν = −M2BI
√
q/ggµρq
ρβgβν +
Tµν
2M2Pl
,
Rµν = M2BI(gµν + αqµν) , (5.111)
where qµν is the metric associated to the connection Γ. As it can be seen from the field
equations, the structure of the interactions between qˆ and gˆ in −M2BI
√
q/ggµρq
ρβgβν does
not correspond to the ghost-free massive gravity interactions, signalling the presence of
ghostly degrees of freedom. For Einstein space solutions Rµν = Λgµν , the two metrics have
to be proportional to each other qµν = C
2gµν , where the constant C is determined by the
field equations to be C2 = 1/(1−α). The modification of the Einstein equations is encoded
in the term −M2BI
√
q/ggµρq
ρβgβν in equation (5.111) and acts as a cosmological constant
for the Einstein space Ansatz, where its corresponding value can be expressed as Λ =
C2M2BI =M
2
BI/(1−α). As mentioned above, even if these interactions allow for a constant
contribution in form of a cosmological constant, they correspond to ghostly interactions,
which will render the cosmological solutions unviable. For general cosmological solutions
beyond Einstein space solutions, the following homogeneous and isotropic Ansatz for the
two metrics were considered in [44]:
ds2g =
(−N(t)2dt2 + a(t)2d~x2) ,
ds2q =
(
−N˜(t)2dt2 + a˜(t)2d~x2
)
. (5.112)
The background field equations (5.111) for these metrics become
H2 =
M2BI
3H20
a˜3
N˜a3
+
ρ
ρc
,
a˜3 = 3N˜2a˜a2H ,
H2q =
N˜2M2BI
3H20
(
− 1
2N˜2
+ α
3
2
a2
a˜2
)
, (5.113)
where N = 1 and ρc = 3H
2
0/2M
2
Pl with H = a˙/a, Hq =
˙˜a/a˜ and H0 denoting the Hubble
parameter today. The Born-Infeld field contributes to the field equations in form of a fluid
with the following effective energy density and pressure:
ρBI =
M2PlM
2
BI
2
a˜3
N˜a3
and pBI = −M
2
PlM
2
BI
2
N˜ a˜
a
. (5.114)
We can now study the behaviour of the equations at late and early times. For large values
of the scale factor we can neglect the contribution of the ordinary matter fields. In this
case, the scale factors evolve as
a = a0e
t/c1 and N˜ =
1√
1− α, a˜ =
a0√
1− αe
t/c1 , (5.115)
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Figure 42: This figure is borrowed from [44], where one can see the evolution of the scale factor in the
Born-Infeld gravity model in the presence of the standard Einstein-Hilbert action versus the standard
Friedman universe in the left panel. Both evolutions are almost indistinguishable if one chooses α = 0.99.
In the right panel on the other hand the evolution of the effective equation of state parameter wBI is
illustrated.
with the constant variable c1 =
√
3(1− α)MBIH0. This corresponds to the de Sitter
solution with ΩΛ = 1/c
2
1. For small values of the scale factor, on the other hand, the
solutions can be approximated as
a = a0t
2/3(1 +O(t4/3)) and N˜ = N˜30 (1 +O(t)), a˜ = N˜0(1 +O(t)) . (5.116)
Hence, the scale factor evolves between a ∼ t2/3 at early times and a ∼ eHt at late times.
In [44] Ban˜ados provides also the numerical solutions to confirm the approximate solutions
of these two regimes. In figure 42, we see the numerical solution for the scale factor. In
order to achieve the standard evolution as in ΛCDM model, the parameter α should be
very close to 1, whereas the exact value α = 1 is singular.
As next, we can compute the effective equation of state parameter of the Born-Infeld
field. In terms of its energy density and pressure, it can be simply expressed as
wBI =
pBI
ρBI
= −
(
aN˜
a˜
)2
. (5.117)
As it can be seen in the right panel of figure 42, at early times the pressure is pBI = 0
behaving as matter and at late times pBI = −ρBI behaving as dark energy.
As mentioned above, even if this model provides an interesting phenomenology for
dark energy and dark matter, the ghostly interactions between the gˆ and qˆ metrics cast
serious doubts on the physical viability of these cosmological solutions.
5.6.2. Teleparallel inspired Born-Infeld
A Born-Infeld approach to the Teleparallel equivalent of General Relativity was also
pursued in the literature in the hope that Born-Infeld teleparallelism might cure the cos-
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mological singularities. For this purpose, Fiorini and Ferraro have considered an extension
of a teleparallel model a` la “Born-Infeld” in [165, 169] with the following action:
S =M2PlM2BI
∫
d4xe
{√
1 +
2(S · T − 2Λ)
M2BI
− 1
}
, (5.118)
where eaµ represents the four one-forms, T
µν
ρ the torsion and S the super-potential
Sρ
µν = −1
4
(T µνρ − T νµρ − Tρµν) + 1
2
δµρT
σν
σ − 1
2
δνρT
σµ
σ . (5.119)
As before, this model can be barely categorised as a Born-Infeld inspired gravity theory
according to our criterium, but rather it should be better considered as belonging to the
class of f(T ) theories (Class-IV). For a cosmological background eaµ = diag(1, a, a, a), the
field equations read
1− 4Λ
M2BI√
1− 4Λ
M2BI
− 12H2
M2BI
− 1 = ρ
M2PlM
2
BI
, (5.120)
(1− 4Λ
M2BI
)
(
16H2
M2BI
+ 8H
2d
M2BI
− 1 + 4Λ
M2BI
)
(
1− 4Λ
M2BI
− 16H2
M2BI
)3/2 + 1 = pM2PlM2BI , (5.121)
where d is here the deceleration parameter d = −aa¨
a˙2
. A key feature of these modified field
equations is that the scale factor approaches
a ∼ exp


√
M2BI(1− 4ΛM2BI )
12
t

 (5.122)
at early times a→ 0. This, on the other hand, means that the Hubble parameter reaches
a maximum value Hmax =
√
M2BI−4Λ)
12 , regularizing the divergences of standard General
Relativity. Let us consider the above action (5.118) without the cosmological constant
Λ = 0. We can combine the two field equations (5.120) into a single equation [165]
1 + d =
3
2
1 + w(
1 + ρ
M2BIM
2
Pl
)(
1 + ρ
2M2BIM
2
Pl
) . (5.123)
A negative deceleration parameter can be achieved with a sufficiently large energy density
without the need of a fluid with negative pressure as in GR. An accelerated expansion
naturally arise if the energy density satisfies the condition
2ρ
M2PlM
2
BI
> −3 +√13 + 12w . (5.124)
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Figure 43: In this figure we illustrate the evolution of the scale factor of the modified teleparallel model in
the presence of a radiation fluid w = 1/3 for different choices of α = Hmax/H0, which we extracted from
[165].
In the case, where the energy density saturates to ρ→∞, one has d→ −1 corresponding
to an exponential expansion. For a fluid with a3(1+w)ρ = const = a
3(1+w)
0 ρ0, the first field
equation can be rewritten as
(
a˙
a0
)2
+
M2BIa
2
12a20


√√√√1 + β0∑
i
Ωi0
(
a
a0
)−3(1+wi)
− 1

 = 0 , (5.125)
with the subscript “0” denoting the values today and β0 = (1− 12H20/M2BI)−1/2 − 1. The
second term in equation (5.125) is always negative and approaches zero if w > −2/3 for
a→∞. In the contrary case, if w < −2/3 then this term decreases. In the opposite limit,
with a→ 0 for w > −1, one has a ∼ e
√
M2BI/12t and hence Hmax =
√
M2BI
12 . The evolution of
the scale factor is depicted in figure 43. Even if one can achieve interesting phenomenology
for the early universe cosmology, this model barely represents a modification a` la Born-
Infeld but should be rather considered as a f(T ) model. A model more close to the spirit
of Born-Infeld will be discussed in the following.
5.6.3. Born-Infeld in Weitzenbo¨ck space-time
Still within the same framework of the previous section, there has been also the attempt
in the literature to consider more general setups in the Weitzenbo¨ck space-time and study
the consequences for early universe cosmology [167]. The main ingredients are again
the super-potential S defined in equation (5.119) and torsion T µνρ. Let us consider the
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following (Class-III) action
S =M2PlM2BI
∫
d4x
{√
det ηabeaµe
b
ν + 2M
−2
BI Fµν − λdet(eaµ)
}
, (5.126)
where the tensor Fµν has the following general form
Fµν = α1SµρσTνρσ + α2SρµσT ρνσ + α3ηabeaµebνT . (5.127)
For the interesting cosmological applications we shall consider a homogeneous and isotropic
background for the vielbein ea = diag(1 + a(t), a(t), a(t)) and a barotropic matter field
with p = wρ. By varying the action with respect to the vielbein, one obtains the following
modified Friedman equation
√
1 +A2H2√
1−A1H2
(1 + 2A2H
2 − 3A1A2H4)− 1 = ρ
M2PlM
2
BI
, (5.128)
with the short-cut notations
A1 = 6(α2 + 2α3)M
−2
BI and A2 = 2(2α1 + α2 + 6α3)M
−2
BI . (5.129)
Since the matter fluids are assumed to couple minimally to e, they follow the standard
conservation equation ρ˙+3(ρ+p)H = 0, which imposes the evolution of the energy density
in the form ρ = ρ0
(
a0
a
)3(1+w)
with the subscript “0” denoting again the present day value.
In order to obtain General Relativity in the low energy density regime, we have to fulfil
the condition α1 + α2 + 4α3 = 1. For simplicity, let us first concentrate on the case with
A2 = 0, in other words, 2α1 + α2 + 6α3 = 0. This leaves A1 = 12M
−2
BI . In this particular
case, the Friedman equation simplifies to
1√
1− 12H2M−2BI
− 1 = ρ
M2PlM
2
BI
. (5.130)
This specific case with A2 = 0 recovers the modified Friedman equation of the previous
subsection that we had categorised as f(T ) theories. Therefore, in this case one obtains
the same non-singular cosmological solutions for radiation and dust matter as the ones
reported in the previous subsection 5.6.2. For a more general case of the background with
spatial curvature, the Ansatz for the vielbein is a little bit more involved
e0 = dt, e1 = a(t)e˜1, e2 = a(t)e˜2 and e3 = a(t)e˜3 , (5.131)
where the e˜i components are given by
e˜1 = K(−K cos θdψ + sin(Kψ) sin θ cos(Kψ)dθ − sin2(Kψ) sin2 θdφ) ,
e˜2 = K(K sin θ cosφdψ − sin2(Kψ)(sin φ− cot(Kψ) cos θ cosφ)dθ
− sin2(Kψ) sin θ(cot(Kψ) sin φ+ cos θ cosφ)dφ) ,
e˜2 = K(−K sin θ sinφdψ − sin2(Kψ)(cos φ+ cot(Kψ) cos θ sinφ)dθ
− sin2(Kψ) sin θ(cot(Kψ) cos φ− cos θ cosφ)dφ) , (5.132)
186
with K denoting the spatial curvature. In this case, the modified Friedman equation
(5.130) becomes
(1±M−2BI a−2)3/2√
1− 12H2M−2BI
− 1 = ρ
M2PlM
2
BI
, (5.133)
where ± represents the closed (K = 1) and open (K = −1) universe, respectively. In
the high energy density regime, the solution to the modified Friedman equation gives the
following evolution for the scale factor in the presence of a radiation fluid
a(t) ≈ exp(
√
M2BI/12t) as a/a0 → 0 . (5.134)
This is again the same type of non-singular solution as we found in the previous subsection,
which cures the initial singularity and seems to be insensitive to the presence of spatial
curvature. Another interesting case arises when one chooses the parameters as α2 = 0 and
α1 − 12α3 = 0. For this particular case, the Friedman equation modifies to
1±M−2BI a−2√
1±M−2BI a−2 − 12H2M−2BI
− 1 = ρ
M2PlM
2
BI
. (5.135)
We can again abstract the evolution of the scale factor for the high energy density regime.
However, now the solution depends highly on the sign of curvature. For the closed universe
scenario with the + sign, the scale factor evolves as a(t) ≈ t in the high energy regime,
which therefore corresponds to a singular solution with the singularity appearing at t = 0.
Maybe a more interesting scenario appears for the case of open universe, where the scale
factor evolves as a(t) ≈ amin + MBI24 t2 with amin = M−1BI , constituting a bounce at t = 0.
The accelerated expansion period takes over when the energy density has its maximum
value ρmax ∼ a−4min =M4BI and the volume its minimum value a3min =M−3BI .
This model with the three components in (5.127) was further investigated in [168],
where the realisation of a primordial brusque bounce was studied in detail. The author
investigates the unexplored case with A1 = A2 and finds yet other type of interesting
cosmological solutions. We shall summarise his findings for this case in the following. In
the case with A1 = A2, the modified Friedman equation becomes
6H2
(
1− 9H
2
2M2BI
)
=
ρ
M2Pl
, (5.136)
where α1 = α2 and α3 was reabsorbed into MBI. We can solve this equation for H
2, which
results in H2 =M2BI(1±
√
1− 3ρ¯)/9, where ρ¯ stands for the dimensionless energy density
ρ¯ = ρ/(M2PlM
2
BI). The conservation equation for the energy density has the standard
form ˙¯ρ = −3(1 + w)Hρ¯. Due to the different signs in the expression for H2, we have
disconnected two different branches. The branch with the positive sign corresponds to
a solution completely disconnected from the GR limit and therefore we can discard this
branch. Concerning the negative branch, because of the presence of MBI one will have
different solutions depending on the sign of this parameter. The type of solutions with
M2BI < 0 are not interesting either, since they do not admit any regularisation process with
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the standard diverging behaviour as in GR. On the other hand, the branch with M2BI > 0
gives rise to the wanted regularisation effect with the maximum values H2max = M
2
BI/9
and ρmax = 3M
2
PlM
2
BI. The conservation equation together with the equation (5.136) can
be solved exactly. These exact solutions can be found in [168]. We shall only report
on the behaviour of these exact solutions in the interesting limits. For a universe filled
with radiation (w = 1/3) and for the branch with M2BI > 0, the scale factor evolves
approximately as
(
a(t)
a0
)4
=
ρ0
3M2PlM
2
BI(1± 4MBIt)
+O(M2BIt2) . (5.137)
Accordingly, the dynamics of Hubble function are recast by H(t) = ∓MBI/(1± 4MBIt) +
O(M2BIt2). From these expressions one immediately observes that there is a minimum
value for the scale factor at t = 0
(
amin
a0
)4
=
ρ0
3M2PlM
2
BI
, (5.138)
with H2(t = 0) =M2BI. This represents a brusque bounce. Even if the Ricci scalar suffers
from indefiniteness at this point, the solution does not represent a singularity. The author
shows explicitly that the geodesics are well behaved at the bounce in the sense that a
point particle traveling along causal geodesics does not experience any singular behaviour.
Furthermore, the author extends this analysis to a finite size extended object and confirms
the same behaviour.
5.7. Final remarks
As we have seen in detail in this section, Eddington-inspired Born-Infeld gravity and its
known extensions have received much attention in the literature. Since the modifications
a` la Born-Infeld become appreciable at large energy densities or in high curvature regimes,
the direct cosmological applications can be only for early universe physics. The main goal
of most of the studies was to construct cosmological solutions curing the standard Big
Bang singularities. The inflationary scenario with a standard single field suffers from cos-
mological singularities. The idea behind using the Eddington-inspired Born-Infeld theory
or its extensions was to deliver an alternative scenario for early universe, for instance in
form of a bounce or loitering solutions. We have also seen in this section that interesting
bouncing and loitering solutions can be constructed within these theories, that are based
on a radiation or dust, depending on the explicit model. In the standard inflationary sce-
nario the matter fields couple minimally to the gravity sector. As we have seen in various
occasions in this section, Born-Infeld type theories can be seen as nothing else but Gen-
eral Relativity with a non-trivial and non-linear matter coupling. Specially, concerning
the cosmological solutions, the essence of the modifications can be encapsulated in the
Friedman equation as H2 = f(ρ, p) with a non-linear function. The resulting cosmological
evolution correspond to either quasi de-Sitter or bouncing or loitering solutions. We have
seen that in the simplest realisation of the bouncing and loitering solutions in the EiBI
model, the tensor perturbations were becoming unstable in the presence of matter fields
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with constant equation of state parameter. This of course renders these simplest reali-
sations unviable. More general scenarios with non-constant equation of state parameters
however can alleviate these issues. In this respect, we have seen concrete examples of
an additional scalar field as matter field with varying equation of state parameter, which
avoids the tensor instabilities in the bouncing and loitering solutions.
After reviewing the works of the standard EiBI model, we then systematically sum-
marised similar cosmological studies of other extensions and modifications of Born-Infeld
inspired gravity theories. Since most of these extensions were sharing the same mech-
anisms and features, before studying the individual cases, we have first developed the
general framework of cosmological solutions for a general class of theories constructed out
of the Ricci tensor and the inverse metric. Within this general framework, we have derived
the master equation that determines the Hubble function in terms of the matter field vari-
ables and discussed the general mechanism that provides bouncing solutions. As next, for
concrete models we considered the family of Born-Infeld inspired gravity theories based
on all of the elementary polynomials and discussed in detail the cosmological solutions of
the first polynomial as an example. We considered again fluids with different equation of
state parameters and saw that interesting quasi de Sitter solutions can be constructed in
a universe with dust component. We summarised briefly the arising inflationary scenario
with a cascade of dust components in the early universe. Another interesting extension
of the original Born-Infeld gravity is the functional extension in the sense that the square
root of the EiBI model is replaced by an arbitrary function of the determinant. The re-
sulting evolution of the Hubble function is such that the bouncing solutions are robust to
the functional enlargement, whereas the loitering solutions do undergo notable changes.
We have also discussed extensions of the original theory by means of an additional Ricci
scalar, appearing either directly in the determinantal structure or as an additional separate
function and explored the features of new cosmological solutions beyond the ones present
in the EiBI model. Finally, we have also reported on other extensions along the line of
teleparallel formulations of Born-Infeld theories and discussed the presence of interesting
brusque bouncing solutions.
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6. Concluding remarks, open questions and prospects
This review has been devoted to provide a comprehensive survey on theories of modified
gravity that take inspiration from the Born and Infeld approach to nonlinear electrody-
namics. The underlying logic is that a modification of the high curvature/density regime
of the gravitational interaction could effectively introduce upper bounds that cannot be
surpassed. As we have seen in this review, the richness of the theory transcends the mere
bound of certain invariants, leading to physically sound results even in the presence of
curvature divergences in black hole scenarios.
We started our journey on Born-Infeld gravity from the most reasonable place, namely,
by reviewing the original construction of Born and Infeld for electromagnetism and the
different routes leading to a transcription of its remarkable properties into gravity, specially
its determinantal structure. The unsuccessful first attempt of the work of Deser and
Gibbons to construct gravity theories a` la Born-Infeld was rooted in the use of the metric
formalism, which inevitably leads to the appearance of ghosts. So far the only ghostless
theories in the metric approach are the so-called f(R) theories, but these can hardly
be considered proper Born-Infeld gravity theories. The scrutiny presented in section 2
suggests that any theory of gravity realizing the Born-Infeld construction and formulated
in the metric formalism will either be pathological or reduce to other known theories of
gravity. A challenging problem is to find counter-examples to this general no-go result. The
story becomes more interesting when resorting to a metric-affine framework, as Vollick did.
When the connection is regarded as an independent field, the aforementioned pathologies
arising in the metric formalism are avoided. A further refinement introduced by Ban˜ados
and Ferreira, making the matter-gravity coupling more standard, resulted in the most
extensively explored Born-Infeld inspired gravity theory so far, dubbed EiBI. In this theory,
the connection is generated by an auxiliary metric qµν that is non-trivially related to the
metric gµν . Although qµν made its debut as an auxiliary object helping to solve the field
equations, it soon showed its real significance and allowed to establish the existence of
two frames for these theories, similar to what happens in scalar-tensor theories. In the
original Born-Infeld frame, matter fields are minimally coupled to the spacetime metric
gµν , which satisfies second-order dynamical equations. In the Einstein frame, the metric
qµν behaves as in standard gravity, with an Einstein-Hilbert term governing its dynamics,
but it couples in a non-standard way to the matter fields. Elucidating the existence of
these two frames allowed to discern that, while matter fields follow geodesics of gµν , the
geodesic motion of gravitons is determined by qµν .
Most of the existing developments in the literature make two important assumptions
(though not always explicitly said) that we also adopted here. The first one is related to the
class of theories considered where only the symmetric part of the Ricci tensor is included.
This condition is useful to simplify the field equations and express the solutions for the
connection solely in terms of the auxiliary metric. Although it could seem to be rather ad
hoc, imposing a projective symmetry naturally results in this type of theories. However,
it remains to be explored more general frameworks without the projective invariance and
clarify to what extent such a symmetry should be considered as a fundamental ingredient.
The second condition that is usually made has to do with the class of solutions that are
considered, where the torsion is set to zero. Very little can be found at this respect in the
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literature of Born-Infeld inspired gravity theories and it is not rare to find works where
this issue is simply omitted. Certainly, in most applications assuming vanishing torsion is
a consistent Ansatz, but studying the stability of such solutions should also consistently
incorporate fluctuations of the torsion. As with the projective invariance, the actual role
played by the torsion is to be clarified within the context of these theories. In fact, it would
not be too surprising to find links between the projective symmetry and the absence (or
irrelevance) of torsion in the solutions. Let us remember that for the Einstein-Hilbert
action in the Palatini formalism, the full solution for the connection only contains the
trace of the torsion and it precisely enters as a projective mode, thus being pure gauge.
Our first contact with Born-Infeld inspired theories of gravity concluded with a glance
at the different approaches adopted in the literature to incorporate the Born-Infeld ideas
into gravity and a classification of the existing proposals. We first presented a general
formalism showing that most of the features are actually shared by a wide variety of
theories. We then decided to perform a classification based on the proximity to the orig-
inal Born-Infeld construction, and taking the most studied case of EiBI as baseline. We
could appreciate the richness of the field where the imagination of the community led to
numerous searches along several directions. This was in high contrast with the case of
Born-Infeld electrodynamics where the Lagrangian does not admit immediate alterations.
This is so because such a Lagrangian was singled out by precise conditions, among which
a symmetry guiding principle was paramount. In the case of gravity, an analogous guid-
ing principle permitting to isolate some unique Lagrangian has not been found yet. The
projective invariance could be invoked, but we have seen its incapability to sufficiently
reduce the number of possible actions. Finding a better suited principle would consid-
erably reduce the different possibilities and would give improved guidance to pursue the
exploration of Born-Infeld gravity in closer relation with its electromagnetic ancestor, that
turned out to exhibit a number of remarkable features. Until then, a prolific family of
different Born-Infeld gravity theories is expected to remain. So far, most of them are based
on the EiBI model and extensions along different paths. An interesting alternative was
introduced taking TEGR as starting point. This allowed to study a different branch of
theories which are formulated in a Weitzenbo¨ck space. Since TEGR gives an alternative
description of GR as a gauge theory of the translational group, this route could lead to
Born-Infeld theories of gravity closer in their structure to the original construction for
electromagnetism. This gauge character could be appropriately exploited and it could
serve as the desired symmetry principle so it deserves a further exploration.
Once the general landscape of Born-Infeld inspired theories was overviewed, we moved
on to the different territories where these theories find applications. The first pertinent
place to test the modifications introduced by Born-Infeld inspired theories of gravity was
inhabited by the illustrious family of astrophysical objects. Since the Born-Infeld correc-
tions are designed to only appear at high curvatures or densities, compact objects exhibit
excellent prospects to put these theories on trial. The first explicit applications, however,
already showed some subtleties in the weak-field limit associated with the energy-density
dependence of the modified dynamics proper of metric-affine theories. In diluted systems,
the fluid approximation may lead to unphysical effects depending on the weight functions
used in the transition from the discrete to the continuum description. Potential patholo-
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gies associated to this can be found in Newtonian pressureless fluids and in compact star
models based on polytropic equations of state, for instance. As discussed in detail for
white dwarfs and neutron stars, polytropic equations of state are very useful to model
their structural properties, but the transition to the external (idealized) Schwarzschild so-
lution must be improved in order to construct realistic models able to account for certain
observational features (like electromagnetic spectra and radiation fluxes), which at the
same time may avoid artificial effects associated with the peculiarities of certain equations
of state and/or the fluid approximation. After clarifying the importance of correctly mod-
eling the outermost regions of stars, a number of results related with the structural and
dynamical properties of compact objects and the Sun were reported. We can highlight the
ability of solar observations to constrain the EiBI model via neutrino emission and seismic
waves, the possibility of accommodating higher masses with soft equations of state in neu-
tron stars, the stability of these objects against radial perturbations, and the possibility of
using the low-mass spectrum of neutron stars to discriminate EiBI from GR. On the other
hand, it really came as a surprise the existence of universality relations between quantities
constructed using the moment of inertia, the quadrupolar moment, and the Love numbers
(I-Love-Q relations), which turn out to coincide with those of GR. Dipolar magnetic fields
also converge to the GR prediction at the crust and surface of neutron stars. These results
imply a degeneracy which poses obstacles to the observational discrimination between GR
and the EIBI theory.
After spending some time with the best known members of the family of compact
objects, we continued our trip and arrived at the place where some of their more exotic
acquaintances dwell, namely, black holes and their closest relatives. Obviously, as the
black hole terrain has occupied the efforts and imagination of countless theoreticians and
astrophysicists alike for decades, is not surprising that a few years of research in the
context of Born-Infeld inspired theories of gravity has only allowed to touch a few of the
relevant physical aspects regarding these objects. In this sense, our trip quickly went over
some dubious proposals for these theories, either because they are formulated in metric
approach (and thus plagued by ghostly-like instabilities) or because matter is included in
an unconventional form. Nonetheless, this allowed us to naturally introduce the well known
black hole solutions for Born-Infeld electromagnetism within GR, of which the familiar
Reissner-No¨rdstrom solution is a particular (limiting) case. We thus introduced some of the
trademark features of such black holes that bear a close resemblance with those obtained
in Born-Infeld inspired theories of gravity, such as the appearance of different number
and types of horizons, depending on characteristic parameters of the matter and gravity
models. This way we naturally entered into the terrain of black hole solutions within EiBI
gravity, where most research in this context has been carried out in the literature. First we
reviewed and enlarged the description provided in the paper by Ban˜ados and Ferreira and
other works in the field, were we paid special attention to the deviations regarding geodesic
motion, strong gravitational lensing and mass inflation. But we also described a different
family of solutions, whose study revealed the presence of all types of exotic objects, like
geons or wormholes. Geons are self-sustained electromagnetic objects without charges.
On the other hand, wormholes represent the promised behaviour of Born-Infeld theories
so that the center of black holes in GR is replaced by a regular object of finite size. We
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saw that the construction of wormhole solutions without any pathologies (i.e. violation of
energy conditions) is a hard task, but EiBI gravity managed to surpass our expectations
and provided, in analytical form, both wormholes and geons.
Our analysis of the geodesic structure over the innermost region of these objects re-
vealed that, although these places look inhospitable at first, they actually are less perilous
than expected and, in fact, geodesics can smoothly pass through, while the impact of cur-
vature divergences on physical observers did not seem to pose any absolutely destructive
threat. These results were confirmed by the well posedness of the problem of scattering of
scalar waves off the wormhole. Further developments on this field involve higher and lower
dimensional models, though with much less impressive results. It should be pointed out
that the counterparts of the rotating Kerr solution of GR (and Kerr-Newman when charge
is included) in Born-Infeld inspired theories of gravity are not available in the literature
and, without such solutions, realistic black hole scenarios for astrophysical purposes cannot
be put to a test. This is a very relevant point, since the present (and future) observations
from gravitational wave astronomy offer a great opportunity for testing deviations with
respect to GR solutions. We cannot but to encourage researchers working in the context
of these theories to look for such rotating black hole solutions.
The last stage of our pilgrimage throughout the Born-Infeld land took us to a com-
pletely different scenery shaped by cosmological applications. It should not come as a
surprise at this point that the natural home for such applications is the early universe
because Born-Infeld theories are designed to affect the regime of high densities. In that
context, it has been extensively shown that both EiBI and other Born-Inspired theories
can provide singular-free solutions of two types, namely: bouncing solutions, where the
universe transits from a contracting phase to an expanding one without hitting a singu-
larity, and loitering solutions, where the universe asymptotically approaches a Minkowski
universe as the energy density goes to infinity. Both of these solutions were shown to
present some tensor instabilities for the original EiBI theory and in the simplest case
of one single perfect fluid, although it was later shown that such instabilities could be
avoided in more contrived scenarios. These solutions have recurrently been found in other
formulations of Born-Infeld inspired gravity. Furthermore, other singular-free solutions
have also been found like, e.g. the brusque bounce solution where the Hubble expansion
rate is not defined at the bounce, but all relevant geometrical quantities are smooth. In
most treatments of these solutions, the analysis is limited to studying the isotropic back-
ground evolution and, at most, the tensor perturbations. In some works, homogeneous
and anisotropic solutions have also been studied, what is closely related to the analysis
of tensor perturbations. However, the full viability of the bouncing solutions can only be
claimed once all potential sources of instabilities have been shown to be under control.
This is a paramount issue that needs to be properly addressed.
Providing singularity-free cosmological evolutions was precisely the job the Born-Infeld
theories were designed for. However, it did not take long to find other jobs for which these
theories could serve just as well. In fact, since they are constructed to modify the regime of
high densities for gravity, they are also compelling frameworks to have models of inflation.
This is achieved for theories that exhibit a nearly constant Hubble expansion rate in the
Born-Infeld regime. Such a behavior has been found in several of the proposed models,
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some even for a radiation dominated universe. In particular, a specific model of inflation
was developed in detail where inflation is supported by a dust component that decays into
radiation, giving a model of the early universe similar to the usual inflationary scenarios
with a re-heating phase, but from a completely different perspective. This in turn led to
different predictions, in particular, a super-inflationary phase is achieved where primordial
gravitational waves are not produced. One important feature of inflationary models based
on these theories is that we have a naturally graceful exit of inflation. This is due to
the fact that the density will typically decrease during the inflationary phase so it will
eventually become smaller than the transition scale given by M2BIM
2
Pl and the GR regime
will be restored, thus matching the standard cosmological evolutions. In general, and
as with most of the cosmological analysis within Born-Infeld gravity theories, a proper
treatment of the scalar and vector perturbations is still to be performed. This is crucial
for the viability of these inflationary scenarios since it is of paramount importance to
show that a red and nearly scale invariant spectrum of primordial scalar perturbations is
generated, in order to be compatible with CMB measurements. However, given the highly
non-standard gravitational sector of theses theories, a general and rigorous analysis of the
subject will likely be an arduous task. At this respect, simplified models and, perhaps,
the use of the Einstein frame could permit advancing in this direction.
Since the expansion of the universe makes the total energy density be diluted during the
standard radiation and matter dominated epochs, the Born-Infeld corrections are expected
to be negligible for the late-time evolution of the universe. In fact, a safe assumption is
to impose that the transition to the GR regime is achieved before BBN. An important
consequence of this is that Born-Infeld theories are not fruitful frameworks for dark matter
and/or dark energy models and the use of cosmological observables to constrain them by
studying their late-time evolution is futile. These theories can only affect the late-time
cosmological observables by modifying the initial conditions in the early universe, perhaps
set during a Born-Infeld inflationary scenario. There is however a family of cosmologies
where Born-Infeld theories can become relevant at late times, namely models with future
singularities. If the dark energy component happens to have some exotic features like
a phantom behaviour, the asymptotic evolution of the universe in GR will end up with
some type of singularity. In the presence of Born-Infeld gravity theories, these models will
lead to scenarios where the Born-Infeld regime is reached again when the growing density
trespasses the transition density M2BIM
2
Pl. Some works have studied the effects of the
Born-Infeld corrections on these future singularities and found that, in general, there is
not a universal regularisation of such singularities. This might not be too surprising since
the existence of future singularities in GR is tightly linked to exotic properties of dark
energy and, thus, the very cosmological model containing those singularities could already
present pathologies. At this respect, we find fair to say that Born-Infeld inspired theories
are entailed to regularise the Big Bang singularity with standard forms of matter, that
is radiation and/or matter. The failure in regularising more general types of singularities
should not be regarded as a flaw, but rather their eventual success in this task would be
an additional gift granted by these theories.
As we have extensively discussed, the most outstanding feature and the raison d’eˆtre
of Born-Infeld inspired theories of gravity is the possibility of regularising the singularities
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of GR without resorting to quantum gravity effects that should appear at the Planck scale
MPl. At this respect, we should say that the actual problem in GR is not the existence of
singularities per se, but rather that the classical solutions near those divergences go beyond
the regime of validity of GR as an effective field theory (presumably near the Planck scale)
and, thus, we cannot trust those solutions anymore. The main idea behind Born-Infeld
inspired theories is to introduce a new scale MBI at which the gravitational interaction
is modified so that curvature divergences are classically regularised before reaching the
quantum regime. However, a proper treatment of the validity of Born-Infeld theories
as actual effective field theories is still missing. In particular, an issue that should be
clarified is the existence of some regime above MBI, that one could naively identify with
the strong coupling scale of the theory, where quantum corrections remain under control
and, thus, the resulting classical solutions without singularities can be trusted. As with
other open questions, perhaps the best starting point to address this issue would be the
Einstein frame where all the effects are moved to the matter sector. It is not hopeless
to expect a nice quantum behaviour, at least for some matter fields. For instance, if
we start from a massless scalar field in the Born-Infeld frame, in the Einstein frame we
would have a K−essence type of theory whose Lagrangian would be of the form K(X), for
which the quantum stability of the classical action has already been discussed in detail in
[137, 85]. A crucial point to notice here is that for the singular free-solutions provided by
Born-Infeld theories, NEC violations are not required and, therefore, the usual arguments
for the instability and breaking of unitarity of these solutions do not directly apply. In
general, the question would be as to what extent the Born-Infeld scale determines the
strong coupling scale or the cutoff of the theory and the radiative stability for known
types of matter.
The voyage undertaken throughout this review has permitted us to encounter an inter-
esting family of gravitational theories that revealed fascinating novel effects in astrophysics,
black hole physics and cosmology. They offer excellent opportunities for the exploration
of the gravitational interaction and the open questions exposed above should serve, even
if not exhaustively, as a guidance for future research within the field. We hope the ac-
companying traveller profited and enjoyed reading this work as much as we did in its
elaboration.
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